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Over the past decades, the role of torsion in gravity has been extensively investigated along
the main direction of bringing gravity closer to its gauge formulation and incorporating spin in
a geometric description. Here we review various torsional constructions, from teleparallel, to
Einstein-Cartan, and metric-affine gauge theories, resulting in extending torsional gravity in the
paradigm of f(T ) gravity, where f(T ) is an arbitrary function of the torsion scalar. Based on
this theory, we further review the corresponding cosmological and astrophysical applications. In
particular, we study cosmological solutions arising from f(T ) gravity, both at the background and
perturbation levels, in different eras along the cosmic expansion. The f(T ) gravity construction
can provide a theoretical interpretation of the late-time universe acceleration, alternative to a
cosmological constant, and it can easily accommodate with the regular thermal expanding history
including the radiation and cold dark matter dominated phases. Furthermore, if one traces back
to very early times, for a certain class of f(T ) models, a sufficiently long period of inflation can
be achieved and hence can be investigated by cosmic microwave background observations, or alter-
natively, the Big Bang singularity can be avoided at even earlier moments due to the appearance
of non-singular bounces. Various observational constraints, especially the bounds coming from the
large-scale structure data in the case of f(T ) cosmology, as well as the behavior of gravitational
waves, are described in detail. Moreover, the spherically symmetric and black hole solutions
of the theory are reviewed. Additionally, we discuss various extensions of the f(T ) paradigm.
Finally, we consider the relation with other modified gravitational theories, such as those based
on curvature, like f(R) gravity, trying to enlighten the subject of which formulation, or combina-
tion of formulations, might be more suitable for quantization ventures and cosmological applications.
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I. INTRODUCTION
Einstein’s General Relativity (GR) is based on the as-
sumption that space and time constitute a single struc-
ture assigned on Riemann’s manifolds. Such manifolds
are dynamical structures that reproduce the Minkowski
space-time in absence of gravity. In this sense, gravity is
conceived as the curvature of space-time.
Any relativistic theory of gravity, included GR, has
to match some requirements to be self-consistent. First
of all, it has to reproduce the Newtonian theory in the
weak-field limit, hence it has to explain the dynamics
related of planets and the galactic self-gravitating struc-
tures. Moreover, it has to pass observational tests in
the Solar System [1]. At cosmological scales, any theory
of gravity should reproduce the cosmological parameters
3as the expansion rate, the density parameter, etc., in a
self-consistent way. Observations and experiments probe
baryonic matter, radiation, neutrinos and an attractive
overall interaction, acting at all scales: This is the grav-
ity. In particular, GR is based on some main assumptions
that are:
The “Relativity Principle” - there is no pre-
ferred inertial frames.
The “Equivalence Principle” - inertial ef-
fects are locally indistinguishable from grav-
itational effects which means that any gravi-
tational field can be locally canceled.
The “General Covariance Principle” - field
equations must be “covariant” in form, and
invariant in form under space-time diffeomor-
phisms.
The “Causality Principle” - each point of
space-time must admit a universally valid no-
tion of past, present and future.
The “Lorentz Covariance” - experimental re-
sults are independent of the orientation or
the boost velocity of the laboratory through
space.
According to these assumptions, Einstein postulated that
the gravitational field is described in terms of the metric
tensor field ds2 = gµνdx
µdxν , with the same signature
of Minkowski metric in four dimensions. The line ele-
ment ds2 is the covariant scalar related to the space-time
measurements. The metric coefficients are the gravita-
tional potentials, and the space-time, according to the
former Riemann’s intuition, is curved by the distribution
of matter-energy sources, in other words, the distribution
of astronomical bodies gives “shape” to space-time.
The above considerations suggest that the space-time
structure has to be determined by either one or both of
the two following fields: a Lorentzian metric g and a lin-
ear connection Γ, assumed by Einstein to be torsionless.
The metric g fixes the causal structure of space-time, that
is the light cones and the way to make measurements
(clocks and rods); the connection Γ fixes the free-fall and
the locally inertial observers (that is the geodesic struc-
ture of space-time). They must satisfy some compatibil-
ity relations, such as the fact that photons have to follow
null geodesics of Γ, and hence Γ and g are a priori in-
dependent but can be constrained a posteriori by some
physical properties. This fact means that Γ has not to be
necessarily the Levi-Civita connection of g, derived from
a non-linear combination of g and its derivatives [2, 3].
Furthermore, a physical quantity is Lorentz covariant
if it transforms under the Lorentz group. In particular,
the Local Lorentz Covariance follows from GR and refers
to Lorentz covariance defined locally in any infinitesimal
region of spacetime. This property allows that GR results
are fully coherent with Special Relativity as soon as the
effects of gravitational field can be neglected. In this
sense, GR is a fully Lorentz invariant theory since any
physical quantity and equation has to be preserved under
Lorentz transformations.
However, GR presents some shortcomings at ultravi-
olet and infrared scales. From the theoretical point of
view, we have the non-renormalizability, the presence of
singularities, and the lack of a self-consistent theory of
quantum gravity. From the observational and experi-
mental points of view GR is no longer capable of ad-
dressing Galactic, extra-galactic and cosmic dynamics,
unless exotic forms of matter-energy (interacting only at
gravitational level) are considered. These elusive compo-
nents are addressed as dark matter and dark energy and
constitute up to the 95% of the total cosmological bulk
of matter-energy [4].
Alternatively, instead of changing the source side of
the Einstein field equations, one can ask for a geometri-
cal view to fit the missing matter-energy of the observed
Universe. In this case, the dark side could be addressed
by including further geometric invariants into the stan-
dard Hilbert-Einstein Action of GR. These effective La-
grangians can be derived by any quantization scheme on
curved space-times [5]. However, no final probe discrim-
inating between dark matter and extended gravity has
been found up to now.
Another conceptual issue that has to be discussed in
view of the present review paper is the following. In
GR it is assumed that the metric g of space-time is the
fundamental object to describe gravity. The connection
Γλµν =
{
λ
µν
}
g
is derived from g, which is thus the only
object with dynamics. This implies that g determines the
causal structure (light cones), the measurements (rods
and clocks) and the free fall of test particles (geodesic
structure). Geometrically speaking, the space-time is
given by a couple {M, g} constituted by a Riemannian
manifold and a metric. From a physical point of view,
the metric formulation of gravitational theories assumes
the strict validity of the Equivalence Principle.
The above scheme can be enlarged assuming a metric-
affine formulation of gravity. In the Palatini formalism
a connection Γ and a metric g are independent objects.
Space-time is a triple {M, g,Γ}, where the metric de-
termines the causal structure while Γ determines the
geodesic structure. In such a formalism, Γλµν =
{
λ
µν
}
g
are differential equations. The Γ is the Levi-Civita con-
nection of g as the outcome of the field equations, how-
ever this fact is strictly valid only in GR and not in any
theory of gravity. In this approach, the connection (i.e.
the “force”) is the fundamental field representing “grav-
ity”. The metric g assumes an “ancillary” role needed
to define lengths, distances, areas, volumes and clocks.
Hence, there is no fundamental reason to assume g as
the potential for Γ. Furthermore, there is no fundamental
reason, apart from simplicity, to assume that space-time
is torsionless.
4Torsion appears in literature in quite different forms.
Generally, spin is considered to be the source of tor-
sion, but there are several other possibilities in which
torsion emerges in different contexts. In some cases a
phenomenological counterpart is absent, in some other
cases torsion arises from sources without spin as a gra-
dient of a scalar field. Nevertheless, some classification
schemes for torsion are possible. For example, one can be
based on the possibility to construct torsion tensors from
the product of covariant bivectors and vectors, and their
respective space-time properties. Another approach can
be obtained by starting from the decomposition of torsion
into three irreducible pieces. Their space-time properties,
again, lead to a complete classification. The classifica-
tions can be made in U4, a four dimensional space-time
where the torsion tensors have some peculiar properties.
However, other classification schemes are possible.
The issue to enlarge the GR with torsion is felt strongly
today, since several questions strictly depend on whether
the space-time connection is symmetric or not. GR is
essentially a classical theory which does not take into
account quantum effects. However, these effects must
be considered in any theory which deals with gravity
at a fundamental level. Passing from V4 (Riemannian
4-dimensional manifolds) to U4 manifolds is the first
straightforward generalization which tries to include the
spin fields of matter into the same geometrical scheme of
GR. The paradigm is that the mass-energy is the source
of curvature while the spin is the source of torsion. The
Einstein-Cartan-Sciama-Kibble (ECSK) theory is one of
the most serious attempts in this direction [6]. However,
this mere inclusion of spin-matter fields does not exhaust
the role of torsion which seems to have important roles
in any fundamental theory.
For instance, a torsion field appears in (super)string
theory, if we consider the fundamental string modes; we
need, at least, a scalar mode and two tensor modes: a
symmetric and an antisymmetric one. The latter one, in
the low-energy limit for the effective string action, gives
the effects of a torsion field [8–12]. Furthermore, sev-
eral attempts of unification between gravity and electro-
magnetism have to take into account torsion in four and
in higher dimensional theories such as the Kaluza-Klein
ones [13–15]. Additionally, any theory of gravity con-
sidering twistors needs the inclusion of torsion [16–18]
while supergravity is the natural arena where torsion,
curvature and matter fields are treated under the same
standard [19, 20].
Besides, several people agree with the line of thinking
that torsion could have played some specific role in the
dynamics of the early universe and, by the way, it could
have yielded macroscopically observable effects today. In
fact, the presence of torsion naturally gives repulsive con-
tributions to the energy-momentum tensor so that cos-
mological models become singularity-free [21–30]. This
feature, essentially, depends on spin alignments of pri-
mordial particles which can be considered as the source
of torsion [31].
If the universe undergoes one or several phase transi-
tions, torsion could give rise to topological defects (e.g.
torsion walls [32–43]) which today can act as intrin-
sic angular momenta for cosmic structures as galaxies.
Moreover, the presence of torsion in an effective energy-
momentum tensor alters the spectrum of cosmological
perturbations giving characteristic lengths for large-scale
structures [44].
All these arguments, and several more, do not allow
to neglect torsion in any comprehensive theory of gravity
which takes into account the non-gravitational counter-
part of the fundamental interactions.
However, in most articles, a clear distinction is not
made amongst the different kinds of torsion. Usually
torsion is related to the spin density of matter, but very
often there are examples where it cannot be derived from
spin matter and acquires interpretations quite different
from the models with spinning fluids and particles. It
can be shown that there are many independent torsion
tensors with different properties.
In order to clarify these points, classification schemes
of torsion tensors can be based, as said above, on the
geometrical properties of vectors and bivectors that can
be used to decompose them. Torsion tensors can be con-
structed as the tensor product of a simple covariant bivec-
tor and a contravariant vector. Such objects are well un-
derstood in GR and they can be easily classified [45]. We
call these tensors elementary torsions.
Another classification follows from the decomposition,
at one point of a U4 space-time, of the torsion ten-
sors into three irreducible tensors with respect to the
Lorentz group. Again one can use vectors and bivectors
to identify their geometrical properties. It follows that
the elements of the second classification are generally ex-
pressed as a “combination of elementary torsion tensors”,
while the “elementary torsion tensors” are generally non-
irreducible.
One of the main results of these classifications is that
in many theories, such as the ECSK theory, torsion is
related to its sources by an algebraic equation; it follows
that the nature of the sources is clarified too. This fea-
ture leads to recognize which tensors can be generated
by the spin and which not, and which do not even have
a physical origin.
Other classifications have been proposed, too. The first
one was given in [46, 47] and it is based on the properties
of the Riemann and Ricci tensors, as defined in a U4
space-time, compared with the Weyl and Ricci tensors
as defined in a V4 space-time. The second one, given
in [48], deals with the algebraic classification of space-
times with torsion following from the application of the
Becchi-Rouet-Stora-Tyutin (BRST) operator.
The classifications of the torsion tensors show how the
different sources of torsion can influence the physical phe-
nomena. It is well known [6] that, the ECSK theory can
be recast in a nonminimal coupling version of ordinary
GR, where the energy-momentum tensor is modified ac-
cording to the torsion sources.
5As we will discuss in detail along this review article,
torsion theories may be relevant in cosmology. The rea-
son behind that is that the kinematical quantities such
as shear, vorticity, acceleration, expansion and their evo-
lution equations, are modified by the presence of torsion.
The plan of this Review is the following: Starting from
the definitions and classifications of torsion quantities, we
will introduce the Einstein-Cartan theory and the various
realizations of torsion tensors. In particular, we will dis-
cuss the torsion contributions to shear, expansion, vor-
ticity and acceleration in Sec. II. Sec. III is devoted
to another important gauge theory of gravity with tor-
sion, namely Poincare´ Gauge Gravity, where the Poincare´
invariance plays a fundamental role. The formalism of
teleparallel gravity is introduced in Sec. IV, giving the
field equations and discussing the equivalence with GR.
The f(T ) extension is discussed in Sec. V where the main
features of this approach are considered. In particular,
we present the equations of motion, we discuss the issues
of Lorentz violation, and we analyze the perturbations in
such a theory and the implications for thermodynamics.
f(T ) cosmology is considered in Sec. VI. Specifically,
we deal with early and late time cosmology, cosmogra-
phy and observational constraints from the f(T ) point of
view. Sec. VII is devoted to some astrophysical appli-
cations like gravitational waves in f(T ) gravity. In Sec.
VIII we examine the black holes and wormhole solutions.
Extensions of f(T ) gravity are considered in Sec. IX,
where we discuss the role of further scalar fields, addi-
tional couplings, or higher-order torsion invariants. Tor-
sion and curvature gravity are compared and discussed
in Sec. X. Finally, Sec. XI is devoted to the conclusions
and discussion of the presented material. Lastly, in Ap-
pendix A we give the adopted conventions throughout
the Review, while in App. B we provide the coefficients
of the stability equation of f(T, T ) gravity.
II. TORSION TENSORS
In this section, we will give general definitions of tor-
sion and associated quantities which, below, will be spec-
ified in the particular U4 space-times. We shall use, es-
sentially, the notation of [6].
A. Tetrads and bivectors
Let us introduce the tetrad fields, using the conven-
tions summarized in Appendix A. They are defined at
each point of the manifold as a base of orthonormal vec-
tors eµA, where A,B,C · · · = 0, 1, 2, 3 label the tangent
space-time coordinates, and µ, ν, ρ · · · = 0, 1, 2, 3 are the
space-time coordinates [49].
Correspondingly, a cotetrad eAµ is defined such that
eµAe
A
ν = δ
µ
ν , (1)
eµAe
B
µ = δ
B
A . (2)
The tetrad metric is
ηAB = η
AB = diag(1,−1,−1,−1), (3)
and then the space-time metric can be reconstructed in
the following way
gµν = ηABe
A
µ e
B
ν . (4)
In the construction of the torsion tensors it will be useful
to consider expressions of the simple bivectors. These
are given by the skew-symmetric tensor product of two
vectors. Generally a bivector Bµν is simple, if and only
if it satisfies the equation
B[µνBρ]σ = 0. (5)
By the tetrad vectors in a N -dimensional manifold, one
can construct the N(N − 1)/2 simple bivectors
FµνAB = e
[µ
A e
ν]
B , (6)
and any bivector Bµν is expressed as
Bµν = BABeµAe
ν
B , (7)
with BAB = −BBA.
B. Definitions of torsion
The torsion tensor T ρµν it the antisymmetric part of
the affine connection coefficients Γρµν , that is
T ρµν =
1
2
(
Γρµν − Γρνµ
) ≡ Γρ[µν] . (8)
In GR, it is postulated that T ρµν = 0. It is a general
convention to call U4 a 4-dimensional space-time man-
ifold endowed with metric and torsion. The manifolds
with metric and without torsion are labeled as V4 (see
[50]).
Often in the calculations, torsion occurs in linear com-
binations as in the contortion tensor, defined as
K ρµν = −T ρµν − T ρµν + T ρν µ = −K ρµ ν , (9)
and in the modified torsion tensor
Tˆ ρµν = T
ρ
µν + 2δ
ρ
[µ Tν] , (10)
where Tµ ≡ T νµν . According to these definitions, it fol-
lows that the affine connection can be written as
Γρµν =
{
ρ
µν
}−K ρµν , (11)
where
{
ρ
µν
}
are the usual Christoffel symbols of the sym-
metric connection. The presence of torsion in the affine
connection implies that the covariant derivatives of a
scalar field φ do not commute, that is
∇˜[µ∇˜ν]φ = −T ρµν ∇˜ρφ , (12)
6and for a vector vµ and a covector wµ, one has the fol-
lowing relations
(∇˜µ∇˜ν − ∇˜ν∇˜µ)vρ = R ρµνσ vσ − 2T σµν ∇˜σvρ , (13)
(∇˜µ∇˜ν − ∇˜ν∇˜µ)wσ = R σµνρ wσ − 2T σµν ∇˜σwρ , (14)
where the Riemann tensor is defined as
R σµνρ = ∂µΓ
σ
νρ − ∂νΓσµρ + ΓσµλΓλνρ − ΓσνλΓλµρ . (15)
The contribution of torsion to the Riemann tensor can
be explicitly given by
R σµνρ =R
σ
µνρ ({})−∇µK σνρ +∇νK σµρ
+K σµλ K
λ
νρ −K σνλ K λµρ , (16)
where R σµνρ ({}) is the tensor generated by the Christof-
fel symbols. The symbols ∇˜ and ∇ have been introduced
to indicate the covariant derivative with and without tor-
sion respectively. From (16) the expressions for the Ricci
tensor and the curvature scalar are respectively found to
be
Rµν = Rµν({})−2∇µTρ+∇νK νµρ +K νµλ K λνρ −2TλK λµρ
(17)
and
R = R({})− 4∇µTµ +KρλνKνρλ − 4TµTµ . (18)
We close this subsection by pointing out the gen-
uine geometrical meaning of torsion, namely that in
a space with torsion the parallelograms break [7]. In
particular, while in curved spaces considering two bits
of geodesics and displacing one along the other it will
form an infinitesimal parallelogram (and hence parallel-
transporting a field from initial to final points across both
paths one obtains a difference, determined by curvature),
in twisted spaces the above procedure of displacing one
geodesic bit along the other leads to a gap between the ex-
tremities, namely the infinitesimal parallelogram breaks.
This implies that performing the parallel transportation
of a vector field in a space with torsion, an intrinsic
length, related to torsion, appears as it can be seen in
Fig.1.
C. Decomposition of torsion in U4
An important property of torsion is that it can be de-
composed with respect to the Lorentz group into three
irreducible tensors, i.e. it can be written as
T ρµν =
TT ρµν +
AT ρµν +
V T ρµν . (19)
Torsion has 24 components, of which TTµν has 16 com-
ponents, ATµν has 4 and
V Tµν has the remaining 4 com-
ponents [51–55].
One has
V T ρµν =
1
3
(Tµδ
ρ
ν − Tνδρµ) , (20)
p 
X 
X 
Y 
Y 
FIG. 1: A pictorial view of the breaking of parallelograms in-
duced by torsion.
where Tµ = T
ν
µν ,
AT ρµν = g
ρσT[µνσ] , (21)
which is called the axial (or totally anti-symmetric) tor-
sion, and
TT ρµν = T
ρ
µν − AT ρµν − V T ρµν , (22)
which is the traceless non totally anti-symmetric part of
torsion. For the sake of brevity, in the following, we will
refer respectively to the tensor (20) as a V-torsion, to
the tensor (21) as an A-torsion and to the tensor (22)
as a T-torsion. Finally, the dual operation (see [51, 55])
defined as
?T ρµν =
1
2
σλµνT
ρ
σλ , (23)
has the relevant property that it associates an A-torsion
tensor to a V-torsion tensor and vice versa. Then it as-
sociates a V-torsion to a T-torsion.
D. The classification of torsion tensors
1. Elementary torsion tensors
It can be observed that a tensor with all properties
of torsion can be constructed as the tensor product of a
bivector Fµν with a vector Σ
ρ.
It is well known that any generic bivector in a four di-
mensional manifold can be always reduced into the sum
of two simple bivectors with a particular choice of the
coordinates (see e.g. [45]). In analogy with the electro-
magnetic case, we can call the bivector with the timelike
vector, the electric term and the one with two spacelike
vectors, the magnetic term, and label them respectively
with Eµν and Bµν . Then we can introduce the concept
of elementary torsion tensor given as the tensor product
of a simple bivector with a vector.
We say that a bivector Aµν and a vector V
ρ are or-
thogonal if V µAµν = 0. And we consider only the cases
7where any four-vector Σρ is either orthogonal to a simple
bivector or is one of its components. All the other possi-
ble cases are combinations of these two cases. Then the
24 elementary torsion tensors can be classified according
to the space-time properties of their bivectors and the
corresponding vectors.
At this point an important remark is necessary. Any
generic torsion tensor can be decomposed in terms of
these elementary parts. Let us practically construct the
elementary torsion tensors by the vectors of a tetrad. In
general, we have
T
(el)ABρ
Cµν = e
A
[µe
B
ν]e
ρ
C , (24)
and then any torsion tensor can be expressed as
T ρµν = T
C
AB e
A
[µe
B
ν]e
ρ
C , (25)
where the coefficients have to be
T CAB = T
ρ
µν e
[µ
A e
ν]
Be
C
ρ . (26)
The classification of elementary torsion tensors in
which Σµ does not lie on the plane defined by the bivector
is then the following:
a) If Eµν is a bivector obtained from the antisymmet-
ric tensor product of a timelike covector and a spacelike
covector, Σµ must be any spacelike vector orthogonal to
Eµν . The pure electric case is represented just by one
family of tensors. It will be labeled with the symbol Es.
b) In the pure magnetic case, one has that Σµ can
be either a spacelike vector, a timelike vector or a null
vector, leading to three family of tensors. These three
families will be labeled respectively as Bs, Bt and Bn.
c) In the null case, it turns out that there are two
possibilities for Σµ, i.e. it can be either a null vector
or a spacelike vector. The labels will be Nn and Ns
respectively.
Regarding the case in which the vector Σµ lies on the
plane described by the bivector, it can be noted that if
B ≡ C in (24) then we have V-torsions.
Finally, let us mention that the previous discussion
changes if a null tetrad, defined by lµ = eµ0 − eµ1 , nµ =
eµ0 +e
µ
1 , m
µ = eµ2−ieµ3 and m∗µ = eµ2 +ieµ3 , is considered.
In this case, it follows that the elementary torsion, for
instance T ρµν = m[µlν]l
ρ, bears all properties of a T-
torsion.
2. Irreducible tensors in four dimensions
To classify the torsion tensors, according to their irre-
ducible properties, let us first consider the V-torsion. It
follows, from Eq. (20), that the V-torsion is character-
ized by a covector
Tµ = T
ν
µν . (27)
Tµ can be either time-like, space-like or light-like. So we
have three different possible types of V-torsion, which
can be labeled respectively by the symbols V t, V s and
V `. It can be noted that the V-torsion is expressed as a
combination of elementary torsion tensors.
From Eqs. (20) and (1) it follows that
V T ρµν =
2
3
T[µe
A
ν]e
ρ
A . (28)
The A-torsion can be expressed by the equation
ATµνρ = µνρλσ
λ . (29)
Its properties can be characterized by the space-time
properties of the vector σλ. As for the V-torsion, we label
the A-torsion with At, As or A` depending on whether
the vector σλ is time-like, space-like or light-like.
The statement given in subsection II C can be proved
here by direct calculation. In fact, we have that
σλµνT[σδ
ρ
λ] = 
σρ
µνTσ, which is an A-torsion, and that
λτµν
ρ
σλτ T
σ = T[µδ
ρ
ν], which is a V-torsion.
Finally, the T-torsion tensors can be constructed
through a combination of elementary torsion tensors of
the forms
TT ρµν = V[µe
A
ν]C
B
A e
ρ
B , (30)
and
TT ρµν = 
λτ
µνV[λe
A
τ ]C
B
A e
ρ
B , (31)
where C BA is an arbitrary matrix. By the null-trace
conditions
V[µe
A
ν]C
B
A e
ν
B = 0 , (32)
and
λτµνV[λe
A
τ ]C
B
A e
ν
B = 0 , (33)
on (30) and (31), we obtain 7 constraints on the matrix
C BA , by fixing Vµ. As a consequence, C
B
A has 9 inde-
pendent components. In order to get the 16 components
of the T-torsion from the expressions (30) and (31), we
have to impose a further condition. If V 2 ≡ V µVµ 6= 0,
we can impose that
C BA e
A
µ e
ν
BV
µVν = 0 , (34)
which reduces one of the constraints following from (32)
to
C AA = 0 . (35)
If V is a null vector, the constraint (34) follows from (32)
and the expression (35) has to be imposed as a supple-
mentary constraint on the matrix C BA .
From the previous discussion, it follows that the T-
torsion tensors can be classified according to the nature of
the vector Vµ which can be time-like, space-like, or null.
We label the T-torsion with Tt, Ts or T` depending on
whether the 4-vector V µ is time-like, space-like or light-
like, respectively.
8E. The Einstein-Cartan-Sciama-Kibble equations
The introduction of torsion as an extension of the grav-
itational field theories has some relevant consequences.
The closest theory to GR is the Einstein-Cartan-Sciama-
Kibble (ECSK) theory. It is described by
L =
√−g
(
R
16piG
+ Lm
)
, (36)
which is the Lagrangian density of GR depending on the
metric tensor gµν and on the connection Γ
ρ
µν , where R is
the curvature scalar (18) and Lm the Lagrangian function
of matter fields, which yields
tµν =
δLm
δgµν
, (37)
which is the symmetric stress–energy tensor, while
τ νµρ =
δLm
δK ρµν
(38)
is the source of torsion. In many instances, it can be
identified with a spin density. However, as will become
clear from the following sections, there are many consid-
erations in which the source of the torsion field (38) is
not spin but gravity itself.
From the variation of (36) and introducing the canon-
ical energy-momentum tensor
Σµν = tµν + ∗∇˜ρ(τµνρ − τνρµ + τ cµν) , (39)
where we have used the abridged notation ∗∇˜ρ := ∇˜ρ +
2T σρσ , the following field equations are derived [6]:
Gµν = 8piGΣµν , (40)
and
T ρµν = 8piGτ
ρ
µν , (41)
where we have set the light speed as c = 1.
Eq. (40) generalizes the Einstein equations in a U4.
Unlike (40), Eq. (41) is algebraic and thus it is always
possible to cast (40) in a pure Einstein one, by substi-
tuting the torsion terms with their sources. It results
in defining an effective energy-momentum tensor as the
source of the Riemannian part of the Einstein tensor [6].
Doing so one obtains
Gµν({}) = 8piGt˜µν , (42)
where Gµν({}) is the Riemannian part of the Einstein
tensor. The effective energy-momentum tensor is
t˜
µν
=tµν + 8piG
[
− 4τµρ[στνσρ] − 2τµρστνρσ + τρσµτ νρσ
+
1
2
gµν(4τ ρλ [στ
λσ
ρ] + τ
λρστλρσ)
]
.
(43)
The tensor tµν can be of the form
tµν = (p+ ρ)uµuν − pgµν , (44)
if standard perfect-fluid matter is considered. But when
spin fluids are considered, one has to define a different
stress-energy tensor in which the spin contributions are
taken into account as in [56–61].
F. Realizations of torsion tensors
Let us now show how some torsion tensors, frequently
found in literature, can be classified according to the ir-
reducible tensors classification given above.
1. Scalar fields φ produce torsion only in non-
minimally coupled theories with a ξφ2R term in
the Lagrangian density, or in a R2 theory in a U4
(where the Ricci scalar is coupled to itself). As a
result, the torsion is related to the gradient of the
field. For example, in homogeneous cosmologies,
one obtains a V t tensor. In a Schwarzschild solu-
tion one deals with a V s tensor. See for example
[21, 62–65].
2. According to [52] and [66], it turns out that the
only torsion tensors compatible with a Friedmann-
Robertson-Walker (FRW) universe are of class V t
and At. A cosmological solution with a torsion ten-
sor of class At is discussed also in [30].
3. Examples of torsion of class V ` and A` are found
in [46, 47] to describe null electromagnetic plane
waves.
4. As and V s tensors introduce anisotropies in a
space-time, since the spacelike vector yields a priv-
ileged direction.
5. The spin of classical Dirac particles is the source of
an As torsion for massive particles and of an An
torsion for a massless neutrino [6]. The At torsion
is generated by tachyon Dirac particles.
6. An example of T-torsion tensors can be found in
simple supergravity where torsion is given in terms
of the Rarita-Schwinger spinors (see, for example,
[67, 68]). They contribute also to torsion in the
Weyssenhoff spin fluids (see below and discussion
in [69]).
7. The Lanczos tensor was considered in [46, 47] as a
candidate of torsion in a non-ECSK theory. It is
a sort of Weyl tensor potential and it bears all the
characteristics of a traceless torsion tensor. Then
its properties depend on the symmetries of space-
time.
8. The influence of an At torsion on cosmological per-
turbations is discussed in [44].
99. The helicity flip of fermions can be induced by an
Al torsion [70, 71].
10. The same kind of torsion can induce a geometrical
contribution to the Berry phase of Dirac particles
[72].
Finally, the next group of examples is related to
elementary torsion tensors found in the literature:
11. The torsion tensors related to spin, usually found
in the literature, are generated by the Weyssenhoff
spinning particle and the classical Dirac particle. In
the first case the torsion tensor is a Bs tensor, while
in the second case one has an As tensor. Spin fluids
a` la Weyssenhoff can be found in [6, 7, 56, 57, 59–
61, 73], and have been discussed by many other
authors.
12. Cosmological models with a Bs torsion have been
studied in [73].
G. Torsion contributions to the energy-momentum
tensor
After straightforward calculation, one obtains that the
contribution of the antisymmetric and vector parts of
torsion to the energy-momentum tensor are respectively
proportional to the following expressions:
Atνµ = 2σ
νσµ + δ
ν
µσ
ρσρ (45)
and
V tνµ =
8
3
T νTµ − 4
3
δνµT
ρTρ . (46)
The contribution of the T-torsion, when expressed
from (30) reads
T1tµν =− CρσC(ρσ)V µV ν − V ρCρσV (µCν)σ
+
1
2
V ρVρ(C
µ
τ C
τν − CµτCντ )−
1
2
V ρV σC µρ C
ν
σ
+
1
2
gµν(CρσC(ρσ)V
τVτ − 1
2
V ρCρσV
τC στ ) ,
(47)
otherwise when the T-torsion is expressed by (31) it
writes as
T2tµν =CρσCρσV
µV ν + V σVσ(C
µ
τ C
τν + CµτC
ντ )
− V ρV σC µρ C νσ − V τCτσ(V µCνσ + V νCµσ)
+
1
2
(V ρV σCρτC
τ
σ − V τVτCρσCρσ) . (48)
In (47) and (48) we have used the expression C νµ =
C BA e
A
µe
ν
B . The presence of contributions of distinct
irreducible tensors does not lead to interaction terms,
apart from the cases where the two classes of T-torsion
are present.
In summary, an elementary torsion tensor T ρµν =
FµνΣ
ρ, contributes to the energy-momentum tensor with
a symmetric tensor proportional to
etνµ = −2Σ2F νρFµρ + F 2ΣνΣµ −
1
2
F 2Σ2δνµ , (49)
where Σ2 = ΣµΣ
µ and F 2 = FµνFµν . Expression (49),
through (10) and (41), is the final result involving also
ordinary perfect-fluid matter.
H. Torsion contributions to shear, expansion,
vorticity and acceleration
It has often been pointed out in the literature how
torsion can modify the behavior of fluids. In [58] it
was shown that the presence of torsion generated by
a Weyssenhoff fluid generalizes the Bernoulli theorem,
through an extension of the definition of the vorticity.
In the same way such a modification of the vorticity has
led some authors to argue about the possibility of hav-
ing cosmological models with torsion which could avert
the initial singularity [7]. An extended analysis of this
problem has been made by re-writing the Raychaudhuri
equation in the presence of torsion for a Weyssenhoff fluid
[74, 75].
In [76] an inflationary Bianchi I universe in the ECSK
theory was considered. In this paper it was shown how
torsion could contribute to an isotropic expansion uni-
verse even in anisotropic geometry, if the energy den-
sity of spin was sufficiently large to counterbalance the
anisotropic terms. As a result, it followed that this model
supplies a rapid isotropization mechanism of the universe
during the inflationary stage.
In [77–79] a gauge invariant and covariant formalism
for cosmological perturbations was formulated. In this
derivation an important role is attributed to the Ray-
chaudhuri equation. Such formulation has been extended
recently in [80] for the ECSK theory. It follows that
one could construct tests for torsion in the primordial
universe through its effects on the spectrum of pertur-
bations. A complete study of perturbations for all the
irreducible torsion tensors can be useful to extend this
program.
The previous considerations suggest to consider how
the kinematical quantities are modified by each of the
irreducible components of torsion.
1. The kinematical quantities
One of the consequences of introducing torsion in a
space-time is that the definition of some quantities can be
modified. This is the case of the kinematical quantities,
defined from the following decomposition of the covariant
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V T ρµν
AT ρµν
θ˜ = θ − 2T ρUρ θ
a˜ν = aν − Tν − TµUµUν aν
ω˜µν = ωµν ωµν − µνρσσσUρ
σ˜µν = σµν σµν
TABLE I: Contributions of V-torsion and A-torsion to the kinematical quantities.
T1T ρµν
T2T ρµν
θ˜ = θ θ
a˜ν = aν + 2V[νCµ]ρU
ρUµ aν − 2λτσνV λCλρUσUµ
ω˜µν = ωµν + h
ρ
µh
σ
νV[ρC
λ
σ] Uλ ωµν + h
ρ
µh
σ
ν λτρσV
λCτξUξ
σ˜µν = σµν − 2hρµhσν (VλC(ρσ) − Cλ(ρVσ))Uλ σµν − 2hρµhσν λτξ(µV λCτσ)Uξ
TABLE II: Contributions of the two T-torsions to the kinematical quantities.
derivative of the four velocity Uµ [81]:
∇˜µUν = σ˜µν + 1
3
hµν θ˜ + ω˜µν − Uµa˜ν , (50)
where hµν = gµν + UµUν , and
θ˜ = ∇˜µUµ = θ − 2T ρUρ, (51)
σ˜µν = h
ρ
µh
σ
ν ∇˜(ρUσ) = σµν + 2hρµhσνK λ(ρσ) Uλ, (52)
ω˜µν = h
ρ
µh
σ
ν ∇˜[ρUσ] = ωµν + 2hρµhσνK λ[ρσ] U lambda,
(53)
a˜ρ = U
µ∇˜µUρ = aρ + UµK σµρ Uσ, (54)
are respectively the expansion, shear, vorticity and ac-
celeration. The quantities without the tilde are those
usually defined in GR. In Tables I and II we summarize
the contributions to these objects given by the irreducible
torsion tensors.
2. The Raychaudhuri equation
Given the four-velocity Uµ (UµU
µ = −1), having in
mind the identity
Uν∇˜ρ∇˜νUµ = ∇˜ρ(Uν∇˜νUµ)− ∇˜ρUν∇˜νUµ, (55)
and using Eq. (15) to obtain
Uν∇˜ρ∇˜νUµ = Uν∇˜ν∇˜ρUµ+R σρνµ UσUν−2UνT ρµν ∇˜σUρ,
(56)
we result to the equation
1
3
hρµθ˜ + σ˜ρµ + ω˜ρµ − Uρa˜µ =
∇˜ρa˜µ −
(1
9
hρµθ˜ +
2
3
θ˜σ˜ρµ +
2
3
θ˜ω˜ρµ nonumber
(57)
+ 2σ˜νρ ω˜νµσ˜
ν
ρ σ˜νµ + ω˜
ν
ρ ω˜νµ −
1
3
Uρθ˜a˜µ nonumber
(58)
− Uρa˜ν σ˜νµ − Uρa˜ν ω˜νµ
)
−R σρνµ UσUν
− 2UνT σµν
(1
3
hρσ θ˜ + tildeρρσ + ω˜ρσ − Uρa˜σ
)
.
(59)
Contracting the indices in (57) one obtains immediately
the most general expression for the Raychaudhuri equa-
tion, namely
˙˜
θ = ∇˜ρa˜ρ − 1
3
θ2 − σ˜µν σ˜µν + ω˜µν ω˜µν −RµνUµUν
−2UνT σµν
(1
3
hµσ θ˜ + σ˜
µ
σ + ω˜
µ
σ − Uσa˜µ
)
. (60)
This is the most general form of the Raychaudhuri equa-
tion in presence of torsion. Simpler forms of this equation
have been discussed in [74, 75, 82].
As final remark, we have to say that a geometrical
classification of torsion tensors is possible. A decompo-
sition of torsion into irreducible tensors is given also in
[51, 52]. For a systematic account, see [55]. Essentially,
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one has three classes of tensors: traceless, vector and to-
tally antisymmetric ones. However, it is possible to add
a classification scheme to this decomposition. The pro-
posal is based on the space-time properties of 4-vectors
and bivectors, which can be used to construct these tor-
sion tensors. According to this classification, it is possi-
ble to construct two tensors of the same irreducible class,
with distinct properties, due to the fact that one can use
space-like, time-like, or null 4-vectors.
As a byproduct, one finds also a second decomposition
and classification scheme based on elementary torsions.
These elementary tensors are given by the tensor product
of simple bivectors and vectors. As a consequence, the
classification of these tensors is based on the space-time
properties of the simple bivectors (which we distinguished
in electric and magnetic bivectors), and on those of the
vectors.
All the above classifications can help to distinguish the
physical situations associated to different torsion tensors.
III. THE CASE OF POINCARE´ GAUGE
GRAVITY WITH TORSION
A theory where torsion plays an important role is the so
called Poincare´ Gauge Gravity. Following the prescrip-
tions of GR, the physical space-time is assumed to be
a four-dimensional differential manifold (see [83, 84] for
a general discussion on gravity theories and their pre-
scriptions). In Special Relativity this manifold is the
Minkwoski flat-space-time M4, while in General Relativ-
ity the underlying space-time is assumed to be curved in
order to describe the effects of gravitation.
Utiyama [85] was the first to propose that General Rel-
ativity can be seen as a gauge theory based on the local
Lorentz group SO(3, 1), in much the same way that the
Yang-Mills gauge theory [86] was developed on the ba-
sis of the internal iso-spin gauge group SU(2). In this
formulation the Riemannian connection is the gravita-
tional counterpart of the Yang-Mills gauge fields. While
SU(2), in the Yang-Mills theory, is an internal symmetry
group, the Lorentz symmetry represents the local nature
of space-time rather than internal degrees of freedom.
The Einstein Equivalence Principle, asserted for GR, re-
quires that the local space-time structure can be iden-
tified with the Minkowski space-time possessing Lorentz
symmetry. In order to relate local Lorentz symmetry to
the external space-time, we need to solder the local space
to the external space. The soldering tools are the tetrad
fields. Utiyama regarded the tetrads as objects given a
priori.
Soon after, Sciama [87] recognized that space-time
should necessarily be endowed with torsion in order to
accommodate spinor fields. In other words, the gravita-
tional interaction of spinning particles requires the mod-
ification of the Riemann space-time of GR, towards a
(non-Riemannian) curved space-time with torsion. Al-
though Sciama used the tetrad formalism for his gauge-
like handling of gravitation, his theory fell shortcomings
in treating tetrad fields as gauge fields.
Kibble [88] made a comprehensive extension of the
Utiyama gauge theory of gravitation by showing that the
local Poincare´ symmetry SO(3, 1)oT (3, 1) (o represents
the semi-direct product) can generate a space-time with
torsion as well as curvature. The gauge fields introduced
by Kibble include the tetrads as well as the local affine
connection. There have been a variety of gauge theories
of gravitation based on different local symmetries, which
gave rise to several interesting applications in theoretical
physics [55, 89–98] (for a review see [99]). Following the
Kibble approach, it can be demonstrated how gravitation
can be formulated starting from a pure gauge viewpoint.
In particular, the aim of this Section is to show, in details,
how a theory of gravitation is a gauge theory which can
be obtained starting from the local Poincare´ symmetry.
In [100], a gauge theory of gravity based on a nonlinear
realization of the local conformal-affine group of sym-
metry transformations was formulated. Moreover, the
coframe fields and gauge connections of the theory were
obtained, and the tetrads and Lorentz group metric were
used to induce a space-time metric. In particular, the
inhomogenously transforming (under the Lorentz group)
connection coefficients gave rise to gravitational gauge
potentials used to define covariant derivatives accommo-
dating minimal coupling of matter and gauge fields. On
the other hand, the tensor valued connection forms were
used as auxiliary dynamical fields associated with the di-
lation, special conformal and deformation (shear) degrees
of freedom inherent to the bundle manifold. This al-
lowed to define the bundle curvature of the theory. Then
boundary topological invariants were also constructed,
serving as a prototype (source free) gravitational La-
grangian. Finally the Bianchi identities, covariant field
equations and gauge currents were extracted.
Starting from the Invariance Principle, we consider
first the Global Poincare´ Invariance and then the Local
Poincare´ Invariance. This approach leads to formulate a
given theory of gravity as a gauge theory. This viewpoint,
if considered in detail, can avoid many shortcomings and
could be useful to formulate self-consistent schemes for
quantum gravity.
Before entering into the main discussion of this part, let
us introduce the notations. The metric in Minkowskian
space M4 is denoted by ηAB (A, B = 0, 1, 2, 3) with
η00 = −η11 = −η22 = −η33 = 1 and ηAB = 0 for A 6= B,
whereas the metric of curved space is given by gµν (µ,
ν = 0, 1, 2, 3). The tetrads eAµ are defined by gµν =
eAµ e
B
ν ηAB . In particular, for holonomic coordinates x
µ
the tetrads are given by eAµ = ∂x
A/∂xµ.
A. Invariance Principle
As it is well-known, the field equations and conserva-
tion laws can be obtained from a least action principle.
Since this principle is the basis of any gauge theory, we
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start from it to develop our considerations. In particu-
lar, we start from a least action principle and the Noether
theorem.
Let χ(x) be a multiplet field defined at a space-time
point x and L{χ(x), ∂Bχ(x); x} be the Lagrangian den-
sity of the system. The action integral of the system over
a given space-time volume Ω is defined by
I(Ω) =
∫
Ω
L{χ(x), ∂Bχ(x); x} d4x. (61)
Now let us consider the infinitesimal variations of the
coordinates
xA → x′A = xA + δxA, (62)
and the field variables
χ(x)→ χ′(x′) = χ(x) + δχ(x). (63)
Correspondingly, the variation of the action is given by
δI =
∫
Ω′
L′(x′) d4x′ −
∫
Ω
L(x) d4x
=
∫
Ω
[L′(x′)||∂Bx′B || − L(x)] d4x. (64)
Since the Jacobian for the infinitesimal variation of coor-
dinates becomes ||∂Bx′B || = 1 + ∂B(δxB), the variation
of the action takes the form
δI =
∫
Ω
[
δL(x) + L(x) ∂B(δxB)
]
d4x (65)
where δL(x) = L′(x′)− L(x).
For any function Φ(x) of x, it is convenient to define
the fixed point variation δ0 by
δ0Φ(x) := Φ
′(x)− Φ(x) = Φ′(x′)− Φ(x′). (66)
Expanding the function to first order in δxB as Φ(x′) =
Φ(x) + δxB ∂BΦ(x), we obtain
δΦ(x) = Φ′(x′)− Φ(x) = Φ′(x′)− Φ(x′) + Φ(x′)− Φ(x)
= δ0Φ(x) + δx
B ∂BΦ(x), (67)
or
δ0Φ(x) = δΦ(x)− δxB∂BΦ(x). (68)
The advantage to have the fixed point variation is that
δ0 commutes with ∂B , namely δ0∂BΦ(x) = ∂Bδ0Φ(x).
Hence, for Φ(x) = χ(x), we have
δχ = δ0χ+ δx
A∂Aχ, (69)
and
δ∂Aχ = ∂A(δ0χ)− ∂(δxB)∂Aχ. (70)
Using the fixed point variation in the integrand of (65)
gives
δI =
∫
Ω
[
δ0L(x) + ∂B(δxB L(x))
]
d4x. (71)
If we require the action integral defined over any arbi-
trary region Ω to be invariant, i.e. δI = 0, then we must
have
δL+ L∂B(δxB) = δ0L+ ∂B(LδxB) = 0. (72)
If ∂B(δx
B) = 0, then δL = 0, that is the Lagrangian
density L is invariant. In general, however, ∂B(δxB) 6= 0,
and L transforms like a scalar density. In other words, L
is a Lagrangian density unless ∂B(δx
B) = 0.
For convenience, let us introduce a function h(x) that
behaves like a scalar density, namely
δh+ h∂B(δx
B) = 0. (73)
We further introduce the function L through
L(χ, ∂Bχ;x) = h(x)L(χ, ∂Bχ;x). Then we see that
δL+ L∂B(δxB) = hδL, (74)
and hence the action integral remains invariant if δL = 0.
The newly introduced function L(χ, ∂Bχ;x) is the scalar
Lagrangian of the system.
Let us calculate the integrand of (71) explicitly. The
fixed point variation of L(x) is a consequence of a fixed
point variation of the field χ(x), which can be cast into
the form
δ0L = [L]χδ0χ+ ∂B
[
∂L
∂(∂Bχ)
δ0χ
]
, (75)
where
[L]χ ≡ ∂L
∂χ
− ∂B
[
∂L
∂(∂Bχ)
]
. (76)
Consequently, we can write the action integral in the form
δI =
∫
Ω
{
[L]χδ0χ+ ∂B
[
∂L
∂(∂Bχ)
δχ− TBC δxC
]}
d4x,
(77)
where
TB C :=
∂L
∂(∂Bχ)
∂Cχ− δBC L (78)
is the canonical energy-momentum tensor density. If the
variations are chosen such that δxB = 0 over Ω and δ0χ
vanishes on the boundary of Ω, then δI = 0 gives us the
Euler-Lagrange equation
[L]χ = ∂L
∂χ
− ∂B
[
∂L
∂(∂Bχ)
]
= 0. (79)
On the other hand, if the field variables obey the Euler-
Lagrange equation [L]χ = 0, then we have
∂B
[
∂L
∂(∂Bχ)
δχ− TB C δxC
]
= 0, (80)
which gives rise, considering also the Noether theorem,
to conservation laws. These very straightforward consid-
erations are at the basis of the following discussion.
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B. Global Poincare´ Invariance
As usual, we assert that our space-time in the absence
of gravitation is a Minkowski space M4. The isometry
group of M4 is the group of Poincare´ transformations
(PT) which consists of the Lorentz group SO(3, 1) and
the translation group T (3, 1). The Poincare´ transforma-
tions of coordinates are
xA
PT→ x′A = aAB xB + bA, (81)
where aAB and b
A are real constants, and aAB satisfy
the orthogonality conditions aACa
C
B = δ
A
B . Thus, for
infinitesimal variations we have
δx′A = χ′(x′)− χ(x) = εA B xB + εA, (82)
where εAB+εBA = 0 (the quantities ε
A
B and ε
A are the
tensor and vector infinitesimal variations respectively).
While the Lorentz transformation forms a six parameter
group, the Poincare´ group has ten parameters. The Lie
algebra for the ten generators of the Poincare´ group is
[ΞAB , ΞCD] = ηAC ΞBD + ηBD ΞAC
−ηBC ΞAD − ηAD ΞBC ,
[ΞAB , TC ] = ηBCTA − ηACTB
[TA, TB ] = 0, (83)
where ΞAB are the generators of Lorentz transformations,
and TA are the generators of four-dimensional transla-
tions. Obviously, ∂A(δx
A) = 0 for the Poincare´ trans-
formations (81). Therefore, our Lagrangian density L,
which is the same as L with h(x) = 1, is invariant, namely
δL = δL = 0 for δI = 0.
Suppose that the field χ(x) transforms under the in-
finitesimal Poincare´ transformations as
δχ =
1
2
εABSABχ, (84)
where the tensors SAB are the generators of the Lorentz
group, satisfying
SAB = −SBA
[SAB , SCD] = ηAC SBD + ηBD SAC
−ηBC SAD − ηAD SBC . (85)
Correspondingly, the derivative of χ transforms as
δ(∂Cχ) =
1
2
εABSAB∂Cχ− εA C∂Aχ. (86)
Since the choice of infinitesimal parameters εA and εAB
is arbitrary, the vanishing variation of the Lagrangian
density δL = 0 leads to the identities
∂L
∂χ
SABχ+
∂L
∂(∂Cχ)
(SAB∂Cχ+ ηCA∂Bχ− ηCB∂Aχ) = 0.
(87)
Moreover, we obtain the conservation laws
∂B T
B
C = 0, ∂C
(
SC AB − xATC B + xBTC A
)
= 0,
(88)
where
SC AB := − ∂L
∂(∂Cχ)
SABχ. (89)
These conservation laws imply that the energy-
momentum and angular momentum, respectively given
by
Pl =
∫
T 0l d
3x,
JAB =
∫ [
S0 AB −
(
xAT
0
B − xBT 0 A
)]
d3x, (90)
are conserved (the first term of the angular momen-
tum integral corresponds to the spin angular momentum,
while the second term gives the orbital angular momen-
tum). This means that the system invariant under the
ten parameter symmetry group has ten conserved quan-
tities. This is an example of Noether symmetry.
The global Poincare´ invariance of a system implies
that, for the system, the space-time is homogeneous
(all space-time points are equivalent) as dictated by the
translational invariance, and is isotropic (all directions
about a space-time point are equivalent) as indicated by
the Lorentz invariance. It is interesting to observe that
the fixed point variation of the field variables takes the
form
δ0χ =
1
2
εB CΞB
C χ+ εB TB χ, (91)
where
ΞB
C = SB
C +
(
xB∂C − xC∂B
)
, TB = −∂B . (92)
We mention that ΞB
C are the generators of the Lorentz
transformation and TB are those of the translations.
As a next step, let us consider a modification of the
infinitesimal Poincare´ transformations (82) by assuming
that the parameters εBC and ε
B are functions of the co-
ordinates and by writing them altogether as
δxµ = εµ ν(x)x
ν + εµ(x) = ξµ, (93)
which we call the local Poincare´ transformations (or the
general coordinate transformations). In order to make
a distinction between the global transformation and the
local transformation, we use the Latin indices (A, B = 0,
1, 2, 3) for the former and the Greek indices (µ, ν = 0,
1, 2, 3) for the latter. The variation of the field variables
χ(x) defined at a point x is still the same as that of the
global Poincare´ transformations, namely
δχ =
1
2
εABS
AB χ. (94)
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The corresponding fixed point variation of χ takes the
form,
δ0χ =
1
2
εABS
ABχ− ξν∂νχ. (95)
Differentiating both sides of (95) with respect to xµ, we
have
δ0∂µχ =
1
2
εABSAB∂µχ+
1
2
(∂µε
AB)SABχ− ∂µ(ξν∂νχ).
(96)
By using these variations, we obtain the variation of the
Lagrangian L, namely
δL+ ∂µ(δxµ)L = hδL = δ0L+ ∂ν(Lδxν)
= −1
2
(∂µε
AB)Sµ AB − ∂µξν Tµν , (97)
which is no longer zero unless the parameters εAB and
ξν become constants. Accordingly, the action integral
for the given Lagrangian density L is not invariant under
the local Poincare´ transformations. We notice that while
∂B(δx
B) = 0 for the local Poincare´ transformations, ∂µξ
µ
does not vanish under local Poincare´ transformations.
Hence, as expected L is not a Lagrangian scalar but a
Lagrangian density. Therefore, as mentioned earlier, in
order to define the Lagrangian L we have to choose an
appropriate non-trivial scalar function h(x) satisfying
δh+ h∂µξ
µ = 0. (98)
Proceeding forward we consider a minimal modifica-
tion of the Lagrangian in order to make the action inte-
gral invariant under the local Poincare´ transformations.
It is rather obvious that if there is a covariant derivative
∇Cχ which transforms as
δ(∇Cχ) = 1
2
εABSAB∇Cχ− εA C∇Aχ, (99)
then a modified Lagrangian L′(χ, ∂Cχ, x) = L(χ, ∇Cχ,
x), obtained by replacing ∂Cχ of L(χ, ∂Cχ, x) by ∇Cχ,
remains invariant under the local Poincare´ transforma-
tions, that is
δL′ =
∂L′
∂χ
δχ+
∂L′
∂(∇Cχ)δ(∇Cχ) = 0. (100)
To find such a C-covariant derivative we introduce the
gauge fields V AB µ = −V BA µ, and we define the µ-
covariant derivative
∇µχ := ∂µχ+ 1
2
V AB µSABχ (101)
in such a way that the covariant derivative transforms as
δ0∇µχ = 1
2
SAB∇µχ− ∂µ(ξν∇νχ). (102)
The transformation properties of V ABµ are determined by
∇µχ and δ∇µχ. Making use of
δ∇µχ = 1
2
εAB ,µ SABχ+
1
2
εABSAB∂µχ− (∂µξν) ∂νψ
+
1
2
δV ABµ SABχ+
1
4
V ABµ SABε
CDSCDχ, (103)
and comparing with (101), we obtain
δV ABµ SABχ+
1
2
(
V ABµ ε
CD − εABV CDµ
)
SABSCDχ
+εAB ,µ SABχ+ (∂µξ
ν)V ABν SABχ = 0. (104)
Using the antisymmetry in AB and CD to rewrite the
term in parentheses in (104) as [SAB , SCD]V
AB
µ ε
CDχ,
we see the explicit appearance of the commutator
[SAB , SCD]. Additionally, using the expression for the
commutator of Lie algebra generators
[SAB , SCD] =
1
2
c
[EF ]
[AB][CD]SEF , (105)
where c
[EF ]
[AB][CD] (the square brackets denote anti-
symmetrization) is the structure constants of the Lorentz
group (deduced below), we have
[SAB , SCD]V
AB
µ ε
CD =
1
2
(
V AFµ ε
B
F − V FBµ εAF
)
SAB .
(106)
The substitution of this relation and the consideration of
the antisymmetry of ε BA = −εBA enables us to write
δV AB µ = ε
A
CV
CB
µ + ε
B
CV
AC
µ
−(∂µξν)V AB ν − ∂µεAB . (107)
We require the C-derivative and µ-derivative of χ to
be linearly related as
∇Cχ = eC µ(x)∇µχ, (108)
where the coefficients eC
µ(x) are position-dependent and
behave like a new set of field variables. From (108) it is
evident that ∇Cχ varies as
δ∇Cχ = δeµC∇µχ+ eµCδ∇µχ. (109)
Comparing with δ∇Cχ = 12εEFSEF∇Cχ − εBC∇Bχ we
obtain eCρ δe
µ
C∇µχ− ξν ,ρ∇νχ+ eCρ εBC∇Bχ = 0. Exploit-
ing δ
(
eCρ e
µ
C
)
= 0 we find that the quantity eC
µ trans-
forms according to
δeC
µ = eC
ν∂νξ
µ − eA µεA C . (110)
It is also important to recognize that the inverse of
det(eC
µ) transforms like a scalar density as h(x) does.
For our minimal modification of the Lagrangian density,
we utilize this available quantity for the scalar density h.
In particular we let
h(x) = [det(eC
µ)]−1. (111)
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In the limiting case, when we consider Poincare´ transfor-
mations that are not space-time dependent, eC
µ → δµC so
that h(x)→ 1. This is a desirable property. Then we re-
place the Lagrangian density L(χ, ∂Cχ, x), invariant un-
der the global Poincare´ transformations, by a Lagrangian
density
L(χ, ∂µχ; x)→ h(x)L(χ, ∇Cχ). (112)
The action integral with the above modified Lagrangian
density remains invariant under the local Poincare´ trans-
formations. Since the local Poincare´ transformations
δxµ = ξµ(x) are nothing else but generalized coordinate
transformations, the newly introduced gauge fields e λA
and V AB µ can be interpreted, respectively, as the tetrad
(vierbein) fields which set the local coordinate frame and
as a local affine connection with respect to the tetrad
frame (see also [101]).
Let us consider first the case where the multiplet field
χ is the Dirac field ψ(x), which behaves like a four-
component spinor under the Lorentz transformations,
and transforms as
ψ(x)→ ψ′(x′) = S(Λ)ψ(x), (113)
where S(Λ) is an irreducible unitary representation of the
Lorentz group. Since the bilinear form vC = iψγCψ is a
vector, it transforms according to
vB = ΛBCv
C , (114)
where ΛBA is a Lorentz transformation matrix satisfying
ΛAB + ΛBA = 0. The invariance of v
A (or the covariance
of the Dirac equation) under the transformation ψ(x)→
ψ′(x′) leads to
S−1(Λ)γµS(Λ) = Λµνγ
ν , (115)
where the γ′s are the Dirac γ-matrices satisfying the an-
ticommutator γAγB + γBγA = ηAB1. Furthermore, we
notice that the γ-matrices have the following properties:
(γ0)
† = −γ0,
(
γ0
)2
= (γ0)
2 = −1, γ0 = −γ0 and γ0γ0 = 1
(γk)
† = γk ,
(
γk
)2
= (γk)
2 = 1; (k = 1, 2, 3) and γk = γ
k
(γ5)
† = −γ5, (γ5)2 = −1 and γ5 = γ5.
(116)
We assume that the transformation S(Λ) can be put
into the form S(Λ) = eΛµνγ
µν
. Expanding S(Λ) about
the identity, retaining only terms up to first order in the
infinitesimals, and expanding Λµν to first order in εµν as
Λµν = δµν + εµν , (117)
we acquire
S(Λ) = 1 +
1
2
εABγAB . (118)
In order to determine the form of γAB , we substitute
(117) and (118) into (115) obtaining
1
2
εAB
[
γAB , γC
]
= ηkiεBAγ
B . (119)
Rewriting the r.h.s. of (119) using the antisymmetry of
εAB as η
CAεBAγ
B = 12εAB
(
ηCAγB − ηCBγA) yields[
γC , γAB
]
= ηCAγB − ηCBγA. (120)
Assuming the solution to have the form of an antisym-
metric product of two matrices, we obtain the solution
γAB :=
1
2
[
γA, γB
]
. (121)
If χ = ψ then the group generator SAB appearing in
(85) is identified with
SAB ≡ γAB = 1
2
(γAγB − γBγA). (122)
To be explicit, the Dirac field transforms under Lorentz
transformations (LT) as
δψ(x) =
1
2
εABγABψ(x). (123)
The Pauli conjugate of the Dirac field is denoted ψ and
it is defined by
ψ(x) := iψ†(x) γ0, i ∈ C. (124)
The conjugate field ψ transforms under LTs as,
δψ = −ψ 1
2
εABψγAB . (125)
Under local LTs, εAB(x) becomes a function of space-
time. Now, unlike ∂µψ(x), the derivative of ψ
′(x′) is no
longer homogenous due to the occurrence of the term
γAB [∂µεAB(x)]ψ(x) in ∂µψ
′(x′), which is non-vanishing
unless εAB is constant. When going from locally flat to
curved space-time, we must generalize ∂µ to the covariant
derivative∇µ to compensate for this extra term, allowing
to gauge the group of LTs. Thus, by using ∇µ, we can
preserve the invariance of the Lagrangian for arbitrary
local LTs at each space-time point
∇µψ′(x′) = S(Λ(x))∇µψ(x). (126)
To determine the explicit form of the connection belong-
ing to∇µ, we study the derivative of S(Λ(x)). The trans-
formation S(Λ(x)) is given by
S(Λ(x)) = 1 +
1
2
εAB(x)γ
AB . (127)
Since εAB(x) is only a function of space-time for local
Lorentz coordinates, we can express this infinitesimal LT
in terms of general coordinates only by shifting all space-
time dependence of the local coordinates into the tetrad
fields as
εAB(x) = e
λ
A (x)e
ν
B(x)ελν . (128)
Substituting this expression for εAB(x), we obtain
∂µεAB(x) = ∂µ
[
e λA (x)e
ν
B(x)ελν
]
, however since ελν
has no space-time dependence this reduces to
∂µεAB(x) = e
λ
A (x)∂µeBλ(x)− e νB (x)∂µeAν(x). (129)
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Let us now introduce the quantity
ωµBA := e
ν
B (x)∂µeAν(x). (130)
Hence, the first and second terms in (129) become
eλA(x)∂µeBλ(x) =
1
2ωµAB and e
ν
B(x)∂µeAν(x) =
1
2ωµBA
respectively. Using the identification
∂µεAB(x) = ωµAB , (131)
we can write
∂µS(Λ(x)) = −1
2
γABωµAB . (132)
According to (101), the covariant derivative of the Dirac
spinor is
∇µψ = ∂µψ + 1
2
V AB µγABψ. (133)
Correspondingly, the covariant derivative of ψ¯ is given by
∇µψ = ∂µψ − 1
2
V AB µψ¯γAB . (134)
Using the covariant derivatives of ψ and ψ¯, we can show
that
∇µvB = ∂µvB − V A BµvA. (135)
The same covariant derivative should be used for any
covariant vector vC under the Lorentz transformation.
Since ∇µ(vAvA) = ∂µ(vAvA), the covariant derivative
for a contravariant vector vA must be
∇µvA = ∂µvA + V A BµvB . (136)
Since the tetrad eA
µ is a covariant vector under Lorentz
transformations, its covariant derivative must transform
according to the same rule. Using ∇A = eµA(x)∇µ, the
covariant derivatives of a tetrad in local Lorentz coordi-
nates read
∇νeA µ = ∂νeA µ − V C AνeC µ
∇νeA µ = ∂νeA µ + V A CνeC µ. (137)
Furthermore, the inverse of eA
µ is denoted by eA µ and
satisfies
eA µeA
ν = δµ
ν , eA µeB
µ = δA B . (138)
In order to allow the transition to curved space-time,
we take into account the general coordinates of objects
that are covariant under local Poincare´ transformations.
Here we define the covariant derivative of a quantity vλ
which behaves like a contravariant vector under the local
Poincare´ transformation, namely
Dνv
λ ≡ eA λ∇νvA = ∂νvλ + Γλ µνvµ
Dνvµ ≡ eA µ∇νvA = ∂νvµ − Γλ µνvλ, (139)
where
Γλ µν := eA
λ∇νeA µ ≡ −eA µ∇νeA λ. (140)
The definition of Γλ µν implies
DνeA
λ = ∇νeA λ + Γλ µνeA µ
= ∂νeA
λ − V C AνeC λ + Γλ µνeA µ = 0, (141)
Dνe
A
µ = ∇νeA µ − Γλ µνeA λ
= ∂νe
A
µ + V
A
Cνe
C
µ − Γλ µνeA λ = 0. (142)
From (141),(142) we find that
V A Cν = e
A
λ∂νeC
λ + Γλ µνe
A
λeC
µ
= −eC λ∂νeA λ + Γλ µνeA λeC µ, (143)
or equivalently, in terms of ω defined in (130):
V A Cν = ω
A
νC + Γ
λ
µνe
A
λeC
µ
= −ω ACν + Γλ µνeA λeC µ. (144)
Inserting into (133) we may write
∇µψ = (∂µ − Γµ)ψ, (145)
where
Γµ =
1
4
(
ωABµ − Γλ µνeA λeB ν
)
γA
B , (146)
is known as the Fock-Ivanenko connection.
We now study the transformation properties of VµAB .
Recall that ωµAB = e
λ
A (x)∂µeBλ(x) and since ∂µηAB =
0, we write
ΛA
A
ηAB∂µΛ
B
B
= ΛA
A
∂µΛAB . (147)
Note that barred indices are equivalent to the primed in-
dices used above. Hence, the spin connection transforms
as
VABC = Λ
A
A
Λ B
B
Λ C
C
VABC + Λ
A
A
Λ C
C
eµA(x)∂µΛBC .
(148)
In order to determine the transformation properties of
ΓABC = VABC − [eµA(x)∂µeνB(x)] eνC(x), (149)
we consider the local LT of [e µA (x)∂µe
ν
B(x)] eνC(x),
which is[
eµ
A
(x)∂µe
ν
B
]
eνC(x) = Λ
A
A
Λ B
B
Λ C
C
[V νABeνC(x)]
+Λ A
A
Λ C
C
eµA(x)∂µΛCB . (150)
From this result, we obtain the following transformation
law:
ΓABC = Λ
A
A
Λ B
B
Λ C
C
ΓABC . (151)
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We now explore the consequence of the antisymme-
try of ωABC in BC. Recalling the equation for ΓABC ,
exchanging B and C and adding the two equations, we
obtain
ΓABC + ΓACB = −eµA(x) [(∂µeνB(x)) eνC(x)
+ (∂µe
ν
C(x)) eνB(x)] . (152)
We know however, that ∂µ [e
ν
B(x)eνC(x)] =
−e λB (x)eνC(x)∂µgνλ and thus we finally obtain
ΓABC + ΓACB = e
µ
A (x)e
λ
B (x)e
ν
C (x)∂µgνλ, (153)
which is equivalent to
ΓABC + ΓA CB = e
µ
A
(x)eλ
B
(x)eν
C
(x)∂µgνλ, (154)
and therefore
Γµλν + Γµνλ = ∂µgνλ, (155)
which we recognize as the general coordinate connection.
It is known that the covariant derivative for general
coordinates is
∇µV λν = ∂µV λν + ΓλµσV σν − ΓσµνV λσ . (156)
In a Riemannian manifold, the connection is symmetric
under the exchange of µν, i.e. Γλµν = Γ
λ
νµ. Using
the fact that the metric is a symmetric tensor we can
now determine the form of the Christoffel connection by
cyclically permuting the indices of the general coordinate
connection equation (155), yielding
Γµνλ =
1
2
(∂µgνλ + ∂νgλµ − ∂λgµν) . (157)
Since Γµνλ = Γνµλ is valid for general coordinate sys-
tems, it follows that a similar constraint must hold for
local Lorentz transforming coordinates too, thus we ex-
pect ΓABC = ΓBAC . Recalling the equation for ΓABC
and exchanging A and B, we obtain
ωABC − ωBAC = eνC(x) [eµA(x)∂µeνB(x)
−eµB(x)∂µeνA(x)] . (158)
We now define the objects of anholonomicity as
ΩCAB := eνC(x) [e
µ
A(x)∂µe
ν
B(x)− eµB(x)∂µeνA(x)] .
(159)
Using ΩCAB = −ΩCBA, we permute indices in a similar
manner as was done for the derivation of the Christoffel
connection above, yielding
ωABµ =
1
2
[ΩCAB + ΩBCA − ΩABC ] eCµ ≡ ∆ABµ.
(160)
For completeness, we determine the transformation law
of the Christoffel connection. Making use of Γλµνeλ =
∂µeν where
∂µ eν = X
µ
µX
ν
ν∂µeν +X
µ
µ (∂µX
ν
ν) eν , (161)
we can show that
Γλµ ν = X
µ
µX
ν
νX
λ
λ Γ
λ
µν +X
µ
µX
λ
ν X
ν
µν , (162)
where Xνµν ≡ ∂µ∂νxν .
In the light of the above considerations, we may re-
gard infinitesimal local gauge transformations as local
rotations of basis vectors belonging to the tangent space
of the manifold [98, 102]. For this reason, given a lo-
cal frame on a tangent plane to the point x of the base
manifold, we can obtain all other frames on the same
tangent plane by means of local rotations of the origi-
nal basis vectors. Reversing this argument, we observe
that by knowing all frames residing in the horizontal tan-
gent space to a point x of the base manifold enables us
to deduce the corresponding gauge group of symmetry
transformations.
C. Curvature, Torsion and Metric
From the definition of the Fock-Ivanenko covariant
derivative we can find the second order covariant deriva-
tive as
DνDµψ = ∂ν∂µψ +
1
2
SCD
(
ψ∂νV
CD
µ + V
CD
µ ∂νψ
)
+ΓρµνDρψ +
1
2
SEFV
EF
ν ∂µψ
+
1
4
SEFSCDV
EF
ν V
CD
µ ψ. (163)
Recalling that Dνe
Cµ = 0 we can solve for the spin con-
nection in terms of the Christoffel connection
V CDµ = −eDλ∂µeCλ − Γ CDµ , (164)
and thus the derivative of the spin connection is then
∂µV
CD
ν = −eDλ∂µ∂νeCλ −
(
∂νe
Cλ
)
∂µe
D
λ − ∂µΓCDν .
(165)
Noting that the Christoffel connection is symmetric and
partial derivatives commute, we find
[Dµ, Dν ]ψ =
1
2
SCD
[(
∂νV
CD
µ − ∂µV CDν
)
ψ
]
+
1
4
SEFSCD
[(
V EFν V
CD
µ − V EFµ V CDν
)
ψ
]
,(166)
where ∂νV
CD
µ − ∂µV CDν = ∂µΓCDν − ∂νΓCDµ. Relabeling
running indices, we can write
SEFSCD
(
V EFν V
CD
µ − V EFµ V CDν
)
ψ = [SCD, SEF ]V
EF
µ V
CD
ν ψ,
(167)
and therefore, using {γA, γB} = 2ηAB to deduce
{γA, γB} γCγD = 2ηABγCγD, we find that the commu-
tator of bi-spinors is given by
[SCD, SEF ] =
1
2
[
ηCEδ
A
Dδ
B
F − ηDEδACδBF
+ηCF δ
A
Eδ
B
D − ηDF δAEδBC
]
SAB . (168)
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Clearly the terms in brackets on the r.h.s. of (168) are
antisymmetric in CD and EF and also antisymmetric un-
der the exchange of pairs of indices CD and EF. Since
the alternating spinor is antisymmetric in AB, this must
hold for the terms in brackets too: this implies that the
commutator does not vanish. Hence, the term in brack-
ets is totally antisymmetric under interchange of indices
AB, CD and EF and exchange of these pairs of indices.
We identify this as the structure constant of the Lorentz
group [103][
ηCEδ
A
Dδ
B
F − ηDEδACδBF
+ηCF δ
A
Eδ
B
D − ηDF δAEδBC
]
= c[CD][EF ]
[AB]
= c[AB][CD][EF ], (169)
with the aid of which we can write
1
4
[SCD, SEF ]V
EF
µ V
CD
ν ψ =
1
2
SAB
[
V AEνV
EB
µ − V BEνV AEµ
]
ψ,
(170)
where V AEνV
EB
µ − V BEνV AEµ = ΓAνEΓEBµ − ΓBνEΓEAµ.
Combining these results, the commutator of two µ-
covariant differentiations gives
[∇µ,∇ν ]χ = −1
2
RAB µν SABχ, (171)
where
RA Bµν = ∂νV
A
Bµ − ∂µV A Bν
+V A CνV
C
Bµ − V A CµV C Bν . (172)
Using the Jacobi identities for the commutator of covari-
ant derivatives, it follows that the field strength RA Bµν
satisfies the Bianchi identity
∇λRA Bµν +∇µRA Bνλ +∇νRA Bλµ = 0. (173)
Permuting indices, this can be put into the cyclic form
εαβρσ∇βRABρσ = 0, (174)
where εαβρσ is the Levi-Civita alternating symbol. Fur-
thermore, RAB µν = η
BCRA Cµν is antisymmetric with
respect to both pairs of indices, namely RAB µν =
−RBA µν = RBA νµ = −RAB νµ. The above condition
is known as the first curvature tensor identity.
In order to determine the analogue of [∇µ,∇ν ]χ in
local coordinates, we start from ∇Cψ = eµC∇µψ.
From ∇Cψ we obtain ∇D∇Cψ = eνD (∇νeµC)∇µψ +
eνDe
µ
C∇ν∇µψ, and permuting indices and recogniz-
ing that e Aµ ∇νeµC = −e µC ∇νeAµ, (which follows from
∇ν
(
eAµ e
µ
C
)
= 0), we arrive at
eνD (∇νeµC)∇µψ − eµC (∇µeνD)∇νψ
= (eµDe
ν
C − eµCeνD)
(∇νe Aµ )∇Aψ. (175)
Defining
CACD := (e
µ
Ce
ν
D − eµDeνC)∇νe Aµ , (176)
the commutator of the C-covariant differentiations takes
the final form [88]
[∇C ,∇D]χ = −1
2
RAB CDSAB χ+ C
A
CD∇A χ, (177)
where RAB CD = eC
µeD
νRAB µν . As was done for
RA Bµν , using the Jacobi identities for the commutator
of covariant derivatives, we find the Bianchi identity in
Einstein-Cartan space-time [6, 104]:
εαβρσ∇βRABρσ = εαβρσC λβρ RABσλ. (178)
The second curvature identity
RC[ρσλ] = 2∇[ρC Cσλ] − 4C B[ρσ C Cλ]B (179)
leads to
εαβρσ∇βC Cρσ = εαβρσRCBρσeBβ . (180)
Notice that if Γλµν = e
λ
A ∇νeAµ = −e Aµ ∇νeλA then
Γλµν − Γλνµ = eλA
(∇νeAµ −∇µeAν). Contracting by
eµCe
ν
D, we obtain [88]:
CACD = e
µ
C e
ν
D e
A
λ
(
Γλµν − Γλνµ
)
. (181)
We therefore conclude that CACD is related to the anti-
symmetric part of the affine connection
Γλ[µν] = e
C
µ e
D
ν e
λ
A C
A
CD ≡ Tλµν , (182)
which is usually interpreted as space-time torsion tensor
Tλµν .
Considering ∆ABµ defined in (160), we see that the
most general connection in the Poincare´ gauge approach
to gravitation is
VABµ = ∆ABµ −KABµ + Γλ νµeAλeB ν , (183)
where
KabC = −
(
Tλ νµ − T λνµ + T λµ ν
)
eAλeB
νe µC (184)
is the contorsion tensor. Now, the quantity Rρσµν =
eA
ρRA σµν may be expressed as
Rρ σµν = ∂νΓ
ρ
σµ − ∂µΓρσν + Γρ λνΓλ σµ − Γρ λµΓλ σν .
(185)
Therefore, we can regard Rρ σµν as the curvature tensor
with respect to the affine connection Γλ µν . Additionally,
by using the inverse of the tetrad we can find the metric
of the space-time manifold by
gµν = e
A
µ e
B
ν ηAB . (186)
From (141),(142) and the fact that the Minkowski metric
is constant, it is obvious that the above metric is covari-
antly constant, namely
Dλgµν = 0. (187)
Hence, the space-time thus specified by the local Poincare´
transformation is said to be metric space-time. It is not
difficult to show that
√−g = [det eA µ] = [det eA µ]−1, (188)
where g = det gµν . Therefore, we may consider
√−g for
the density function h(x) introduced in (73).
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D. Field Equations for Poincare´ Gravity
Finally, we are able to deduce the field equations for
the gravitational field. From the curvature tensor Rρ σµν ,
given in (185), we can calculate the Ricci tensor as
Rσν = R
µ
σµν , (189)
and the scalar curvature as
R = Rν ν =
L
R+ ∂AK
AB
B − T BCA K ABC , (190)
where
L
R denotes the usual Ricci scalar of GR. Using this
scalar curvature R we construct the Lagrangian density
for free Einstein-Cartan gravity:
LG = 1
16piG
√−g
(
L
R+ ∂AK
AB
B − T BCA K ABC − 2Λ
)
,
(191)
where G is a gravitational coupling constant, and Λ is
the cosmological constant. These considerations can be
easily extended to any function of
L
R as in [105]. Observe
that the second term is a divergence and may be ignored.
The field equation can be obtained from the total ac-
tion
S =
∫ {Lfield(χ, ∂µχ, eA µ, V AB µ) + LG} d4x, (192)
where the matter Lagrangian density is taken to be
Lfield = 1
2
[
ψγADAψ −
(
DAψ
)
γAψ
]
. (193)
Modifying the connection to include Christoffel, spin con-
nection and contorsion contributions, in order to be able
to incorporate for generality spinoral arguments too, we
have
Γµ =
1
4
gλσ
(
∆σµρ −
L
Γ σρµ −Kσρµ
)
γλρ. (194)
It is important to keep in mind that ∆σµρ act only on
multi-component spinor fields, while
L
Γ σρµ act on vectors
and arbitrary tensors. The gauge covariant derivative for
a spinor and adjoint spinor is then given by
Dµψ = (∂µ − Γµ)ψ, Dµψ = ∂µψ − ψΓµ. (195)
The variation of the field Lagrangian is
δLfield = ψ (δγµDµ + γµδΓµ)ψ. (196)
We know that the Dirac gamma matrices are covariantly
vanishing, thus Dκγι = ∂κγι−Γµικγµ+
[
γι, Γ̂κ
]
= 0. The
4 × 4 matrices Γ̂κ are real matrices used to induce sim-
ilarity transformations on quantities with spinor trans-
formation properties [106] according to γ′A = Γ̂
−1γAΓ̂.
Solving for Γ̂κ leads to,
Γ̂κ =
1
8
[(∂κγι) γ
ι − Γµικγµγι] , (197)
and hence its variation reads δΓ̂κ =
1
8 [(∂κδγι) γ
ι − (δΓµικ) γµγι]. Since we require the
anticommutator condition on the gamma matrices
{γµ, γν} = 2gµν to hold, the variation of the metric
gives
2δgµν = {δγµ, γν}+ {γµδγν}. (198)
One solution to this equation is,
δγν =
1
2
γσδγ
σν . (199)
With the aid of this result, we can write (∂κδγι) γ
ι =
1
2∂κ (γ
νδgνι) γ
ι. Hence, exploiting also the anti-
symmetry in γµν , we obtain
δΓ̂κ =
1
8
[
gνσδΓ
σ
µκ − gµσδΓ σνκ
]
γµν . (200)
In summary, the field Lagrangian defined in the
Einstein-Cartan space-time can be written explicitly in
terms of its Lorentzian and contorsion components as
[6, 104, 107–109]:
Lfield = 1
2
[(
L
Dµψ
)
γµψ − ψγµ
L
Dµψ
]
−~C
8
Kµαβψ
{
γµ, γαβ
}
ψ. (201)
Using the useful relations
−Kµαβψ
{
γµ, γαβ
}
ψ = Kµαβψγ
βαγµψ
−Kµαβψγµγαβψ,
γµγνγλεµνλσ =
{
γµ, γνλ
}
εµνλσ = 3!γσγ5,{
γµ, γνλ
}
= γ[µγνγλ],
we can obtain
Kµαβψ
{
γµ, γαβ
}
ψ =
1
2i
Kµαβε
αβµν
(
ψγ5γνψ
)
. (202)
At this stage it is convenient to define the contorsion
axial vector as
Kν :=
1
3!
εαβµνKαβµ. (203)
Multiplying through by the axial current j5ν = ψγ5γνψ,
we acquire
(
ψγ5γνψ
)
εαβµνKµαβ = −6ij5νKν . Thus, the
field Lagrangian density becomes
Lfield = 1
2
[(
L
Dµψ
)
γµψ − ψγµ
L
Dµψ
]
+
3i~C
8
Kµj
µ
5 .
(204)
Assembling everything, the total action variation reads
δI =
∫
(δLG + δLfield)
√−gd4x.
Writing the metric in terms of the tetrads gµν = eµAe
νA,
we observe that δ
√−g = − 12
√−g (δeµAe Aµ + eνAδeνA).
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By using δeνA = δ
(
ηABeνB
)
= ηABδeνB , we are able to
deduce that
δ
√−g = −√−ge Aµ δe µA . (205)
For the variation of the Ricci tensor RAν = e
µ
ARµν we
have δ
L
RAν = δe
µ
A
L
Rµν +e
µ
A δ
L
Rµν In an inertial frame, the
Ricci tensor reduces to
L
Rµν = ∂ν
L
Γ ββµ−∂β
L
Γ βνµ, and thus
δ
L
RAν = δe
µ
A
L
Rµν + e
µ
A
(
∂νδ
L
Γ ββµ − ∂βδ
L
Γ βνµ
)
. (206)
The second term can be converted into a surface term
and therefore it may be ignored. Assembling our results,
we have
δgµν = −gµρgνσδgρσ,
δ
√−g = −1
2
√−ggµνδgµν = −
√−ge Aµ δe µA ,
δRµν = gρµ
(
∇λδΓλρν −∇νδΓλρλ
)
+ T ρλµ δΓ
λ
ρν ,
δ
L
RAν = δe
µ
A
L
Rµν ,
δR =
L
R µνδgµν + g
µν
(
∇λδ
L
Γ λ µν −∇νδ
L
Γ λµλ
)
−T BCA δK ABC . (207)
From the above expressions, neglecting surface terms and
using the four-current vµ introduced earlier, the action
for the matter fields read [106]:
δIfield =
∫ [
ψδγµ∇µψ + ψγµδΓ̂µψ
]√−gd4x
=
∫ {[
1
2
gµνψγA (∇νψ) + TµρσT ρσA − δµATλρσTλρσ
]
δeAµ
+
1
8
(gρνvµ − gρµvν)
(
gµσδ
L
Γ σνρ − gνσδ
L
Γ σµρ
)}√−gd4x.
Removing the derivatives of variations of the metric ap-
pearing in δΓσνρ via partial integration, and equating to
zero the coefficients of δgµν and δTσνρ in the variation of
the action integral, we obtain
0 =
1
16pi
(
Rµν − 1
2
gµνR− gµνΛ
)
+
(
1
2
ψγν∇µψ − 1
4
∇µvν
)
+∇σT σµν + TµρσT ρσν − gµνTλρσTλρσ
and
Tρσλ = 8piτρσλ. (208)
Eqs. (208) have the form of Einstein equations
Gµν − gµνΛ = 8piΣµν , (209)
where the Einstein tensor and non-symmetric energy-
momentum tensors are
Gµν = Rµν − 1
2
gµνR, (210)
Σµν = Θµν + Tµν , (211)
respectively. Here we identify Θµν as the canonical
energy-momentum
Θµν =
∂Lfield
∂(∇µχ)∇νχ− δ
µ
νLfield, (212)
while Tµν is the stress-tensor form of the non-Riemannian
manifold. For the case of spinor fields being considered
here the explicit form of the energy-momentum compo-
nents are (after symmetrization of corresponding canon-
ical source terms in the Einstein equation) [110]
Θµν = −
[
ψγµ∇νψ −
(∇νψ) γµψ
+ψγν∇µψ −
(∇µψ) γνψ] , (213)
and by using the second field equation (208), we deter-
mine
Tµν = ∇σT σµν + Tµρστ ρσν − gµνTλρστλρσ, (214)
where τ σµν is the so-called spin-energy potential [6, 108]
τ σµν :=
∂Lfield
∂(∇σχ)γµνχ. (215)
Explicitly, the spin energy potential reads τµνσ =
ψγ[µγνγσ]ψ. Finally, the equation of motion obtained
from the variation of the action with respect to ψ reads
[6, 108]
γµ∇µψ + 3
8
Tµνσγ
[µγνγσ]ψ = 0. (216)
It is interesting to observe that this generalized curved
space-time Dirac equation can be recast into the nonlin-
ear equation of the Heisenberg-Pauli type
γµ∇µψ + 3
8
ε
(
ψγµγ5ψ
)
γµγ5ψ = 0. (217)
Although the gravitational field equation is similar in
form to the Einstein field equation, it differs from the
original Einstein equation because the curvature tensor,
containing space-time torsion, is non-Riemannian. As-
suming that the Euler-Lagrange equations for the matter
fields are satisfied, we obtain the following conservation
laws for the angular momentum and energy momentum
respectively:
eµAe
ν
BΣ[µν] = ∇ντ νAB ,
e Cµ ∇νΣν κ = Σν κTCµν + τνABRABµν .
(218)
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In summary, we have shown that all the necessary in-
gredients for a theory of gravitation can be obtained from
a gauge theory of local Poincare´ symmetry. Gauge fields
have been obtained by requiring the invariance of the La-
grangian density under local Poincare´ transformations.
The resulting Einstein-Cartan theory describes a space
endowed with non-vanishing curvature and torsion. The
lowest order gravitational action is one that is linear in
the curvature scalar while being quadratic in torsion.
However, the scheme can be immediately extended to
more general gravitational theories as in [105].
The Dirac spinors can be introduced as matter sources
and it has been found that they couple to gravity via the
torsion stress form Tµν component of the total energy-
momentum Σµν . The field equations obtained from the
action by means of a standard variational principle de-
scribe a nonlinear equation of the Heisenberg-Pauli type
in the matter sector, gravitational field equations simi-
lar to the Einstein equations, and a constraint equation
relating torsion to spin energy potential. The general-
ized energy-momentum tensor is comprised of the usual
canonical energy-momentum tensor of matter in addition
to a torsion stress form. The stress form contains a tor-
sion divergence term as well as a term similar to an ex-
ternal non-spinor source to gravity. In view of the struc-
ture of the generalized energy-momentum tensor, we re-
mark that the gravitational field equations here obtained
are similar to the equations of motion found in Einstein-
Yang-Mills theory, with the torsion tensor playing the
role of the Yang-Mills field strength.
The Bianchi identities of Einstein-Cartan gravity differ
from those of GR, since the Riemann curvature tensor
characterizing the non-Riemannian geometry does not
exhibit the usual symmetry properties. In the limit of
vanishing torsion, the Bianchi identities reduce to their
usual form.
Additionally, having extracted the conservation laws
for the angular momentum and the energy-momentum,
we deduced that the generalized energy-momentum ten-
sor contains a non-vanishing anti-symmetric component
proportional to the divergence of the spin-energy poten-
tial, while it is divergenceless only in the limit of vanish-
ing torsion.
Clearly, in the Poincare´ approach, curvature and tor-
sion both contribute to the overall dynamics where exter-
nal degrees of freedom (space-time) and internal degrees
of freedom (spins) are dealt under the same standard.
IV. TELEPARALLEL GRAVITY
With the above considerations in mind, let us now dis-
cuss an alternative approach to the gravitation al inter-
action named Teleparallel Gravity. It corresponds to a
gauge theory for the translation group [55, 111, 112, 114,
115]. It was first introduced by Einstein himself as an
equivalent alternative to GR [116]. Due to the features
of translations, gauge theories including these transfor-
mations differ from the standard internal gauge models in
several ways. The most significant differences is the pres-
ence of tetrad fields. Besides, tetrad fields can be adopted
in order to define a linear Weitzenbo¨ck connection, which
is a connection related to torsion without curvature. A
tetrad field can also be used to define a Riemannian met-
ric, in terms of which the Levi-Civita connection can be
derived. In such a case, the connection gives rise to cur-
vature and not to torsion.
As we saw in detail in the previous Section, it is cru-
cial to mention that torsion and curvature are proper-
ties of the connection [117], and several different connec-
tions can be defined on the same space-time [118]. In
other words, the presence of nontrivial tetrad field in a
gauge theory induces both teleparallel and Riemannian
structures on a given space-time. The first is related to
the Weitzenbo¨ck connection [119], and the second to the
Levi-Civita connection. Due to the universality of the
gravitational interaction, it is possible to link both these
geometrical structures to the gravitational interaction.
In the context of teleparallel gravity, both curvature
and torsion provide equivalent descriptions of gravity.
However, conceptual differences have to be taken into
account. According to GR, curvature is used to give a
geometric picture space-time. It successfully describes
the gravitational interaction. On the contrary, telepar-
allelism relates gravity to torsion, and then torsion ac-
counts for gravitation interaction not by a geometric pic-
ture of the interaction, but by acting as a force. This im-
plies that, in the teleparallel equivalent of GR, geodesic
equation is analogous to the Lorentz force equation of
electrodynamics [114]. However, the geodesic structure is
preserved in the teleparallel version of GR. Thus, we can
say that the gravitational interaction can be described
alternatively in terms of curvature, as it is usually done
in GR, or in terms of torsion, in the so called teleparallel
gravity. Therefore, at this level, requiring for gravita-
tional interaction a “curved” or a “twisted” space-time
turns out to be a matter of convention.
A. Teleparallel equivalent of General Relativity
Let us now describe the teleparallel equivalent of GR
starting from the tetrad fields and the Weitzenbo¨ck con-
nection. The Greek alphabet (µ, ν, ρ, · · · = 0, 1, 2, 3) will
be used to denote indices related to space-time (base
space), and the capital Latin alphabet (A,B,C, · · · =
0, 1, 2, 3) to denote indices related to the tangent space
(fiber), assumed to be a Minkowski space with metric
ηAB = diag(+1,−1,−1,−1). A gauge transformation
can be defined as a local translation on the tangent-space
as
δxA = δαBPBx
A , (219)
where PA = ∂/∂x
A are the translation generators, and
δαA the corresponding infinitesimal parameters. Defin-
ing the gauge potentials as ABµ, the gauge covariant
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derivative of a given matter field Ψ is [114]
DµΨ = eBµ ∂BΨ , (220)
where
eBµ = ∂µx
B +ABµ . (221)
This is a nontrivial tetrad field. We assume the speed of
light as c = 1. From the covariance of DµΨ, one get the
gauge potential transformation
AB ′µ = A
B
µ − ∂µδαB . (222)
As it is standard in the Abelian gauge theories, the field
strength is given by
FBµν = ∂µA
B
ν − ∂νABµ , (223)
which satisfies the relation
[Dµ,Dν ]Ψ = FBµνPBΨ . (224)
It is worth stressing that, whereas the tangent space in-
dices are raised and lowered by the metric ηAB , the space-
time indices are raised and lowered by the Riemann met-
ric
gµν = ηABe
A
µ e
B
ν . (225)
A nontrivial tetrad field induces on space-time a telepar-
allel structure directly related to the gravitational field.
In other words, given a nontrivial tetrad, it is possible to
define the so called Weitzenbo¨ck connection
Γˆρµν = eA
ρ∂νe
A
µ , (226)
which is a connection without curvature and presenting
only torsion [117]. As a direct consequence of this defini-
tion, the Weitzenbo¨ck covariant derivative of the tetrad
field vanishes identically:
∇νeAµ ≡ ∂νeAµ − Γˆρµν eAρ = 0 . (227)
This is the so called absolute parallelism condition. Be-
sides, the torsion related to the Weitzenb ”ock connection
is
T ρµν = Γˆ
ρ
νµ − Γˆρµν , (228)
from which the gravitational ”force” results from the tor-
sion written in the tetrad basis, that is
FAµν = e
A
ρT
ρ
µν . (229)
A nontrivial tetrad field can be adopted also to define
a torsionless linear connection which is the Levi-Civita
connection of the metric (225), that is
◦
Γ
σ
µν =
1
2
gσρ [∂µgρν + ∂νgρµ − ∂ρgµν ] . (230)
The Weitzenbo¨ck and the Levi–Civita connections are
then related by the formula
Γˆρµν =
◦
Γ
ρ
µν +K
ρ
µν , (231)
where
Kρµν =
1
2 (Tµ
ρ
ν + Tν
ρ
µ − T ρµν) (232)
is the so contorsion tensor defined above. As already
remarked, the curvature of the Weitzenbo¨ck connection
vanishes identically being
Rρλµν = ∂µΓˆ
ρ
λν + Γˆ
ρ
σµ Γˆ
σ
λν − (µ↔ ν) ≡ 0 . (233)
Substituting Γˆρµν as given in (231), we get
Rρλµν =
◦
R
ρ
λµν +Q
ρ
λµν ≡ 0 , (234)
where
◦
Rρλµν is the curvature of the Levi–Civita connec-
tion, and
Qρλµν = DµK
ρ
λν−DνKρλµ+Kσλν Kρσµ−Kσλµ Kρσν
(235)
is a tensor written in terms of the Weitzenbo¨ck con-
nection only. Dµ is the teleparallel covariant deriva-
tive, which is the Levi-Civita covariant derivative of GR
rephrased in terms of the Weitzenbo¨ck connection [120].
Operating on a space-time vector V µ, its explicit form is
Dρ V
µ ≡ ∂ρV µ +
(
Γˆµλρ −Kµλρ
)
V λ . (236)
Eq. (234) can be straightforwardly interpreted: the con-
tribution
◦
Rρλµν coming from the Levi–Civita connection
compensates the contribution Qρλµν coming from the
Weitzenbo¨ck connection: this fact yields an curvature
tensor Rρλµν identically zero. This is a constraint sat-
isfied by the Levi–Civita and Weitzenbo¨ck connections,
and it is the key of the equivalence between the Rieman-
nian and the teleparallel descriptions of gravitational in-
teraction.
Adopting the above results, the gauge gravitational
field Lagrangian can be written as
LG = e
16piG
Sρµν Tρµν , (237)
where e = det(eaµ), and
Sρµν = −Sρνµ ≡ 12
[
Kµνρ − gρν Tλµλ + gρµ Tλνλ
]
(238)
is a tensor written in terms of the Weitzenbo¨ck connec-
tion. As standard in the gauge theories, it is quadratic in
the field strength. This approach has been first presented
in [113] and later on in [114]. In that case, a tensor Σabc,
equivalent to Sρµν , has been introduced allowing for a
substantial simplification of the field equations.
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1. The field equations
Starting from relation (231), the Lagrangian (237) can
be reformulated in terms of the Levi-Civita connection
only. A part a divergence, the result is exactly the
Hilbert–Einstein Lagrangian of GR
L = − 1
16piG
√−g ◦R , (239)
with the identification e =
√−g. By varying the gauge
Lagrangian LG with respect to the gauge field ABρ, one
obtains the teleparallel version of the gravitational field
equations, that is
∂σ(eSB
σρ)− 4piG (ejBρ) = 0 , (240)
where SB
σρ ≡ eBλSλσρ. As for the Yang-Mills theories,
the quantity
ejB
ρ ≡ ∂LG
∂eBρ
= − 1
4piG
eeB
λSµ
νρTµνλ + eB
ρLG (241)
is the gauge current that now is the energy and momen-
tum of the gravitational field [121]. The quantity (eSB
σρ)
is the superpotential in the sense that its derivative yields
the gauge current (ejB
ρ). Due to the anti-symmetry of
SB
σρ in the last two indices, ejB
ρ is conserved as a con-
sequence of the field equations, i.e.
∂ρ(ejB
ρ) = 0 . (242)
By the identity
∂ρe ≡ e
◦
Γ
ν
νρ = e
(
Γˆνρν −Kνρν
)
, (243)
the above conservation law can be also written in the
form
Dρ jB
ρ ≡ ∂ρjBρ +
(
Γˆρλρ −Kρλρ
)
jB
λ = 0 , (244)
with Dρ the teleparallel covariant derivative defined in
(235) following [120].
2. Gravitational energy-momentum current
An important issue has to be discussed at this point.
As can be easily proved, the current jA
ρ transforms under
a general coordinate covariant transformation; it is in-
variant under local gauge translation of the tangent-space
coordinates, and transforms under a covariant global
Lorentz transformation in tangent–space. This property
implies that jA
ρ, despite not being covariant under a local
Lorentz transformation, is a space-time and gauge ten-
sor [121]. The relation between the above gauge approach
and GR can be easily found out. By using Eq. (226) to
express ∂ρeA
λ, field Eqs. (240) can be rewritten in a
space-time form as
∂σ(eSλ
σρ)− 4piG (etλρ) = 0 , (245)
where
etλ
ρ =
e
4piG
ΓµνλSµ
νρ + δλ
ρLG (246)
stands for the canonical energy-momentum pseudotensor
of the gravitational field [122–125]. Eq. (245) is symmet-
ric in (λρ). Besides, by Eq. (231), it can be rewritten in
terms of the Levi-Civita connection. As expected, due to
the equivalence between the corresponding Lagrangians,
the Einstein field equations are reproduced:
e
2
[
◦
Rµν − 1
2
gµν
◦
R
]
= 0 . (247)
Hence, since the field equations coincide completely with
those of GR: due to this property, we can deal with the
“Teleparallel Equivalent of General Relativity” (TEGR)
[116].
It is worth noticing that the canonical energy-
momentum pseudotensor tλ
ρ is not simply the gauge cur-
rent jA
ρ with the algebraic index “A” changed to the
space-time index “λ”. It incorporates also an extra term
coming from the derivative term of Eq. (240), that is
tλ
ρ = eAλ jA
ρ +
1
4piG
ΓµλνSµ
νρ . (248)
As a consequence, one can see the origin of the
connection-term which transforms the gauge current jA
ρ
into the energy-momentum pseudotensor tλ
ρ. By the
same mechanism, it is possible to exchange terms be-
tween the derivative and the current terms into the field
Eqs. (245). This fact gives rise to different definitions of
the energy-momentum pseudotensor, each one connected
to a different superpotential (eSλ
ρσ).
Like in the case of the gauge current (ejA
ρ), the pseu-
dotensor (etλ
ρ) is conserved as a consequence of the field
equations. That is
∂ρ(etλ
ρ) = 0 . (249)
However, despite what occurs with jA
ρ, due to the pseu-
dotensor properties of tλ
ρ, this conservation law cannot
be rewritten as a covariant derivative.
Thanks to these features, the TEGR approach to grav-
itation seems to be more appropriate than GR to deal
with the energy problem of gravity. In fact, as pointed
out by Møller, a satisfactory solution to the problem of
gravitational energy could be obtained in the framework
of tetrad gravity. In our notation, the Møller expression
of the gravitational energy-momentum density is [111]
etλ
ρ =
∂L
∂∂ρeAµ
∂λe
A
µ + δλ
ρ L , (250)
which is nothing else but the standard canonical energy-
momentum density given by the Noether theorem. Us-
ing the gauge Lagrangian (237), it is easy to verify that
Møller’s expression coincides exactly with the telepar-
allel energy-momentum density appearing in the field
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equation (245)-(246). Since jA
ρ is a space-time tensor,
whereas tλ
ρ is not, the gauge current ja
ρ is a version of
the Møller energy- momentum density tλ
ρ. Mathemati-
cally, they can be obtained from each other by using the
relation (248). It should be remarked, however, that both
of them transform covariantly under global tangent-space
Lorentz transformations. The lack of a local Lorentz co-
variance in the tetrad teleparallel gravity can be consid-
ered as the teleparallel manifestation of the pseudotensor
character of the gravitational energy-momentum density
of GR [121, 126–128].
For the sake of completeness, some remarks are in order
at this point. The problem of the localization of the grav-
itational energy-momentum tensor has been discussed in
detail in [129]. The first investigation of the gravitational
energy localization in the context of TEGR was devel-
oped in [130] and the gravitational energy-momentum
four-vector P a was first introduced in [131], and fur-
ther developed in [132]. The integral of the gauge cur-
rent e jB
ρ, given in (241), over a finite volume of the
3-dimensional space, is related to P a. Furthermore,
a real energy-momentum tensor (not a gauge current)
was firstly presented in [133] where consistent conserva-
tion laws and expressions for the gravitational energy-
momentum flux were derived and discussed. In all these
studies, the physical interpretation of the tetrad fields,
where a frame is adapted to moving observers, is consid-
ered. Specifically, for a given metric, a tetrad field set,
adapted to the observer, is chosen. A detailed discus-
sion of this mathematical structure is reported in Ref.
[129]. Finally, as reported above, by rewriting the field
equations in a purely space-time form, the gauge current
jA
ρ reduces to the canonical energy-momentum pseudo-
tensor of the gravitational field. Alternatively, as re-
ported in Ref. [133], the true energy-momentum tensor
exactly yields the gravitational energy-momentum four-
vector P a. As a final remark, we have to say that the
correct definitions of the gravitational energy-momentum
tensor and current are crucial issues of the teleparallel
picture of GR. These topics deserve further investiga-
tions.
3. Bianchi Identities in teleparallel gravity
Let us consider the second Bianchi identity of GR
◦
∇σ
◦
Rλρµν +
◦
∇ν
◦
Rλρσµ +
◦
∇µ
◦
Rλρνσ = 0 , (251)
where
◦
∇µ is the Levi-Civita covariant derivative. Its con-
tracted form is
◦
∇µ
[ ◦
R
µ
ν − 12δµν
◦
R
]
= 0 . (252)
From Eq. (234), it is possible to rewrite it in terms of
the Weitzenbo¨ck connection. The result is
Dρ [∂σ(eSλ
σρ)− 4piG (etλρ)] = 0 , (253)
where Dρ is the teleparallel covariant derivative, defined
in Eq. (244). This is the TERG second Bianchi iden-
tity. It expresses the fact that the teleparallel covariant
derivative of the sourceless field Eqs. (245) identically
vanishes.
In the presence of a generic matter field, the TEGR
field Eqs. (245) becomes
∂σ(eSλ
σρ)− 4piG (etλρ) = 4piG [e T (m)λρ] , (254)
with T (m)λ
ρ the matter energy-momentum tensor. From
the Bianchi identity ( refbi3), and Eq. (243), we obtain
Dρ T
(m)
λ
ρ = 0 . (255)
This is the conservation law of matter energy-momentum
tensor. It is worth noticing that, in teleparallel gravity,
it is not the Weitzenbo¨ck covariant derivative ∇µ, but
the teleparallel covariant derivative (244) that yields the
conservation law of energy-momentum tensor of matter
fields. It should be remarked that (255) is the only con-
servation law compatible with the corresponding conser-
vation law of GR, that is
◦
∇µ T (m)µρ ≡ ∂µ T (m)µρ+
◦
Γ
µ
λµ T
(m)λ
ρ−
◦
Γ
λ
ρµ T
(m)µ
λ = 0 ,
(256)
as can be verified by the relation (231).
In GR, the gravitational field is expressed by the tor-
sionless Levi–Civita metric–connection, whose curvature
determines the strength of the gravitational field. On
the other hand, in TEGR, the presence of a gravita-
tional field is expressed by the flat Weitzenbo¨ck connec-
tion, whose torsion is responsible for determining the in-
tensity of gravitational field. Therefore, gravity can be
described either in terms of curvature or in terms of tor-
sion. In other words, whether gravity requires a curved
or a twisted space-time is a matter of convention.
An important feature of the teleparallel equivalent of
GR is that it allows to define an energy-momentum gauge
current jA
ρ for the gravitational field, which is covariant
under a space-time general coordinate transformation,
and transforms covariantly under a global tangent-space
Lorentz transformation. This means essentially that jA
ρ
is a space-time tensor, but not a tangent–space tensor.
Then, by rewriting the gauge field equation in a space-
time form, it becomes the Einstein field equations: in
this sense, the gauge current jA
ρ reduces to the canoni-
cal energy-momentum pseudotensor of the gravitational
field. In other words, TEGR seems to provide a more
appropriate framework to deal with the energy prob-
lem, since in the standard context of GR, the energy-
momentum density for the gravitational field is always
represented by a pseudotensor.
In GR, the conservation law of the energy-momentum
tensor of matter fields can be obtained from the Bianchi
identities. In the case of TEGR, the energy-momentum
tensor turns out to be conserved by the teleparallel co-
variant derivative, which is the Levi-Civita covariant
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derivative of GR rephrased in terms of the Weitzenbo¨ck
connection [120].
As final remark, we obtained the gravitational analog
of the Lorentz force equation. This is an equation writ-
ten in the Weitzenbo¨ck space-time. According to this
approach, the trajectory of a particle is described as the
Lorentz force describes the trajectory of a charged par-
ticle in the presence of electromagnetic fields. Here, the
torsion plays the role of the force. When rewritten in
terms of metric structure, such an equation becomes the
geodesic equation of GR, which is an equation written in
the Riemann space-time. Since both equations are de-
duced from the same equation, they are just equivalent
ways of describing the same physical trajectory induced
by the presence of the gravitational field.
V. MODIFIED GRAVITY IN TERMS OF
TORSION: THE f(T ) EXTENSION
In the previous Section we saw that one can alterna-
tively formulate a gravitational theory in terms of tor-
sion. On the other hand, the last two decades there is a
huge effort in the literature to modify gravity [5] in order
to be able to describe the observed universe evolution, as
well as alleviate the non-renormalizability issues of GR
[134, 135]. Hence, even if one decides to take the serious
step of modifying gravity, there is still the question of
what formulation of gravity to modify. Most of the works
in the literature start from the usual, curvature-based
formulation, and modify/extend the Einstein-Hilbert ac-
tion. However, having in mind the discussion of the pre-
vious Section, one could reasonably think to start from
the teleparallel equivalent of general relativity (TEGR),
and use it as a basis to build a gravitational modification.
The simplest such modification, namely f(T ) gravity, will
be presented in detail in this Section.
The need of constructing a modified gravitational the-
ory, that possesses GR as a particular limit, arose from
the detailed observational data. In fact, along with the
rapid development of observational cosmology since the
late 1990s, cosmologists believe that the universe may
have undergone two phases of cosmic acceleration. The
first phase is called inflation, which was proposed in 1980s
to solve several conceptual puzzles of standard hot Big
Bang cosmology [136–138] (see also [139–141]). This cos-
mic acceleration is suggested to occur about 10−35 second
after the Big Bang. Based on this paradigm, the cor-
responding perturbation theory predicted a nearly scale
invariant power spectrum of primordial density fluctua-
tions [142, 143] (see [144] for a comprehensive review)
and this significant prediction was later verified to high
precision by a series of cosmological observations [145–
148]. The second stage of the cosmic acceleration is
happening right now, of which the underlying mystery
is addressed as an existence of an unknown dark energy
component [149–161]. The speeding up of our universe
at present was discovered by two independent observa-
tional signals on distant Type Ia supernovae (SNIa) in
1998 [162, 163], and later it was confirmed by a number
of observations, such as those concerning the large scale
structure (LSS) [164, 165], baryon acoustic oscillations
(BAO) [166, 167], cosmic microwave background (CMB)
radiation [145, 168–170], and their cross-correlations.
Although phenomenological studies of the above two
cosmic accelerations have been successful, the fundamen-
tal theory of nature that could explain the microscopic
physics of these phenomena remains unknown at present.
One possible approach is to introduce novel, exotic, forms
of matter, the simplest example of which are scalar fields
such as the inflaton and quintessence ones. It is phe-
nomenologically viable to construct a particular profile
of the potential for the scalar field such that the dynam-
ical evolution can fit to the observations.
There exists, however, a second approach to explain
these accelerating phases, that is to modify the grav-
ity sector itself [153, 171–183]. As we mentioned above,
most of the works in the literature start from the
usual, curvature-based formulation, and modify/extend
the Einstein-Hilbert action, with the simplest example
being the f(R) paradigm in which the Lagrangian is con-
sidered to be a non-linear function of the curvature scalar
(see [5, 83, 184–187] for reviews).
Nevertheless, it is also reasonable to think to start
from the Teleparallel Equivalent of General Relativity
(TEGR), namely from the torsional formulation of grav-
ity, and try to construct various extensions. As one
could straightforwardly be inspired by the f(R) exten-
sions of curvature-based gravity, the simplest class of
these torsion-based modifications is the paradigm of f(T )
gravity [188–190], in which the Lagrangian is taken to be
a non-linear function of the TEGR Lagrangian T . The
crucial issue is that although TEGR coincides completely
with general relativity at the level of equations, f(T ) is
different from f(R) gravity, with novel features (amongst
others note the significant advantage that the field equa-
tions of f(T ) gravity are of second order while those of
f(R) are of fourth order). The f(T ) gravity has inter-
esting cosmological solutions, which provide alternative
interpretations for the accelerating phases of the universe
[188–249].
In the present section we give a review of the basic
setup of f(T ) gravity and the corresponding background
dynamics, as well a brief survey of linear perturbations.
A. Equations of motion
As we described in detail in the previous sections, the
dynamical variable of the teleparallel gravity, as well as
of its f(T ) extension, is the vierbein field eA(x
µ). As
usual we use Greek indices to run over all space-time
coordinates and capital Latin indices to denote the co-
ordinates of the tangent space-time. The vierbein field
forms an orthonormal basis for the tangent space at each
point xµ of the manifold, i.e., eA · eB = ηAB where
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ηAB = diag(+1,−1,−1,−1) is the Minkowski metric for
the tangent space. As we mentioned above, we analyze
the vierbein vector with the use of its component form
eA = e
µ
A∂µ, and thus the metric tensor can be expressed
as in (225), namely
gµν(x) = ηABe
A
µ (x)e
B
ν (x) . (257)
Moreover, the vierbein components follow the usual re-
lations eµAe
A
ν = δ
µ
ν and e
µ
Ae
B
µ = δ
B
A .
In f(T ) gravity, similarly to TEGR, one uses the
Weitzenbo¨ck connection [119], defined in (226) as
Γˆλµν ≡ eλA∂νeAµ = −eAµ ∂νeλA . (258)
This definition obviously leads to zero curvature, but
nonzero torsion, and accordingly one can write down the
torsion tensor as in (228), namely
Tλµν ≡ Γˆλµν − Γˆλνµ = eλA (∂µeAν − ∂νeAµ ) . (259)
As we mentioned in detail in the previous Section the
difference between the Levi-Civita and Weitzenbo¨ck con-
nections is the contortion tensor Kµνρ = − 12
(
Tµνρ−T νµρ−
T µνρ
)
, while it proves useful to define the superpotential
S µνρ =
1
2
(
Kµνρ + δ
µ
ρT
αν
α − δνρTαµα
)
. (260)
Using these quantities one can writing down the telepar-
allel Lagrangian density, which is nothing other than the
torsion scalar [113, 250, 251], as
T ≡ S µνρ T ρµν . (261)
Then in the present formalism all the information con-
cerning the gravitational field is included in the torsion
tensor Tλµν , and the torsion scalar T arises from it in a
similar way as the curvature scalar arises from the Rie-
mann curvature tensor. Finally, the torsion scalar gives
rise to the dynamical equations for the vierbein, which
imply the Einstein equations for the metric.
While in teleparallel gravity the action is constructed
by the teleparallel Lagrangian density T , the idea of f(T )
gravity is to generalize T to an arbitrary function f(T ),
which is similar in spirit to the generalization of the Ricci
scalarR in the Einstein-Hilbert action to a function f(R).
In particular, the action in a universe governed by f(T )
gravity reads:
S =
∫
d4x |e|
[
f(T )
16piG
+ L(m)
]
, (262)
where |e| = det(eAµ ) =
√−g and L(m) stands for the
matter Lagrangian. For convenience, we would like to
rewrite f(T ) = T + F (T ) and mention that since the
Ricci scalar R and the torsion scalar T differ only by a
total derivative [252], the action (262) is equivalent to
GR in the case of a vanishing F (T ) term, i.e. in the case
where f(T ) gravity becomes TEGR.
Variation of the action (262) with respect to the tetrad
eAν leads to the field equations as
e−1∂µ(ee
ρ
ASρ
µν)[1 + FT ]− eλAT ρµλSρνµ[1 + FT ]
+eρASρ
µν(∂µT )FTT +
1
4
eνA[T + F (T )] = 4piGe
ρ
AT
(m)
ρ
ν ,
(263)
where FT and FTT denote the first and second order
derivatives of F (T ) with respect to the torsion scalar T ,
and T (m)ρ
ν is the energy-momentum tensor constructed
by the matter field Lagrangian.
If we assume the background manifold to be a spatially
flat Friedmann-Robertson-Walker (FRW) universe then
the vierbein takes the form
eAµ = diag(1, a, a, a) , (264)
with a the scale factor of the universe (hence the dual
vierbein is eµA = diag(1, a
−1, a−1, a−1) and the determi-
nant e = a3). One can immediately see that this choice
gives rise to the well-known FRW metric
ds2 = dt2 − a2(t)δijdxidxj . (265)
Moreover, assuming a perfect fluid for matter, its energy
momentum tensor takes the form
T (m)µν = −pmgµν − (ρm + pm)uµuν , (266)
where pm, ρm and u
µ are the pressure, energy density
and four velocity of the matter fluid. For the spatially flat
FRW background, equations (263) lead to the following
effective Friedmann equations:
H2 =
8piG
3
ρm − F (T )
6
− 2fTH2 , (267)
H˙ = − 4piG(ρm + pm)
1 + FT − 12H2FTT . (268)
In the above expressions we have introduced the Hubble
parameter H ≡ a˙/a to describe the expansion rate of the
universe, where a dot denotes a derivative with respect
to the cosmic time. Additionally, we have a very useful
relation for the torsion scalar, namely
T = −6H2 , (269)
which can be derived straightforwardly from the defini-
tion (261) in the case of the FRW vierbein (264).
Usually, one can introduce an equation-of-state param-
eter wm = pm/ρm to characterize the dynamics of the
matter fluid, where the fluid satisfies the continuity equa-
tion
ρ˙m + 3H(1 + wm)ρm = 0 . (270)
With the above background equations at hand, one can
investigate cosmological dynamics governed by any f(T )
gravity model.
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B. Lorentz violation
In general, the theory of f(T ) gravity is different from
f(R) gravity in several perspectives. Firstly, the f(T )
gravity cannot be reformulated as a teleparallel action
plus a scalar field through the conformal transformation
due to the appearance of additional scalar-torsion cou-
pling terms [253] (see also [254]). Secondly, as we have al-
ready mentioned, the equations of motion of f(T ) gravity
remain second-order rather than the fourth-order equa-
tions derived in f(R). Thirdly, in f(T ) gravity one can
obtain more degrees of freedoms compared with f(R)
theories, which correspond to one massive vector field
[255, 256].
One crucial difference, that has triggered a big discus-
sion in the literature concerns Lorentz invariance. In par-
ticular, in the standard formulation of f(T ) gravity local
Lorentz invariance is either completely absent or strongly
restricted [257–259], due to the strong imposition made
in [188–191, 257] that the spin connection vanishes. This
assumption has the good motivation to make the the-
ory simpler in order to derive solutions: in fact, the spin
connection has in general 24 degrees of freedom, however
under the teleparallel condition and the fact that the 20
independent components of the Riemann tensor are zero,
the spin connection components reduce and hence they
can be set to zero through a local Lorentz transforma-
tion. However, in the case of f(T ) gravity, in general
this assumption makes the theory frame-dependent since
a solution of the field equations depends on the choice of
the frame [257].
A simple way of examining the local Lorentz violation
in the usual formulation of f(T ) gravity is to study the
corresponding conformal rescaling. It is well know that,
for the action of f(R) gravity, there exists an equivalent
theory that is described by Einstein gravity minimally
coupled with a scalar field. Similarly, one can perform
the following conformal transformation:
e˜Aν = e
φ˜
2
√
3 eAν , (271)
by introducing a dimensionless scalar field φ˜. Then the
action (262) can be rewritten as
S =
∫
d4x
√
−g˜ 1
16piG
[
R˜+
1
2
∂µφ˜∂
µφ˜− U(φ˜)
− 2√
3
T˜λνλ ∂ν φ˜
]
, (272)
with U(φ˜) = TFT−F(1+FT )2 . In the expression of the action
we have applied the relations |e| = √−g and T = −R −
2∇νT λνλ.
From (272) one can immediately observe the follow-
ing interesting properties: Firstly, the sign in front of
the kinetic term of the scalar field is negative and thus
it indicates a potential instability for perturbations, un-
less there is some symmetry or dynamical mechanism to
stabilize it. Secondly, the last term appearing in (272)
explicitly shows a mixing between the kinetic term of the
scalar field and the torsion fields. This term is not a local
Lorentz scalar, and this feature clearly reflects the viola-
tion of local Lorentz invariance in the usual formulation
of f(T ) gravity [257].
The Lorentz violation problem is potentially a severe
one. One can neglect this issue and investigate solutions
in particular frames (this is in analogy with the inves-
tigation of electromagnetism in the particular class of
inertial frames), however strictly speaking the problem
is there and will become obvious when questions about
frame transformations and Lorentz invariance are raised,
which is usual for instance in the case of spherically sym-
metric solutions.
Hence, the only way to solve this severe problem is
to construct a consistent, covariant, formulation of f(T )
gravity. This is achieved if instead of the pure-tetrad
teleparallel gravity we start from the covariant teleparal-
lel gravity [126, 127, 523, 655–657], using both the vier-
bein and the spin connection in a way that for every
vierbein choice a suitably constructed connection makes
the whole theory covariant, as it was recently done in
[128]. This is performed in subsection V D below.
C. Degrees of freedom in f(T ) gravity
In order to examine the number of degrees of freedom
in f(T ) gravity, one can straightforwardly perform the
Hamiltonian analysis and study the corresponding con-
straint structure [255]. This approach was also devel-
oped in [260, 261] to investigate the constraint structure
of teleparallel gravity. To begin with, we would like to
slightly reformulate the Lagrangian density of f(T ) (re-
call that f(T ) = T + F (T ) as introduced in subsection
V A) in the form of the Brans-Dick theory as follows:
LBD = |e|
16piG
[φT −W (φ)] , (273)
with
φ ≡ 1 + FT , W (φ) = TFT − F , (274)
being introduced respectively as one auxiliary field and
the corresponding potential, which arise from the regular
approach of Lagrange multipliers. Note that, one can
write T as a function of φ by solving the first equation
of (274) inversely.
Ignoring the term 16piG for simplicity, one can de-
fine the conjugate momenta for the vierbein eAµ and the
scalar field φ as
ΠAµ ≡ ∂LBD
∂(∂0eAµ)
= 4φ|e|SA0µ , (275)
pi ≡ ∂LBD
∂(∂0φ)
= 0 , (276)
respectively. It is obvious that (276) itself automatically
yields a constraint in the dynamical system, since there is
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no time derivative of φ. Moreover, one can easily observe
that
ΠA0 = 0 , (277)
due to the vanishing time derivatives of eA0. In addition,
there exist another class of primary constraint equations
which are expressed as:
ΓAB = ΠAB −ΠBA
+2φe
[
eAleBkT 0lk−(eAleB0 − eBleA0)T klk
] ≈ 0.(278)
Then, one can write down the total Hamiltonian density
as
H = H0 + λABΓ
AB + λpi . (279)
The first term of (279) is given by
H0 = Π
Aµe˙Aµ + piφ˙− LBD
= eW (φ)− eA0∂kΠAk − e
4g00
φ
(
gikgjlP
ijP kl − 1
2
P 2
)
+φe
(
1
4
gilgkjTA lkTAij +
1
2
gljT a klT
k
aj
−gilT a aiT b bl
)
, (280)
where
P ij ≡ 1
φe
Π(ij) −∆ij , P ≡ P ijgij , (281)
∆ij ≡ −g0l(gjkT i lk + gikT j lk − 2gijT k lk)
− (gjlg0i + gilg0j)T k lk , (282)
in which the bracket in the subscript appearing in the
expression of P ij represents anti-symmetrization. More-
over, λAB and λ introduced in (279) are Lagrange mul-
tipliers that yield the primary constraints derived above.
Finally, the Poisson brackets of the canonical variables
are expressed as
{eAµ(t, ~x),ΠBν(t, ~x′)} = δBAδνµδ(3)(~x− ~x′) ,
{φ(t, ~x), φ(t, ~x′)} = δ(3)(~x− ~x′) . (283)
One can derive secondary constraints in the above
Hamiltonian system. In particular, by applying the re-
lation {ΠA0, H} ≈ 0 one obtains four secondary con-
straints, given by
CA =φe eA0
[
1
4
gijgklTB jkTBil + 1
2
gijT b kiT
k
bj
− gijT a aiT b bj − 1
4g00
(
gijgklP
ikP jl − P
2
2
)]
− φe eAi
(
g0jgklTB ilTBjk + g
jkT 0 ljT
l
ik
+ g0jT k ljT
l
ki − 2g0jT k kjT l li − 2gjkT 0 ijT l lk
)
− φe
2g00
(
gijgklγ
AikP jl − 1
2
gijγ
AijP
)
− ∂iΠAi + eeA0W (φ) , (284)
with
γAij ≡− eAk
[
g00
(
gjlT i kl + g
ilT j kl + 2gijT l lk
)
+ g0l
(
g0jT i lk + g0iT j lk
)− 2g0ig0jT l lk
+ (gjlg0i + gilg0j − 2gijg0l)T 0 lk
]
− 1
2ke
(
eAieB0eCj + eAjeB0eCi
)
ΓBC . (285)
One may notice that there is no further secondary con-
straint in teleparallel gravity and the above constraints
ΓAB , H0, Hi, and Π
A0 are all first class [260]. Par-
ticularly, ΓAB components are the generators of six lo-
cal Lorentz transformations, while H0 and Hi are those
of four general coordinates transformations. The con-
straints ΠA0 can be applied to determine the tetrad fields
eA0, and therefore this is in agreement with the fact that
eA0 are not dynamical. Hence, one can extract the follow-
ing formula for the number of degrees of freedom (D.o.F):
D.o.F. =
1
2
(
2nf − 2n(1) − n(2)
)
, (286)
in which nf denotes the number of fields, n(1) represents
the number of first class constraints, and n(2) the num-
ber of second class constraints. Note that one can iden-
tify that the number of degrees of freedom for TEGR
equals 2, which is exactly the same as in the GR case, as
expected.
However, the constraint structure of f(T ) gravity is
very different from that of teleparallel gravity. For in-
stance, Poisson brackets between ΓAB , H0, and pi are
non-vanishing since the auxiliary field φ is a function of
space-time coordinates. In the following we review the
analysis of the degrees of freedom for f(T ) gravity in even
dimension and odd dimension, respectively.
1. Degrees of freedom in even dimensions
We first consider the case of even dimension. For sim-
plicity, we investigate the degrees of freedom for f(T )
gravity in a 4D space-time. Recall that ΠA0 and Hi are
independent of φ and pi. Therefore, Poisson brackets be-
tween ΠA0, as well as Hi, and the associated constraints
are vanishing. Then one can list the non-vanishing Pois-
son brackets as below:
{ΓAB(~x),ΓCD(~y)} ≈
[
ηBCGAD + ηADGBC − ηACGBD
−ηBDGAC +
]
δ(3)(~x− ~y) , (287)
{ΓAB(~x), pi(~y)} ≈ 2e
[(
eBieA0 − eAieB0)T j ij
+eAieBjT 0 ij
]
δ(3)(~x− ~y) , (288)
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{H0(~x),ΓAB(~y)} ≈ e
{P kl
g00
(
gikgjl − 1
2
gijgkl
)
· [(eAjeBm − eAmeBj)g0i
+
(
eAmeB0 − eBmeA0)gij
+(eA0eBj − eAjeB0)gim]
+2
[(
eAkeBm − eBkeAm)T j kj
−eAkeBjTm kj
] }
(∂mφ)δ
(3)(~x− ~y),(289)
{pi(~x), H0(~y)} ≈
[ e
4g00
(
gikgjlP
ijP kl − P
2
2
)− eW,φ
− 1
2φg00
(
gikgjl − 1
2
gijgkl
)
P klΠij
−e(1
4
gikgljT A klTAij − 1
2
gkjT i lkT l ij
−gikT j jiT l lk
)]
δ(3)(~x− ~y) , (290)
where GAB ≡ 2e(eAjeB0 − eBjeA0)(∂jφ) has been intro-
duced. Note that, the symbol “≈” appeared in the above
equations denotes the Dirac’s weak equality. The nonzero
relations governed by (287)-(289) indicate that the local
Lorentz invariance is broken as well.
One can further derive the rest secondary constraints.
The consistency of constraints H0, Γ
AB and pi yields the
following relations:
{H0, H} ={H0, H0}+ {H0,ΓCD}λCD + {H0, pi}λ ≈ 0,
{ΓAB , H} ={ΓAB , H0}+ {ΓAB ,ΓCD}λCD + {ΓAB , pi}λ ≈ 0,
{pi,H} ={pi,H0}+ {pi,ΓCD}λCD ≈ 0 , (291)
with λ and λCD being introduced in the total Hamil-
tonian density (279). There are 8 equations but only 7
unknown quantities for λ and λCD. Accordingly, it is ob-
vious to see an existence of one secondary constraint from
the above relations. For simplicity, one further introduces
Γi = e 0A e
i
BΓ
AB and Γij = e iAe
j
BΓ
AB . Correspondingly,
one derives {Γi,Γj} ≈ 0 and {H0,Γi} ≈ Π(ik)∂k lnφ. In
the following, we can define
yi = {H0,Γi} , y4 = {H0,Γ12} ,
y5 = {H0,Γ13} , y6 = {H0,Γ23} , (292)
x0 = {H0, pi} , xi = {Γi, pi} , x4 = {Γ12, pi} ,
x5 = {Γ13, pi} , x6 = {Γ23, pi} , (293)
and
Ai1 = {Γi,Γ12} ≈ 2e
[
g0i(g01g2k − g02g1k)
+g1i(g0kg02 − g2kg00)
−gi2(g0kg01 − g1kg00)] ∂kφ ,
Ai2 = {Γi,Γ13} ≈ 2e
[
g0i(g01g3k − g03g1k)
+g1i(g0kg03 − g3kg00)
−gi3(g0kg01 − g1kg00)] ∂kφ ,
Ai3 = {Γi,Γ23} ≈ 2e
[
g0i(g02g3k − g03g2k)
+g2i(g0kg03 − g3kg00)
−gi3(g0kg02 − g2kg00)] ∂kφ, (294)
B12 = {Γ12,Γ13} ≈ 2e
[
g12(g1kg03 − g3kg01)
−g11(g2kg03 − g3kg02)
+g13(g2kg01 − g1kg02)] ∂kφ ,
B13 = {Γ12,Γ23} ≈ 2e
[
g22(g1kg03 − g3kg01)
−g12(g2kg03 − g3kg02)
−g23(g1kg02 − g2kg01)] ∂kφ ,
B23 = {Γ13,Γ23} ≈ 2e
[
g23(g1kg03 − g3kg01)
−g33(g1kg02 − g2kg01)
+g13(g3kg02 − g2kg03)] ∂kφ. (295)
Then the constraint equations in (291) can be com-
bined as a compact matrix equation
M Θ = 0, (296)
where we define the vector Θ =
(1, θ1, θ2, θ3, θ4, θ5, θ6, θ7)
T with θi = eA0eBiΓ
AB ,
θ4 = eA1eB2Γ
AB , θ5 = eA1eB3Γ
AB , θ6 = eA2eB3Γ
AB
and θ7 = λ. Moreover, the matrix M is expressed as
M =

0 y1 y2 y3 y4 y5 y6 x0
−y1 0 0 0 A11 A12 A13 x1
−y2 0 0 0 A21 A22 A23 x2
−y3 0 0 0 A31 A32 A33 x3
−y4 −A11 −A21 −A32 0 B12 B13 x4
−y5 −A12 −A22 −A32 −B12 0 B23 x5
−y6 −A13 −A23 −A33 −B13 −B23 0 x6
−x0 −x1 −x2 −x3 −x4 −x5 −x6 0

.
(297)
Since the matrix equation (296) allows for a nontrivial
solution of Θ, the determinant ofM ought to vanish. As
a result, one arrives an additional constraint |M| ≈ 0.
Substituting the expressions (292)-(294) into the deter-
minant ofM, one can further find that x0 does not con-
tribute to |M|. Thus, one can simplify the above con-
straint by requiring
mq ≡
√
|M|x0=0 = 0 . (298)
After performing a very lengthy calculation, one eventu-
ally obtains the following constraint equation
ijk∂lφ∂mφ∂nφ
(
Π(mn)gilgjhgkgT 0 hg
−Π0mgingjhgkgT l hg
)
≈ 0 . (299)
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We recall that M is an 8 × 8 antisymmetric matrix
with a vanishing determinant and hence, the rank of M
is 6. Thus, after imposing mq = 0, there are only 6 in-
dependent equations in (296) for 7 Lagrange multipliers.
However, the consistency condition of the constraint mq,
which yields
{mq, H} = {mq, H0}+ {mq,Γcd}λcd + {mq, pi}λ ≈ 0 ,
(300)
leads to another equation for Lagrange multipliers.
Hence, the combination of (300) and (296) presents 7
independent equations for Lagrange multipliers. As a
result, all Lagrange multipliers can be determined and
there are no further secondary constraints.
In the last step we turn to analyze the structure
of constraints. Recall that the Poisson brackets be-
tween (ΠA0, Hi, H) and (Γ
AB , pi) are all zero. Con-
sequently, the Poisson brackets among the constraints
(mq, pi,Γ
AB ,ΠA0, Hi, H) take the form
N =

0 {mq, pi} {mq,ΓAB} {mq,ΠA0} {mq, Hi} 0
{pi,mq} 0 {pi,ΓAB} 0 0 0
{Γcd,mq} {ΓCD, pi} {ΓCD,ΓAB} 0 0 0
{ΠA0,mq} 0 0 0 0 0
{Hi,mq} 0 0 0 0 0
0 0 0 0 0 0

}
8
}
8
︸ ︷︷ ︸
8
︸ ︷︷ ︸
8
which is a 16 × 16 antisymmetric matrix. This matrix
can be separated to four parts as indicated above. The
left top part is an 8 × 8 non-singular matrix based on
the argument that all the Lagrange multipliers are solv-
able. The left bottom part is another 8× 8 matrix with
nonzero components, of which the rank is at most unity.
Since the whole matrix is antisymmetric, it is easy to
make the same conclusion for the right top part. The
rest part, shown in the right bottom regime, is merely a
zero matrix. Consequently, one can easily find that the
nonzero part of the above matrix can only become a 9×9
antisymmetric matrix of which the rank is 8.
Eventually, the analysis performed above implies that
there exist 8 second class constraints as well as 8 first class
constraints. Applying the relation (286) with nf = 17
(the extra one is the scalar field φ), n(1) = n(2) = 8,
one can conclude that there exist 5 dynamical degrees of
freedom in the theory of f(T ) gravity [255].
2. Degrees of freedom in odd dimensions
We start the investigation of the number of degrees of
freedom of f(T ) gravity in 3D, and then we shall extend
the discussion in a background space-time with arbitrary
dimensions, deriving a generic formula for counting the
number of degrees of freedom.
Repeating the same analysis performed in the previous
paragraph, one can arrive at 10 constraints in 3D, which
are (H0, Hi, Π
A0, Γ1, Γ2, Γ12, pi), where “A =” runs
from 0 to 2 and i = 1, 2. The structure of the constraints
is very similar to the case of 4D. Particularly, one can
define the following quantities:
yi = {H0,Γi} , y3 = {H0,Γ12} , (301)
x0 = {H0, pi} , xi = {Γi, pi} , x3 = {Γ12, pi} , (302)
Ai = {Γi,Γ12} ≈ 2e
[
g0i(g01g2j − g02g1j)
+ g1i(g0jg02 − g2jg00)− gi2(g0jg01 − g1jg00)]∂jφ ,
(303)
and rewrite the self-consistent equations (291) as a ma-
trix equation: MΘ = 0. Note that, in 3D Θ =
(1, θ1, θ2, θ3, θ4)
T and the matrix M is given by,
M =

0 y1 y2 y3 x0
−y1 0 0 A1 x1
−y2 0 0 A2 x2
−y3 −A1 −A2 0 x3
−x0 −x1 −x2 −x3 0
 . (304)
Again, since the matrix equation has a nontrivial solu-
tion for Θ, the determinant ofM is vanishing. However,
this requirement is automatically satisfied in 3D due to
the fact thatM is a 5× 5 antisymmetric matrix. There-
fore, differently from f(T ) gravity in 4D, there is no fur-
ther constraint in the case of 3D. Hence, one can easily
read that the rank of M in 3D is 4, which also implies
that there are 4 independent equations for those 4 La-
grange multipliers. To be specific, one can calculate all
Lagrangian multipliers as follows:
θ1 =
A2x0 + x3y2 − x2y3
A1x2 −A2x1 , θ2 =
−A1x0 − x3y1 + x1y3
A1x2 −A2x1 ,
θ3 =
y1x2 − y2x1
A1x2 −A2x1 , θ4 =
A1y2 −A2y1
A1x2 −A2x1 . (305)
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To keep a generic discussion, one may assume A1x2 −
A2x1 6= 0. Accordingly, one can easily figure out that
there are 6 first class constraints, which are governed by
H, Hi, Π
A0. Moreover, there are 4 second class con-
straints, which correspond to Γ1, Γ2, Γ12 and pi. Then
one can again apply the formula (286) and conclude that
there are only 2 dynamical degrees of freedom for f(T )
gravity in 3D space-time.
We close this paragraph by generalizing the conclusion
to a space-time of arbitrary dimensionality, based on the
analyses in the above two examples. For a general space-
time of d dimensions, one can have 12d(d − 3) + d − 1
degrees of freedom in f(T ) gravity [255]. This result
can be understood as follows. Firstly, we notice that
the rank of a 12d(d − 1) × 12d(d − 1) matrix in (287) is
2(d − 2). Thus, applying the second equation of (291),
one can determine the Lagrangian multiplier λ and also
obtain 12d(d − 1) − 2(d − 2) − 1 secondary constraints.
Secondly, one can substitute λ into (291) and make use
of those secondary constraints, and thus he obtains 2(d−
2) + 1 independent equations for 12d(d − 1) Lagrangian
multipliers λAB . Thirdly, the consistency check of the
secondary constraints can yield another 12d(d−1)−2(d−
2)− 1 equations for λAB . As a consequence, one can fix
all the Lagrangian multipliers with none of secondary
constraints being left. Therefore, one can find that there
are 2d first class constraints and d(d−1)−2(d−2) second
class constraints, and accordingly the number of degrees
of freedom in f(T ) gravity is 12d(d − 3) + d − 1. As a
side remark, following the above analysis it is interesting
to observe that f(T ) gravity is non-dynamical in a 2D
space-time, a special property first observed in [262].
D. Restoring local Lorentz invariance in f(T )
gravity
As we described in detail in subsection V B, in the
usual formulation of f(T ) gravity local Lorentz invari-
ance is either completely absent or strongly restricted
[257–259]. The reason behind this is the strong imposi-
tion made in [188–191] that the spin connection vanishes,
which makes the theory in general frame-dependent.
Such a consideration helps to make the theory simpler,
and it can lead to the extraction of many solutions, as
long as one does not ask questions about frame transfor-
mations and Lorentz invariance. Obviously, the Lorentz
violation problem is potentially a severe one, and it be-
comes obvious when questions about frame transforma-
tions and Lorentz invariance are raised, which is usual for
instance in the case of spherically symmetric solutions.
The only way to solve this severe problem is to con-
struct a consistent, covariant, formulation of f(T ) grav-
ity. This is achieved if instead of the pure-tetrad telepar-
allel gravity we start from the covariant teleparallel grav-
ity, using both the vierbein and the spin connection in a
way that for every vierbein choice a suitably constructed
connection makes the whole theory covariant, as it was
recently done in [128]. In this case the theory is frame-
independent and Lorentz invariant, since every frame
transformation will be accompanied by a suitable con-
nection transformation.
Unfortunately, the above covariant re-formulation of
f(T ) gravity was absent till recently [128], and thus many
works on the subject were instead devoted in choos-
ing/constructing suitable non-diagonal tetrads in order
to incorporate the Lorentz invariance issues. In particu-
lar, a large number of papers appeared, discussing the
relation between diagonal and non-diagonal vierbeins,
the relation between “good” and “bad” tetrads, and the
whole discussion was mainly focused on spherically sym-
metric solutions where frame transformation is apparent.
Such an approach is not wrong and it can indeed lead to
interesting solutions (see Sec. VIII), but clearly it faces
the problem only in a skin-deep way, without trying to
restore Lorentz invariance fully and correctly. The latter
is possible only if one re-formulates f(T ) gravity keeping
an arbitrary spin connection, and this is the goal of this
subsection following [128].
In a general geometrical formulation, the fundamental
variable is the tetrad eAµ, while the spin connection ω
A
Bµ
determines the rule of parallel transportation. In the case
where we keep a non-vanishing ωABµ, the torsion tensor
(259) is extended to
TAµν(e
A
µ, ω
A
Bµ) = ∂µe
A
ν − ∂νeAµ + ωABµeBν − ωABνeBµ.
(306)
We stress that in principle the above relation is the cor-
rect one, while (259) is the simplification made in [188–
191] under the imposition of a zero ωABµ. The expres-
sion for the torsion scalar (261), namely T = TAµνS
µν
A ,
as well as the expressions for the contortion tensor
KµνA =
1
2 (T
µν
A + T
νµ
A − TµνA) and the superpotential1
S µνA = e
ρ
A S
µν
ρ = K
µν
A− eAνTµ+ eAµT ν , are the same as
in the usual formulation, however since the torsion tensor
now includes the non-trivial teleparallel spin connection,
the final results are different.
The action of this covariant f(T ) gravity still writes as
the one in (262), namely
S =
∫
d4x |e|
[
f(T )
16piG
+ L(m)
]
, (307)
with |e| = det(eAµ ) =
√−g and L(m) the matter
Lagrangian, however in the present case T in-
cludes ωAbµ which is determined from the refer-
ence tetrad by the method proposed in [128],
and which is briefly discussed later on. Then,
the equations of motion are obtained by variation
1 In this paragraph we follow the conventions of [128], used in
TEGR literature, that slightly differ from those in f(T ) gravity
works by a factor of 2. Therefore, the superpotential here is two
times the one defined in (260).
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with respect to the tetrad only, and they read as
[128]:
e−1fT∂ν (eS
µν
A ) + fTTS
µν
A ∂νT − fTTBνAS νµB
+fT ω
B
AνS
νµ
B +
1
4
f(T )e µA = 4piGe
ρ
AT
(m)
ρ
ν ,(308)
where T (m)ρ
ν is the matter energy-momentum tensor.
These equations obviously coincide with (263) if we set
ωAbµ = 0.
One can easily see that the action (307) is invariant
with respect to local Lorentz transformations, while the
field equations (308) are covariant, which was actually
the main goal of this subsection. In order to verify this,
let us consider a local Lorentz transformation represented
by the matrix ΛAB = Λ
A
B(x) that obeys
ηAB = ηCDΛ
C
AΛ
D
B , (309)
under which the tetrad and spin connection respectively
transform as
e′Aµ = Λ
A
Be
B
µ, (310)
ω′ABµ = Λ
A
Cω
C
DµΛ
D
B + Λ
A
C∂µΛ
C
B , (311)
with primes denoting the transformed quantities. As one
can very easily see, under the above transformation the
field equations (308) are covariant, since the transforma-
tion of the connection can compensate the transforma-
tion of the vierbeins. On the other hand, if one had set
the spin connection to zero, as it is done in the usual
formulation of f(T ) gravity, the above capability is lost,
and that is why the theory does not have local Lorentz
invariance.
In summary, in this subsection we have indeed man-
aged to consistently formulate f(T ) gravity with local
Lorentz invariance. In particular, we can always con-
struct a non-vanishing spin connection that restores lo-
cal Lorentz invariance in f(T ) gravity for every vierbein.
This is a crucial result that one must have in mind when
discussing Lorentz invariance issues in f(T ) gravity.
We would like to mention here that indeed in such
a consistent f(T ) gravity formulation, i.e. with a non-
vanishing spin connection, it is harder to obtain solutions.
The reason is the following: In the usual f(T ) gravity the
spin connection is absent, and thus the field equations are
equations for the vierbeins only. On the other hand, in
the general case the field equations do depend on both
the vierbeins and the spin connection, which now appears
explicitly as a dynamical variable, and thus additional
methods are needed in order to match each to other.
Note the interesting feature that in simple TEGR this is
not the case, even if one keeps a non-zero spin connection.
In order to see this, one starts by explicitly writing the
torsion scalar as [126–128]
T (eAµ, ω
A
Bµ) = T (e
A
µ, 0) +
4
e
∂µ
(
e ωABν e
ν
A e
µ
B
)
, (312)
where T (eAµ, 0) is the usual torsion scalar corresponding
to zero spin connection. Therefore, although in the case
of TEGR Lagrangian the spin connection terms form a
total derivative and hence one can find solutions easily,
first solving for the tetrad and then proceeding to finding
the spin connection, in the case of f(T ) gravity this is not
possible since the solution of the field equation depends
on the choice of the spin connection. Clearly, one needs a
method of finding the spin connection to the given tetrad,
which does not rely on the solution of the field equations.
It turns out that this is possible, if we make some reason-
able assumption about the reference tetrad, given by the
symmetry of the problem being investigated [126, 128].
We close this subsection referring very briefly on how
the above procedure would work in an FRW geometry,
i.e formulating a consistent and Lorentz invariant f(T )
cosmology, as well as in spherically symmetric cases.
• FRW geometry
We start with the Cartesian coordinate system and
the diagonal tetrad that represents the FRW met-
ric, namely
eAµ = diag(1, a(t), a(t), a(t)), (313)
which leads to the Friedmann equations
(267),(268). In the spherical coordinate sys-
tem the above vierbein writes as
eAµ = diag (1, a, ra, ra sin θ) , (314)
however note that in this case the field equations
(308) for this tetrad and vanishing spin connection
lead to the condition fTT = 0, which is satisfied
only in the TEGR case. Nevertheless, we can easily
find the non-vanishing, purely inertial, spin connec-
tion corresponding to (314), which writes as [128]
ω12θ = −1,
ω13φ = − sin θ,
ω23φ = − cos θ, (315)
with all its other components being zero. Using this
spin connection, it is easy to check that the vierbein
(314) leads to the same field equations (267),(268)
as the ones obtained from the tetrad (313).
• Spherically symmetric geometry
The spherically symmetric space-time is character-
ized by the metric
ds2 = A(r)2dt2 −B(r)2dr2 − r2dθ2 − r2 sin2 θdφ2,
(316)
where A(r) and B(r) are arbitrary functions of r.
The most natural choice of the tetrad that corre-
sponds to this metric has the simple diagonal form
eAµ = diag (A(r), B(r), r, r sin θ) . (317)
It is straightforward to check that if we assume the
trivial spin connection ωABµ = 0, then the 2 − θ
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field equation from (308), namely − 8fTTr5 cot θ = 0,
gives us necessarily the condition fTT = 0, which
restricts the theory to TEGR. In the literature
this feature is wrongly interpreted as “the diagonal
tetrad is not a good tetrad for sperically-symmetric
solutions in f(T ) gravity” [210, 262–277].
Following [128] we will show that the above issue is
an artifact of the non-covariant formulation of f(T )
gravity. In particular, using the covariant formula-
tion presented above we can calculate the appro-
priate spin connection which will allow to use any
tetrad giving the metric (316), without restricting
the functional dependence of the Lagrangian. This
reads as [128]
ω12θ = −1, ω13φ = − sin θ, ω23φ = − cos θ.
(318)
Hence, the field equations for every f(T )-form
can be satisfied by all tetrads related through
Lorentz transformation and corresponding to the
spherically-symmetric metric (316), and not only
by specifically constructed ones.
We stress that the field equations of covariant f(T )
gravity [128], generated from the diagonal tetrad
(317) and the non-zero spin connection (318), co-
incide with those obtained in the usual, non-
covariant, formulation of f(T ) gravity, for zero spin
connection but for the specific and peculiar non-
diagonal tetrad [210, 262, 263]
e˜Aµ =

A 0 0 0
0 B cosφ sin θ r cosφ cos θ −r sinφ sin θ
0 −B cos θ r sin θ 0
0 B sinφ sin θ r sinφ cos θ r cosφ sin θ
 .
(319)
This coincidence of the field equations can be easily
explained. The off-diagonal tetrad (319) is related
to the diagonal tetrad (317) through a local Lorentz
transformation of the form e˜Aµ = Λ
A
Be
B
µ, where the
Lorentz matrix is given explicitly by
ΛAB =
 1 0 0 00 cosφ sin θ cosφ cos θ − sinφ0 − cos θ sin θ 0
0 sinφ sin θ sinφ cos θ cosφ
 .
(320)
We should now recall that a local Lorentz transfor-
mation simultaneously transforms both the tetrad
and spin connection through (310),(311), and thus
the spin connection (318) gets transformed as well.
Interestingly enough, the transformed spin con-
nection through (320) is identically zero, namely
ω˜ABµ = 0. Hence, we can see that the off-diagonal
tetrad (319) is a proper tetrad, i.e. a tetrad in
which the inertial spin connection vanishes, and
that is why the obtained field equations coincide
with the ones of the covariant formulation.
In other words, in the usual, non-covariant, formu-
lation of f(T ) gravity, one considers specific pe-
culiar non-diagonal tetrads, and thus making the
theory frame-dependent, as a naive way to be con-
sistent with a vanishing spin connection. However,
as we showed, the correct and general way to ac-
quire consistency is to use the covariant formulation
of f(T ) gravity, in which case frame-dependence is
absent. In particular, one is allowed to use any form
of the tetrad provided that he calculates the corre-
sponding spin connection. The off-diagonal tetrad
(319) has no privileged position anymore, and it
is just a specific tetrad in which the corresponding
spin connection happens to be zero. Hence, there
are not “good” and “bad” tetrads in f(T ) gravity,
there is no-frame dependence, as long as one aban-
dons the strong imposition of zero spin connection
In summary, covariant f(T ) gravity is the correct and
consistent way to modify TEGR. There is an additional
difficulty to find the spin connection, however one can
follow the above method in order to achieve it and extract
solutions. In particular, one is allowed to use an arbitrary
tetrad in an arbitrary coordinate system along with the
corresponding spin connection, resulting always to the
same physically relevant field equations [128].
E. Perturbations in f(T ) gravity
In this subsection, we review in detail the linear-order
dynamics of perturbations of f(T ) gravity within the cos-
mological frame, following [196] (see also [278]). For sim-
plicity, we investigate scalar perturbations in the Newto-
nian gauge and provide the full set of gravitational and
energy-momentum tensor up to linear order. Then we
examine the stability of the theory from the aspect of
scalar perturbations.
1. Scalar perturbations in Newtonian gauge
Let us focus on the spatially flat cosmological scenar-
ios governed by f(T ) gravity. Using the symbol eAµ for
the perturbed vierbein and e¯Aµ for the unperturbed one,
scalar perturbations can be included by writing
eAµ = e¯
A
µ + EAµ , (321)
where
e¯0µ = δ
0
µ, e¯
a
µ = δ
a
µa, e¯
µ
0 = δ
µ
0 , e¯
µ
a =
δµa
a
, (322)
and
E0µ = δ0µψ, Eaµ = −δaµaφ, Eµ0 = −δµ0ψ, Eµa =
δµa
a
φ.(323)
In the above expansion we have introduced the scalar
modes of perturbations φ and ψ, which are functions of
space x and time t. Note that these symbols, as well
as their associated coefficients, were conveniently cho-
sen such that the vierbein perturbation can match with
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a metric perturbation of the known form in Newtonian
gauge, namely
ds2 = (1 + 2ψ)dt2 − a2(1− 2φ)δijdxidxj . (324)
Accordingly, the determinant is given by e = det(eAµ ) =
a3(1 + ψ − 3φ).
To proceed, one can calculate the expressions of Tλµν
from (259) and of Sλ
µν from (260), at linear order under
the perturbations (322) and (323). To be explicit, the
torsion expression can be written as
Tλµν = (e¯
λ
A + EλA)[∂µ(e¯Aν + EAν )− ∂ν(e¯Aµ + EAµ )] .(325)
After some algebra one can derive the component expres-
sions to be:
T 0µν = ∂µψδ
0
ν − ∂νψδ0µ , T i0i = H − φ˙ ,
S0
0i =
∂iφ
a2
, Si
0i = −H + φ˙+ 2Hψ ,
T iij = ∂jφ , Si
ij =
1
2a2
∂j(φ− ψ) . (326)
Additionally, the perturbed torsion scalar from (261) can
be expressed as
T ≡ SρµνT ρµν = T0 + T1, (327)
with T0 = −6H2 being the background part and
T1 = 12H(Hψ + φ˙) , (328)
the first-order part. Further, one can expand the form of
F (T ) (recall that F (T ) ≡ f(T ) − T ) and its derivatives
up to first order to be:
F (T ) = F (T0) + T1
dF (T )
dT
∣∣∣
T=T0
≡ F0 + F1
FT (T ) =
dF (T )
dT
∣∣∣
T=T0
+ T1
d2F (T )
dT 2
∣∣∣
T=T0
≡ F ′0 + F ′1
FTT (T ) =
d2F (T )
dT 2
∣∣∣
T=T0
+ T1
d3F (T )
dT 3
∣∣∣
T=T0
≡ F ′′0 + F ′′1 .
(329)
Then, we calculate the perturbed energy momentum
tensor. Note that, the perturbed components of the en-
ergy moment tensor are expressed as follows:
δT (m)0
0 = −δρm (330)
δT (m)0
i = a−2(ρm + pm)(−∂iδu) (331)
δT (m)i
0 = (ρm + pm)(∂iδu) (332)
δT (m)i
j = δijδpm + ∂i∂jpi
S , (333)
where piS is the scalar part of the anisotropic stress.
Combining all the above expressions we eventually ob-
tain the perturbed gravitational equations of motion up
to first order [196]:
E00 = −4piGδρm
= (1 + F ′0)(∇2φ) + 6(1 + F ′0)Hφ˙+ 6(1 + F ′0)H2ψ
− 3F ′1H2 −
T1 + F1
4
, (334)
Ei0 = −4piG(ρm + pm)∂iδu
= (1 + F ′0)∂iφ˙+ (1 + F
′
0)H∂iψ − 12HH˙F ′′0 ∂iφ ,
(335)
E0a = 4piG(ρm + pm)∂iδ
i
aδu
= 12H2∂iδ
i
a(φ˙+Hψ)F
′′
0 − (1 + F ′0)∂iδia(φ˙+Hψ) ,
(336)
Eiaδ
a
i =
4piG
a
(pmφ+ δpm)
=
F ′1
a
(
−3H2 − H˙
)
+
F ′′1
a
(
12H2H˙
)
− T1 + F1
4a
− (1 + F
′
0)
2a
∑
b6=a
∂jδbj∂iδ
i
b(ψ − φ)−
φ(T0 + F0)
4a
+
(1 + F ′0)
a
[6Hφ˙+ 6H2ψ − 3H2φ
+ φ¨+ H˙(2ψ − φ) +Hψ˙]
+
F ′′0
a
(−24HH˙φ˙− 48ψH2H˙
− 12H2φ¨− 12H3ψ˙ + 12H2H˙φ) , (337)
Eibδ
a
i = 4piGa
2∂jδ
j
b∂
iδai pi
S
=
(1 + F ′0)
2
∂jδ
j
b∂
iδai (φ− ψ) , (when b 6= a)
(338)
where the indices are not summed up unless the Σ symbol
is shown explicitly.
So far the equations of motion derived above are
general to most cosmological models governed by f(T )
gravity. In many situations, one can further simplify
the above equations by assuming a vanishing scalar
anisotropic stress piS . This assumption is often in agree-
ment with the observational fact that the contribution of
anisotropic expansion of the Universe is sub-dominant.
Under the zero-anisotropic-stress assumption, Eq. (338)
implies φ = ψ, and along with δpm = 0 may lead the
system of perturbation equations to be overdetermined.
Once the vanishing of the anisotropic stress is imple-
mented, one has four equations determining the three re-
maining perturbation variables δρm, φ and δu. However,
in the limit FTT (T ) ' 0, equations (335) and (336) be-
come identical and then remove the over-determination.
Therefore, one can conclude that the requirement of no
anisotropic stress imposes another constraint on f(T )
models, namely that FTT (T ) ' 0. Moreover, one may
notice that this requirement can be relaxed for more gen-
eral vierbien choices than (264).
35
2. Stability analysis
After having derived the perturbed gravitational equa-
tions at linear order, one can examine the stability of
f(T ) gravity. In the following we focus on the stability
issue of the gravity sector by ignoring the matter field
contributions in the set of equations (334)-(338). One
notices that, if the pure gravitational sector is unstable,
the theory would be ill-defined even after introducing the
matter components. Working in Fourier space, we intro-
duce the mode- expansion of φ to be
φ(t,x) =
∫
d3k
(2pi)
3
2
φ˜k(t)e
ik·x . (339)
Then, inserting this expansion into Eq. (328), one ob-
tains the Fourier mode of T1 as follows:
T˜1k = 12H
2φ˜k + 12H
˙˜
φk . (340)
Moreover, Eq. (329) yields the following Fourier modes:
F˜1k = T˜1k
dF (T )
dT
∣∣∣
T=T0
= T˜1kF
′
0 , (341)
F˜ ′1k = T˜1k
d2F (T )
dT 2
∣∣∣
T=T0
= T˜1kF
′′
0 , (342)
F˜ ′′1k = T˜1k
d3F (T )
dT 3
∣∣∣
T=T0
= T˜1kF
′′′
0 , (343)
which are the Fourier modes of the functions of F1, F
′
1,
and F ′′1 , with F0, F
′
0 and F
′′
0 being independent of φ.
Substituting equations (339)-(343) into (337), one ob-
tains
¨˜
φk + Γ
˙˜
φk + ω
2φ˜k = 0 , (344)
where ω2 and Γ are given by
ω2 =
(
1 + F ′0 − 12H2F ′′0
)−1 [3H2
2
+ H˙ − F0
4
+ H˙F ′0
−(36H4 − 48H2H˙)F ′′0 + 144H4H˙F ′′′0
]
, (345)
Γ =
(
1 + F ′0 − 12H2F ′′0
)−1
4H
[
1 + F ′0
− (12H2 + 9H˙)F ′′0 + 36H2H˙F ′′′0
]
, (346)
respectively. Eq. (344) allows one to study the stabil-
ity of any given model. For instance, a model for which
ω2 is negative is obviously unstable against gravitational
perturbations. Additionally, as mentioned previously, it
is sufficient to consider a scenario without any matter
content. In such a pure gravitational system, the back-
ground equation (268) (that is with ρm = 0, pm = 0)
leads to a constant value of H. Therefore, Eq. (345) can
be simplified as
ω2 =
3H2
2 − F04 − 36H4F ′′0
1 + F ′0 − 12H2F ′′0
. (347)
Accordingly, one can make use of the relation (347) to
justify if a specific model of f(T ) gravity is free of in-
stabilities. For example, we insert the power-law ansatz
F (T ) = α(−T )n, with α = (6H20 )1−n/(2n − 1) in the
absence of matter (H0 is the present Hubble parameter),
and the exponential ansatz F (T ) = −αT (1 − epT0/T ),
with α = 1/[1 − (1 − 2p)ep] in the absence of matter,
considered in [191], and then we can straightforwardly
determine the allowed values for the ansatz-parameters
numerically. It is easy to check that in both these cases
the stability condition is satisfied for the phenomenologi-
cally relevant ranges of parameters, that is 0 < n < 1 for
the power-law model and 0 < p < 1 for the exponential
model.
3. Growth of matter perturbations
Having examined the stability of f(T ) gravity, we can
now switch on the matter sector, and examine the fluc-
tuations about the FRW background in the presence of
matter. This is a crucial subject in any cosmological sce-
nario. In order to study the growth of perturbations,
we assume for simplicity a matter-only universe, i.e. we
impose pm = 0 = δpm. As usual, we define the matter
overdensity δ as δ ≡ δρmρm .
Now we can rewrite Eq. (334) as
3H(1 + F ′0 − 12H2F ′′0 ) ˙˜φk
+[(3H2 + k2/a2)(1 + F ′0)− 36H4F ′′0 ]φ˜k
+4piGρmδ˜k = 0 . (348)
Note that this is the relativistic version of the Poisson
equation in f(T ) gravity. As a result, equations (344)
and (348) can be applied to evolve δ for a given f(T )
model, which will allow for a comparison with observa-
tional data.
Before proceeding to the investigation of equation
(348), let us make a comment concerning the relation to
GR. We notice an interesting feature that emerges from
the above analysis, both of the pure gravitational sector
of the previous paragraph as well as of the matter in-
clusive sector of the present paragraph, namely that the
linear perturbations in f(T ) gravity can locally reduce
to those of General Relativity in the limit where F (T ) is
constant. For example, if F (T ) = const. = −2Λ, where
Λ is the cosmological constant, then one can immedi-
ately see that equations (334)-(338) reduce to the well-
known first-order equations of GR [144, 252]. Further-
more, equations (344) and (348) reduce to the well-known
equations for the growth of perturbations in ΛCDM cos-
mology (see e.g. [279]). However, one should keep in
mind that new degrees of freedom might arise at non-
perturbative level [255].
We now proceed to the investigation of the physical
implications of a non-trivial f(T )-ansatz, studying the
growth of the overdensity for a specific model. We choose
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the power-law model suggested in [191]:
F (T ) = α(−T )n, (349)
where α = (6H20 )
(1−n)(1−Ωm0)/(2n−1) and H0 and Ωm0
refer to the Hubble parameter and the matter density
parameter at present.
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FIG. 2: The evolution of the matter overdensity δ as a func-
tion of the redshift z, on a scale of k = 0.1h Mpc−1, for three
choices of n, for the power-law model given by (349). From
[196].
Our results for the growth of perturbations, arising
from a numerical elaboration, are presented in Figures
2-4. In these figures we follow the growth of the mat-
ter overdensity δ, from the time of last scattering to the
present one, for different choices of n, for three differ-
ent k-scales. In Fig. 5 we depict the evolution of δ for
fixed n = 0.2, but for three different scales. As usual, we
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FIG. 3: The evolution of the matter overdensity δ as a func-
tion of the redshift z, on a scale of k = 0.01h Mpc−1, for three
choices of n, for the power-law model given by (349). From
[196].
0 1 2 31
3
5
7
9 x 10
−3
log10(1+z)
δ
k=0.001 h Mpc−1
 
 
n=0
n=0.2
n=0.4
FIG. 4: The evolution of the matter overdensity δ as a func-
tion of the redshift z, on a scale of k = 0.001h Mpc−1, for
three choices of n, for the power-law model given by (349).
From [196].
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FIG. 5: The evolution of the matter overdensity δ as a func-
tion of the redshift z, for a fixed n for the power-law model
given by (349), for three different scales. From [196].
use the redshift z as the independent variable, defined as
1 + z = a0/a with a0 the present scale-factor value.
As expected, the n = 0 case is identical to ΛCDM
scenario [280]. However, as n increases we find that there
is a suppression of growth at smaller redshifts, which can
act as a clear distinguishing feature of these models. We
also notice that larger scales are more strongly affected
than smaller ones. Therefore, observations which target
sub-horizon scales close to the horizon could, in principle,
constrain these models.
In addition, as we mentioned earlier, in order for a the-
ory of f(T ) gravity to be free of over-determination (since
we have imposed the zero-anisotropic-stress assumption
which reduces the degrees of freedom) we need to require
F ′′(T ) ' 0. This condition in the case of the power-law
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ansatz requires n  1, which is what we have used for
the numerical analysis. Interestingly enough, it is exactly
the same condition that is needed in order to acquire an
observationally compatible dark-energy and Newton con-
stant phenomenology at the background level [191].
Finally, we mention that, as has been studied in [256],
the extra degrees of freedom of f(T ) gravity that are
designed to explain the observed late time acceleration,
generally decay at small scales. Therefore, their effects
on scales such as galaxies and clusters are difficult to
be probed. However, on large scales the new perturba-
tion modes could produce large deviations from the stan-
dard ΛCDM cosmology, leading to stringent constraints
on theories of f(T ) gravity.
4. Vector and Tensor Perturbations
In the previous paragraphs we focused on the scalar
perturbations of f(T ) gravity, since they are sufficient
to reveal the basic features of the theory, allowing for
a discussion of the growth of matter overdensities. For
completeness, following [196] we now extend our analysis
in order to include the vector and tensor sectors of the
theory, in the absence of matter.
The general perturbed vierbein at linear order reads
as
e0µ = δ
0
µ(1 + ψ) + a (Gi + ∂iF ) δ
i
µ
eAµ = aδ
A
µ (1− φ) + a
(
hi
A + ∂i∂
AB + ∂iC
A + ∂ACi
)
δiµ
eµ0 = δ
µ
0 (1− ψ)
eµA =
1
a
[
δµA(1 + φ) +
(
hiA + ∂
i∂AB + ∂
iCA + ∂AC
i
)
δµi
]
− (Gi + ∂iF ) δiAδµ0 . (350)
In these expressions, apart from the scalar modes φ and
ψ used in (321)-(323), we have introduced the transverse
vector modes Gi and Ci, the transverse traceless tensor
mode hAi , and the scalar modes F and B, the divergence
of which will also contribute to the vector sector. Sim-
ilarly to the simple scalar case, the coefficients on the
above expressions have been chosen in order for this vier-
bein perturbation to give rise to a perturbed metric of the
familiar form:
g00 = 1 + 2ψ
gi0 = a [∂iF +Gi]
gij = −a2 [(1− 2φ)δij + hij + ∂i∂jB + ∂jCi + ∂iCj ] .
(351)
Let us make a comment here concerning the number of
degrees of freedom of the perturbed theory. As may be
deduced straightaway, Tλµν , K
ρ
µν and S
ρµν are spacetime
tensors under an infinitesimal coordinate transformation
of the form
xµ → xµ + µ. (352)
This implies that the torsion scalar T is generally a co-
variant scalar, and thus actions of the form of (262) are
generally covariant as well as invariant under (352). As
a result, for our choice of vierbien (264), the number of
degrees of freedom (DOF) is identical to General Rela-
tivity. In particular, in 3 + 1 spacetime dimensions, the
metric, being symmetric, has 10 independent DOF. This
is reflected in (350), which comprises
• 4 scalar DOF ψ, φ, F and B
• 4 vector DOF, 2 associated with each of the diver-
genceless vectors Gi and Ci
• 2 tensor DOF associated with the transverse, trace-
less and symmetric tensor hij .
However, not all of these DOF are independent as there
exist 3 + 1 DOF associated with the coordinate transfor-
mation (352) (the temporal part of µ is the scalar 0, and
its spatial part can be decomposed into the gradient of a
scalar plus a divergenceless vector: ∂i
S + Vi , leading to
a total of 2 scalar and 2 vector DOF). Subtracting these,
we are left with a total of 6 DOF: 2 scalar, 2 vector, and
2 tensor, just as in the case of GR.
We can therefore work in the Newtonian gauge, setting
F and B to zero. This is easily understood since under
(352), the gauge transformation of B is −(2S)/a2, while
that of F is (1/a)(−0 − ˙S + 2HS). Therefore, S can
be chosen in order to give rise to B = 0, and similarly
an accompanying choice of 0 will lead to F = 0. Ad-
ditionally, we choose a gauge where the vector mode Ci
vanishes (through an appropriate choice of Vi ). As usual,
the vector modes are transverse, while the tensor mode
is transverse and traceless, namely
∂iC
i = ∂iG
i = 0 ; ∂ih
ij = δijhij = 0. (353)
Finally, we easily deduce the following relation between
the tensor perturbations in the vierbein and inverse vier-
bein: hρ=1
A=1 = −hA=1ρ=1.
Using the above relations, the perturbed torsion tensor
(325) becomes
T 0µν = ∂µψδ
0
ν − ∂νψδ0µ + a(∂µGν − ∂νGµ)
T i0i = H − φ˙+ h˙icδic
T iij = ∂jφ+ ∂ihj
cδic − ∂jhicδic, (354)
with small Latin letters spanning the tangent-space spa-
tial coordinates, and where for notational compactness
we have introduced a G0 part of Gi, which is zero. This
38
torsion tensor inserted into (260) leads to
S0
0i =
1
a2
∂iφ+
1
2a2
∑
j
∂jhi
aδja +
H
a
Gi
S0
ij =
1
4a3
(∂iGj − ∂jGi)
Si
0i = −H + φ˙+ 2Hψ + 1
2
h˙i
aδia
Si
j0 =
1
4a
(∂iGj − ∂jGi)
Si
ij =
1
2a2
∂j(φ− ψ) + 1
2a2
(∂khj
a − ∂jhka) δka
+
H
a
Gj +
1
2a
G˙j . (355)
However, the torsion scalar is unaffected by the vector
and tensor modes, and thus it is still given by (328),
namely
T ≡ T0 + T1 = −6H2 + 12H2ψ + 12Hφ˙, (356)
and likewise the determinant e is still given by e = a3(1+
ψ − 3φ).
We now have all the necessary machinery in order to
extract the equations of motion for the vector and tensor
sectors. Following the steps of the previous paragraph,
we can similarly decompose the energy-momentum ten-
sor into its vector and tensor components and ignore the
vector and tensor anisotropic stresses. We finally obtain
[1 + F ′(T )]∇2Gj = 0 (357)
for the vector mode. Since the quantity in square brack-
ets is zero only for the unphysical model f(T ) = T +
F (T ) = 0 (for which the action (262) does not describe
the gravitational sector anymore), we can eliminate it,
resulting in
∇2Gj = 0. (358)
Therefore, the vector modes in f(T ) gravity decay as
1/a2, which is similar to the GR case.
For the tensor mode, we obtain{
[1+F ′(T )]
(
h¨i
a
2a
−∇
2hi
a
2a
+
3Hh˙i
a
2a
)
−6HH˙f
′′(T )h˙ia
a
}
δja = 0.
(359)
Similarly to the scalar case, one can Taylor-expand the
derivatives of F (T ) using (329), and Fourier-expand the
vector and tensor modes, in order to obtain the corre-
sponding dispersion relations. Moreover, one can split
the tensor sector into left-handed and right-handed po-
larizations. This detailed analysis is performed in Section
VII below.
Concerning the tensor equation (359), although there
is a new friction term, there are no new mass terms,
which is a behavior similar to the scalar case of the pre-
vious paragraph. Therefore, we can safely conclude that,
in general, f(T ) theories do not introduce massive gravi-
tons. Thus, when f(T ) tends to a constant we do not
obtain the typical problems of massive gravity, which is a
significant advantage of f(T ) gravity. Additionally, note
that similar to the scalar case, in the limit where f(T )
tends to a constant we do recover the behavior of GR
at linear order, which is a self-consistency test of the
construction. Lastly, from the equations of motion for
scalar, vector and tensor perturbations presented above,
it is clear that these three classes of perturbations decou-
ple from one another in f(T ) gravity, just as they do in
GR.
F. Implications for thermodynamics
In this subsection we turn to discuss thermodynamics
in the frame of f(T ) gravity in order to further exam-
ine the viability of a given f(T ) model. In particular,
we follow the procedure developed in [281–287] and ex-
amine whether the first and second laws of thermody-
namics can be verified during the late-time acceleration
realized by f(T ) gravity. We recall that the fundamen-
tal connection between gravitation and thermodynamics
was found in black hole physics [288–291] (and see [292]
for a comprehensive review). Especially, the standard
Einstein equation in GR was derived from the Clausius
relation in thermodynamics [293]. This formalism was
extensively applied to generalized gravity theories in the
literature [294–297].
1. First law
In a flat FRW geometry, the apparent horizon radius
is r˜A = 1/H. Moreover, the dynamical apparent horizon
is determined by the expression hαβ∂αr˜∂β r˜ = 0. Tak-
ing the time derivative of r˜A one obtains −dr˜A/r˜3A =
H˙Hdt, and thus inserting it into the effective Fried-
mann equation (268), one can find that [1/ (4piG)] dr˜A =
r˜3AH (ρt + Pt) dt, with ρt and Pt denoting respectively
the total energy density and pressure of the whole uni-
verse, namely corresponding to both matter and torsion-
induced dark energy. In GR, the Bekenstein-Hawking
horizon entropy is given by S = A/ (4G), where A =
4pir˜2A is the apparent horizon area. Hence, using this
relation along with the horizon entropy, one can derive
1
2pir˜A
dS = 4pir˜3AH (ρt + Pt) dt . (360)
It is well known that the temperature of the appar-
ent horizon is associated with the Hawking temperature,
which is expressed as TH = |κsg|/ (2pi). Moreover, the
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surface gravity κsg is given by [298]
κsg =
1
2
√−h∂α
(√−hhαβ∂β r˜)
= − 1
r˜A
(
1−
˙˜rA
2Hr˜A
)
= − r˜A
2
(
2H2 + H˙
)
= −2piG
3F
r˜A (ρt − 3Pt) = −2piG
3F
r˜A (1− 3wt) ρt ,
(361)
with h the determinant of the metric hαβ and where wt ≡
Pt/ρt is the total equation-of-state parameter. As one
can see from (361), for wt ≤ 1/3 we obtain κsg ≤ 0. As a
result, inserting (361) into TH = |κsg|/ (2pi) gives rise to
TH =
1
2pir˜A
(
1−
˙˜rA
2Hr˜A
)
. (362)
Finally, combining (360) with (362) one derives
THdS = 4pir˜
3
AH (ρt + Pt) dt−2pir˜2A (ρt + Pt) dr˜A . (363)
We remind that the Misner-Sharp energy [299] is de-
fined through E = r˜A/ (2G) = V ρt, where V = 4pir˜
3
A/3
is the volume enclosed inside the apparent horizon [300].
Note that from the above definition we deduce that E is
equivalent to the total intrinsic energy. Assembling we
obtain:
dE = −4pir˜3AH (ρt + Pt) dt+ 4pir˜2Aρtdr˜A . (364)
Now, the work density is defined as [301–303] W ≡
− (1/2) (T (m)αβhαβ + T (DE)αβhαβ) = (1/2) (ρt − Pt),
with T (m)αβ and T (DE)αβ respectively the energy-
momentum tensors of matter and of effective dark energy
(induced by the f(T ) terms) sectors.
In summary, using (364) and the work density W , we
can express the first law of (equilibrium) thermodynamics
as
THdS = −dE +WdV . (365)
Hence, we have implemented an equilibrium descrip-
tion of thermodynamics. Additionally, one can eas-
ily find the useful relation: S˙ = 8pi2Hr˜4A (ρt + Pt) =
(6pi/G)
(
T˙ /T 2
)
= − (2pi/G)
[
H˙/
(
3H3
)]
. This relation
implies that in an expanding universe the horizon en-
tropy S is always increasing in the case where the null
energy condition ρt + Pt ≥ 0 is satisfied (in which case
the universe is not super-accelerating, i.e H˙ ≤ 0).
2. Second law
Let us now study the second law of thermodynam-
ics through the usual equilibrium description (see also
[282, 284, 304–306] and references therein for related in-
vestigations). In terms of all fluids that are enclosed
by the horizon, the Gibbs equation reads as THdSt =
d (ρtV ) + PtdV = V dρt + (ρt + Pt) dV . Hence, the
second law of thermodynamics writes as dSsum/dt ≡
dS/dt + dSt/dt ≥ 0, where Ssum ≡ S + St, with St the
entropy corresponding to the total energy inside the hori-
zon and S the entropy of the horizon itself. Thus, using
V = 4pir˜3A/3, the second Friedmann equation (268), ex-
pression (362), and the relation S˙ = 8pi2Hr˜4A (ρt + Pt) =
(6pi/G)
(
T˙ /T 2
)
, one can obtain
dSsum
dt
= −6pi
G
(
T˙
T
)2
1
4HT + T˙
. (366)
In summary, in order for the second law of thermody-
namics to be valid, from (366) we extract the require-
ment [282] Y ≡ −
(
4HT + T˙
)
= 12H
(
2H2 + H˙
)
≥ 0.
We remind that in an expanding accelerating universe in
f(T ) cosmology the relation 2H2 + H˙ ≥ 0 is always sat-
isfied [284], and therefore the generalized second law of
thermodynamics is valid.
VI. f(T ) COSMOLOGY
As we mentioned in the beginning of the previous Sec-
tion, one important goal is to construct viable models of
f(T ) or modified teleparallel gravity that can accommo-
date the expanding history of our background universe.
In particular, cosmological observations such the SNIa,
the CMB, the LSS, and the BAO data, have revealed
that the universe is currently accelerating. This pro-
found mystery leads us to the prospect that, either about
70% of the universe is made up of a substance known as
dark energy, about which we have almost no knowledge
at all, or that GR is modified at cosmological scales. It
is manifest that f(T ) gravity can provide a mechanism
of phenomenologically realizing the present cosmic ac-
celeration, alternative to dark energy or curvature-based
modified gravity. Based on the considerations of the pre-
vious Section, in this Section we investigate in detail the
cosmological applications of f(T ) gravity.
A. Late time acceleration
Let us consider the flat FRW background space-time,
of which the metric is given by
ds2 = dt2 − a2(t)d~x2 , (367)
and hence the form of the vierbein is expressed as in
(264), namely eAµ = diag(1, a, a, a). In this case the
background Friedmann equations were given in (267) and
(268). It is interesting to note that one can reformulate
the Friedmann equations to be the same as the ordinary
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ones in GR, namely
H2 =
8piG
3
(ρr + ρb + ρdm + ρDE) , (368)
H˙ = −4piG(ρr + ρb + ρdm + ρDE + Pr + PDE) ,
(369)
by defining the energy density and pressure of an “effec-
tive” dark energy component as
ρDE =
2TFT − F
16piG
, (370)
PDE =
F − TFT + 2T 2FTT
16piG(1 + FT + 2TFTT )
. (371)
(note that F = f−T as was introduced below Eq. (262)).
The above cosmic system involves the radiation ρr, the
baryon matter ρb, the cold dark matter ρdm and the “ef-
fective” dark energy ρDE arisen from F (T )’s contribu-
tion. Furthermore, the continuity equations for the vari-
ous matter components are written as
ρ˙i + 3H(1 + wi)ρi = 0 , (372)
where the equation-of-state parameters wi ≡ Piρi are de-
fined as the ratio of pressure to energy density. In partic-
ular, they read as wr =
1
3 for radiation, wb = 0 for baryon
matter, wdm = 0 for cold dark matter, respectively. For
the contribution of f(T ) gravity, one can effectively de-
fine:
wDE ≡ PDE
ρDE
= −1 + (F − 2TFT − T )(FT + 2TFTT )
(F − 2TFT )(1 + FT + 2TFTT ) .
(373)
In particular, when FT = 0, one gets wDE = −1 and
hence this case corresponds to the concordant model, i.e.,
the ΛCDM. One can further generalize the equation-of-
state parameter of the i-th component as a function of
the redshift wi(z), with the redshift given as 1 + z =
a0
a (where we can set the present scale factor a0 to 1).
Therefore, the evolutions of various energy densities are
described by
ρi = ρi0 exp
{
3
∫ z
0
[1 + wi(z˜)]d ln(1 + z˜)
}
. (374)
According to today’s observations one learns that ρDE
is of the order of 10−47 GeV4 and the corresponding equa-
tion of state parameter is approximately w = −1. To our
knowledge, the energy scale of mysterious dark compo-
nent is far below any cut-off or symmetry-breaking scales
in quantum field theory. Therefore, if dark energy orig-
inates from the nature of particle physics, namely, the
energy density of quantum vacuum states, one has to
search for a delicate mechanism of canceling over large
vacuum energy density, but leaving unaffected the rest
contributions that slightly deviate from zero. This the-
oretical challenge is known as the famous cosmological
constant problem in the concordant cosmological model.
The idea of constructing dark energy models from the
space-time torsion has already appeared in the context
of the TEGR [190, 307, 308]. Later, the f(T ) realiza-
tion of dark energy models were extensively studied in
the literature, for example see [192, 193, 309]. In these
models, people have noticed that the background field
equations are always second order differential equations.
This profound advantage makes the cosmologies in f(T )
theory much simpler than those in f(R) gravity, at the
background level.
1. Background evolutions
In subsection V A we presented the background equa-
tions of f(T ) cosmology. Hence, in this subsection we
proceed to the investigation of a specific example, which
will allow as to perform a quantitative analysis. We start
with the study of exponential f(T ) theory suggested in
[191], of which the form reads
f(T ) = T + ξT
[
1− exp
(
αT0
T
)]
, (375)
where ξ satisfies
ξ = − 1− Ω
(0)
m
1− (1− 2α)eα . (376)
In the above expression, Ω
(0)
m ≡ 8piGρ(0)m /3H20 is the di-
mensionless density parameter of dust matter and T0 ≡
−6H20 denotes the value of the torsion scalar in the cur-
rent universe, which can be fixed by observations. Thus,
this model only involves one single dimensionless param-
eter α.
Utilizing the background Friedmann equation (368),
the continuity equation (372) and the expression (373),
one can numerically extract the evolution of the equation-
of-state parameter wDE of the effective dark energy aris-
ing from the contributions of the f(T ) terms. In par-
ticular, we consider the cases of α = ±0.1, ±0.01, and
±0.001, respectively, and adopt Ω(0)m = 0.26 in the de-
tailed numerical analyses. The results are listed in Fig.
6. One can read from the figure that wDE can be either
phantom-like (w < −1) or quintessence-like (w > −1),
depending on the positivity of the model parameter α.
In particular, the values of wDE in today’s universe at
the redshift z = 0 are numerically determined as −1.03,
−1.003, and −1.0003 for p = 0.1, 0.01, and 0.001, re-
spectively; while, they are found to be −0.954, −0.996,
and 0.999 for p = −0.1, −0.01, and −0.001, respectively.
However, in all cases the solutions approach to a quasi-
de Sitter phase with wDE = −1 in the far future, which
indicates that a final de Sitter stage might be a stable so-
lution. This will be verified in the following subsection,
where we perform a detailed dynamical analysis.
Fig. 7 depicts the evolutions of dimensionless den-
sity parameter Ωi ≡ 8piGρi/3H2 for radiation (the dash-
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FIG. 6: Numerical evolutions of the equation of state pa-
rameter wDE of the effective dark energy component arisen
from the exponential f(T ) gravity as a function of the redshift
z. In the numerical calculation one sets the present value
Ω
(0)
m = 0.26. In the upper panel the solid line depicts the
evolution of wDE with α = 0.1, dashed line is for α = 0.01,
and the dash-dotted curve is for α = 0.001, respectively. The
lower panel shows the same cases except that α takes negative
values. From [202]
.
dotted curve), dust matter (the solid curve), and the ef-
fective dark energy (the dashed line), respectively. In the
numerical calculation, one can apply the initial condition
at today by taking the realistic values for Ωr, Ωm and
ΩDE , and also set α = ±0.1. From this figure one can
read that the universe is dominated by radiation at the
high redshift regime, then it becomes matter dominated
in the intermediate regime, and eventually it enters the
accelerating phase in the low-redshift area. Therefore,
these numerical results nicely demonstrate that the f(T )
gravity can explain the present cosmic acceleration and in
the meanwhile accommodate with the thermal expanding
history as observed in our universe.
FIG. 7: Numerical evolutions of the dimensionless density
parameter ΩDE of the effective dark energy component arisen
from the exponential f(T ) gravity as a function of ln(1 + z).
The model parameter p takes the value of p = 0.1 in the up-
per panel and p = −0.1 in the lower panel, while the other
parameters are the same with Fig. 6. From [202].
2. Dynamical analysis
The interesting cosmological behavior of f(T ) gravity
makes it necessary to perform a phase-space and stabil-
ity analysis, examining in a systematic way the possible
cosmological behaviors, focusing on the late-time stable
solutions. This procedure allows to bypass the high non-
linearities of the cosmological equations, which prevent
any complete analytical treatment, obtaining a (qualita-
tive) description of the global dynamics of these models,
that is independent of the initial conditions and the spe-
cific evolution of the universe.
In order to perform the phase-space and stability anal-
ysis of the scenario at hand, one has to transform the
aforementioned dynamical system into its autonomous
form X′ = f(X) [310–313], where X is the column vector
constituted by suitable auxiliary variables, f(X) the cor-
responding column vector of the autonomous equations,
and prime denotes derivative with respect to M = ln a.
Then one can extract its critical points Xc satisfying
X′ = 0, and in order to determine the stability proper-
42
ties of these critical points, one can expand around Xc,
setting X = Xc + U, with U the perturbations of the
variables considered as a column vector. Thus, for each
critical point one can expand the equations for the per-
turbations up to first order as: U′ = Q · U, where the
matrix Q contains the coefficients of the perturbation
equations. Finally, for each critical point, the eigenval-
ues of Q determine its type and stability.
Let us now investigate the dynamical properties of a
cosmic system governed by f(T ) gravity. Concrete anal-
yses on this topic in various f(T ) models were performed
in Refs. [194, 314–316]. The main goal of this analysis is
to demonstrate that there indeed exists a stable acceler-
ating solution at late times, such that the present cosmic
speeding up can be explained naturally.
For convenience, we consider that the energy compo-
nents in the universe are only dust matter (which in-
cludes both dark matter and baryons) ρm and radiation
ρr. Then one can rewrite the equations of motion as a
dynamical system by introducing the following dimen-
sionless variables:
x ≡ − f
6H2
, y ≡ TfT
3H2
, z ≡ Ωr ≡ 8piGρr
3H2
, (377)
where Ωr is the dimensionless energy density parameter
of radiation. Applying the background Friedmann equa-
tions and the continuity equations for all matter compo-
nents, one can deduce
x′ = −(2x+ y)z + 3− 3x− 3y
2my − 2 + y , (378)
y′ = 2my
z + 3− 3x− 3y
2my − 2 + y , (379)
z′ = −4z − 2z z + 3− 3x− 3y
2my − 2 + y , (380)
where the prime denotes the derivative with respect to
ln a, and where we have defined
m ≡ TFTT
FT
. (381)
Note that, for a large family of f(T ) models, one can
express T as a function of y/x, based on their definitions
given in (377). Then m can be expressed in terms of
y/x, too. To be specific, consider f(T ) = T +α[(−T )p−
β]q. In this type of models, one can easily calculate that
m = p − 1 + 1−q2q (y/x). As a result, for a given form of
f(T ), the dynamical system governed by equations (378),
(379), (380) becomes autonomous. Accordingly, the main
Friedmann equation (368) yields
Ωm ≡ 8piGρm
3H2
= 1− x− y − z , (382)
where Ωm is the dimensionless density parameter of mat-
ter. Also the effective equation of state parameter for
“dark energy” can be expressed as
wDE = − x+ y/2−my
(1− y/2−my)(x+ y) . (383)
In order to extract the dynamical properties of the
above autonomous system, one solves the combined equa-
tions: x′ = 0, y′ = 0, and z′ = 0. As a consequence, one
can obtain two isolated critical points and a continuous
critical line, which list as
Point A : xc = 0, yc = 0, zc = 1 ,
Point B : xc = 0, yc = 0, zc = 0 ,
Line C : xc = 1− yc, zc = 0 .
In the following, we discuss these solutions and we exam-
ine their stability.
• Point A corresponds to a radiation dominated solu-
tion, since at this point one can easily derive that Ωr = 1.
Then one can study the stability of this solution by cal-
culating the eigenvalues of the above linearized system.
They are found to be(
1 , 2
(
1−m±
√
1 + 2m+m2 − 2 dm
d(y/x)
))
.
(384)
Hence, this critical point is unstable due to the presence
of a positive eigenvalue, which means that the universe
evolves away if there exists any small classical perturba-
tion on the background trajectory.
• Point B corresponds to a matter dominated solution,
since it exhibits Ωm = 1. One can further calculate the
eigenvalues at this point as(
−1 , 2
(
1−m±
√
1 + 2m+m2 − 2 dm
d(y/x)
))
.(385)
Since the cosmological features of this point are not fa-
vored by observations, we deduce that for a realistic cos-
mology one expects that the universe should deviate from
it along the background expansion. This can be satisfied
if the real part of one of the above eigenvalues is positive
definite.
• Line C corresponds to the solution dominated by the
f(T ) contribution. In this solution, xc + yc = 1 indicates
that both Ωm and Ωr are vanishing. Moreover, it is easy
to read that wDE = −1 and that H becomes constant
on this critical line. Therefore, the background evolution
on this critical line corresponds to a de Sitter expanding
phase. Accordingly, the eigenvalues of the linearized sys-
tem in this solution are given by (−4, 0,−3), which are
either negative or vanishing. This implies that the back-
ground evolution described by the last solution is always
(marginally) stable. Therefore, the solution of Line C is
of cosmological interest in explaining the present accel-
eration of our universe.
Having the above general analysis in mind, one can
proceed and study the detailed dynamics of the cosmo-
logical evolution governed by a specific f(T ) model. To
be explicit, one may consider a power-law model of the
following form [190, 191]:
f(T ) = T + f0M
2
p
(−T
M2p
)p
, (386)
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where f0 and p are two dimensionless parameters. De-
pending on the choice of the model parameters, this type
of f(T ) gravity can be connected with several represen-
tative cosmological models that are already familiar in
the literature. For instance, the above model can re-
duce to the ΛCDM if p = 0. Additionally, it can mimic
the Dvali-Gabadadze-Porrati (DGP) model for p = 1/2,
while for p = 1 the background equation can be expressed
as H2 = 8piG3(1−f0) (ρm + ρr), which then recovers a cold
dark matter (CDM) cosmology after rescaling the grav-
itational constant via G → G/(1 − f0). Furthermore, if
one desires this specific f(T ) gravity to be phenomeno-
logically reasonable, then the value of p has to be between
0 and unity.
Specifically, one can substitute the form of f(T ) (386)
into the background Friedmann equation (368), and then
it is easy to observe that the Hubble parameter can be a
non-zero constant, by setting the energy densities of mat-
ter and radiation to be vanishing and considering that
p 6= 1. This corresponds to the solution of a de Sitter
expansion represented by Line C. Additionally, one can
also examine the case of Point B in the specific model un-
der consideration. Then the eigenvalues of the linearized
system at Point B are given by −1, 2, −2p, respectively.
The appearance of a positive value manifestly implies
that this critical point is unstable along the cosmic ex-
pansion.
Moreover, combining all the above critical points, it is
interesting to observe that the universe can evolve from
a radiation dominated phase (described by Point A) to a
matter dominated era (described by Point B) and even-
tually enter a quasi de Sitter expanding phase (described
by Line C). Thus, the present model can provide a cos-
mological solution that exactly describes the expanding
history as observed in our universe.
In order to demonstrate such a possibility, one can nu-
merical solve the background evolutions governed by the
specific power-law f(T ) gravity (386). Fig. 8 depicts
numerical evolutions under different initial conditions.
In the numerical computation one specifically considers
p = 0.2. It is manifest to see that the initial values of
x and y have to be suitably small, in order to obtain
a sufficiently long era of radiation domination, in agree-
ment with observations. From the upper panel of the
figure we indeed observe that the universe was initially
in the radiation dominated phase, then it became matter
dominated in the intermediate regime, and finally it en-
tered the cosmic acceleration at late times. As a result,
for f(T ) gravity of the power-law form, the conditions
for the universe to evolve from an initial phase of radi-
ation domination to a cosmic acceleration at late times
are simply xi  1, yi  1 and p 6= 1. Moreover, in order
to satisfy the current observational constraints, |p|  1
is also required [190, 191, 193].
Uo to now we have only considered a simple exam-
ple of f(T ) gravity with a power-law function, that is
minimally coupled to regular matter. This example is
already sufficient to demonstrate the occurrence of the
FIG. 8: Numerical results of the background evolutions for the
power-law f(T ) gravity (386) . The model parameter p is cho-
sen to be 0.2. ai is the initial value of the scalar factor. The
dot-dashed, solid, and dashed curves correspond to the cosmic
evolutions of dimensionless density parameters Ωr, Ωm, and
ΩDE, respectively. In the upper panel the initial conditions
are taken as: xi = yi = 10
−13 and zi = 0.98, while in lower
panel they are given by xi = yi = 10
−5 and zi = 0.98. From
[194].
late-time acceleration. Moreover, it is important to note
that in the above model the famous coincidence problem
is not completely overcome since one needs to fine tune
the values of initial conditions such that the universe can
start the cosmic acceleration in the recent cosmological
past. To address the issue of cosmological coincidence,
one can phenomenologically introduce interaction terms
between the torsion scalar and the matter sector. Based
on this scenario, one can perform a phase space analysis
and search for attractor solutions where the matter and
dark energy density parameters are of the same order
[315], since this could alleviate the coincidence problem.
3. Phantom crossing/Quintom scenario
One interesting property from the f(T ) gravity is the
realization of the so-called quintom scenario, which is
also dubbed as the phantom-divide crossing in the liter-
ature. This phenomenological scenario is motivated by
the mildly favored observational signal that the equation-
of-state parameter of dark energy might have crossed
the cosmological constant boundary from above to be-
low in the recent cosmological past [317–322]. However,
it was noticed that a consistent scalar field model that
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realizes the quintom scenario is extremely difficult to be
achieved [323–325]. For instance, for a regular dark en-
ergy model constructed by a quintessence field, the cor-
responding equation of state parameter is limited in the
regime −1 ≤ w ≤ 1; while for a phantom field it is al-
ways w < −1. The difficulty for the model buildings of
realizing the phantom crossing is based on the proof of
a “No-Go” theorem for dynamical dark energy models
[320]. The study upon this topic was reviewed compre-
hensively in [160], which states that for dark energy mod-
els described by a single perfect fluid or a single scalar
field with a Lagrangian of K-essence form [326–328], their
cosmological perturbations could encounter a severe di-
vergence when the background equation-of-state parame-
ter is forced to cross −1. Additionally, it was pointed out
in [329, 330] that such a process might violate the null en-
ergy condition and hence would bring potential quantum
instabilities unless one considers non-conventional dark
energy models such as Galileon/Horndeski scalar field
constructions [331–333], bi-scalar constructions [334], or
spinor field scenarios [335, 336].
In the literature many dark energy models were put
forward to realize the phantom crossing behavior, but it
is interesting to note that such a possible phenomenon
can be effectively realized in theories of modified grav-
ity. The realization of the scenario of crossing the cos-
mological constant boundary within f(R) gravity were
extensively studied in [337–342]. As an analogue, it is
expected that the same phenomenon can be realized in
the context of f(T ) gravity. In the following, we consider
a specific model, which was proposed in [202] (see also
[217]) to demonstrate that the phantom crossing behav-
ior is achievable in this theory.
The explicit form of f(T ) gravity is constructed as
[202]:
f(T ) = T + ξ˜T
[
1− exp
(
αT0
T
)
−
√
T0
αT
ln
(
αT0
T
)]
,
(387)
where the first two terms of the r.h.s. are the same as
the exponential f(T ) model in (375), except that
ξ˜ = − 1− Ω
(0)
m
1− (1− 2α)eα + 2/√α . (388)
However, the last term appearing in (387) takes a log-
arithmic form. From the above expression one can im-
mediately find that α has to be positive in order for the
model to be well defined. Recall that in paragraph VI A 1
above we have pointed out that wDE < −1 when α > 0.
But, the last term of (387) can yield a quintessence-like
component with an effective wDE > −1. As a result, the
combined effect of these two parts naturally provides a
possible dynamical realization of the behavior of crossing
over wDE = −1.
Similarly to the case considered in paragraph VI A 1,
the present model also involves only one single parameter
α. Thus, it is not difficult to make use of the background
Friedmann equation (368) and the continuity equation
(372) to numerically extract the cosmological solutions.
In the upper panel of Fig. 9 we straightforwardly depict
the evolutions of the effective dark energy equation-of-
state parameter wDE along with the redshift z, for dif-
ferent choices of the model parameter α. From the solid
(where α = 1) and dashed (where α = 0.8) curves, one
can manifestly observe that wDE is able to cross over the
cosmological constant boundary. In both cases, the uni-
verse evolves from a quintessence-like phase (wDE > −1)
into a phantom-like phase (wDE < −1) with a smooth
crossing behavior, and eventually approaches to the ex-
ponential expanding phase. Moreover, the values of the
redshift for the occurrence of quintom scenario are de-
termined as z = 0.70 and z = 0.36 for the solid and
dashed curves, respectively. It is interesting to notice
that if α ≤ 0.5 then the universe would asymptotically
approach to the wDE = −1 expanding phase, without
crossing behavior, since in this case the exponential term
in the expression (387) would have become secondary in
f(T ) gravity.
Moreover, the evolutions of dimensionless density pa-
rameter Ωi for radiation (the dash-dotted curve), dust
matter (the solid curve), and the effective dark energy
(the dashed line) are presented in the lower panel of Fig.
9, respectively. In the numerical calculation one sets the
model parameter α = 1, and chooses the initial condi-
tions by fixing the present values of Ω
(0)
r , Ω
(0)
m and Ω
(0)
DE .
The numerical result explicitly shows that the model can
easily accommodate with the regular thermal expanding
history, and hence it can very efficiently be consistent
with cosmological observations.
In the above we have analyzed the background dy-
namics of the f(T ) gravity described by (387) and we
have showed explicitly that this type of model can real-
ize an effective dark energy equation-of-state parameter
crossing wDE = −1. By numerically evolving the dimen-
sionless density parameters we could roughly deduce that
the model could be consistent with cosmological observa-
tions. However, it is important to quantitatively justify
how well this f(T ) model can fit the data. Thus, we
would like to investigate the observational constraints on
the model parameter α and the present fractional dust
matter density Ω
(0)
m based on the χ2 method utilizing the
experimental data. In particular, the SNIa data from the
Supernova Cosmology Project (SCP) Union2 compilation
[343], BAO data from the Two-Degree Field Galaxy Red-
shift Survey (2dFGRS), Sloan Digital Sky Survey (SDSS)
data release 7 [344], as well as CMB data from WMAP7
[169], are adopted.
The contours of observational bounds from the SNIa,
BAO and CMB data at 1σ, 2σ and 3σ confidence level
(C.L.) in the (α - Ω
(0)
m ) plane upon the f(T ) model de-
scribed by (387) are shown in Fig. 10. According to
the numerics, one concludes that at 2σ C.L., the model
parameters are limited to be: 0.6 < α < 1.13 and
0.255 < Ω
(0)
m < 0.312. This result is obviously in a
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FIG. 9: Numerical evolutions of the effective dark energy
equation-of-state parameter wDE and the dimensionless den-
sity parameters in the model of quintom-like f(T ) gravity
(387) as functions of the redshift z or its log scale ln(1 + z).
In the numerical calculation one considers Ω
(0)
m = 0.26. In
the upper panel we use the solid line to depict the evolution of
wDE with α = 1, dashed line for α = 0.8, and the dash-dotted
curve for α = 0.5, respectively. The lower panel shows the
evolution curves of ΩDE (dashed line), Ωm (solid line) and
Ωr (dash-dotted line) with a fixed model parameter α = 1.
From [202].
good agreement with that derived in the ΛCDM. More-
over, the best-fit values of the cosmological parameters
in the f(T ) model, which corresponds to the minimum
of χ2, are given by α = 0.829, Ω
(0)
m = 0.282, and h ≡
H0/100/[km sec
−1 Mpc−1] = 0.691, with χ2min = 544.56.
In addition, one can compare this specific f(T ) model
with the standard ΛCDM one, by listing the best-fit val-
ues of all relevant model parameters as shown in Table
III. From this table, one can see that the minimum value
of χ2 in f(T ) gravity is slightly smaller than that of the
ΛCDM, and hence in this regard the specific f(T ) gravity
model (387) can explain cosmological observations better
than the ΛCDM paradigm. However, one ought to keep
in mind that this is mostly due to the presence of one
extra model parameter α.
u!"
FIG. 10: Observational constraints on the model parameters
in the (α - Ω
(0)
m ) plane at 1σ, 2σ, and 3σ C.L.(from inside
to outside), respectively, based on the combined SNIa, BAO
and CMB data, for the f(T ) gravity model described by (387).
The best-fit point is denoted by the plus symbol in the center
region of the plot. From [202].
Model u Ω
(0)
m h χ
2
min
f(T ) 0.829 0.282 0.691 544.56
ΛCDM 0.275 0.707 545.23
TABLE III: The best-fit values of u, Ω
(0)
m , h and χ
2
min for the
f(T ) model (387) and ΛCDM paradigm.
We close this subsection by summarizing the analy-
ses and the obtained results. We started with a general
discussion of cosmological applications of f(T ) gravity,
and then we devoted to a study of a specific model that
nicely demonstrates the possibility of realizing the cosmic
acceleration, alternatively to a cosmological constant or
scalar-field models. After that, we performed a dynam-
ical analysis on the phase space and we proved that a
quasi de Sitter expansion is an attractor solution at late
times, which explains why f(T ) can provide a good dy-
namical mechanism for obtaining the present accelerat-
ing phase. Motivated by observational signals, we con-
tinued by investigating an interesting realization of the
phantom-divide crossing behavior in a specific model of
f(T ) gravity. Finally, we presented the recent observa-
tional constraints on the model parameters.
B. Inflation
After having reviewed the cosmological implications of
f(T ) gravity at late times, in this subsection we devote
ourselves to the study of early universe physics. It was
first obtained in [188] that a so-called Born-Infeld mod-
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ified teleparallel gravity can solve the particle horizon
problem in a spatially flat FRW universe, by realizing
an early time acceleration, without introducing any in-
flaton field. Thus, in the present subsection we review
such a remarkable inflationary solution derived in mod-
ified teleparallel gravity, and then we comment on its
generalization into f(T ) version.
1. Inflation from modified teleparallel gravity
The idea of Born-Infeld Lagrangian appeared initially
from a modified field theory that aimed to smooth pos-
sible singularities [345]. Nowadays this type of La-
grangian has been widely applied under the great de-
velopments of low-energy effective descriptions of string
theory [346, 347]. In recent years, models of gravita-
tional Born-Infeld analogue were extensively studied in
the literature (for instance see [188, 348–353]). Briefly
speaking, for a regular Lagrangian density L = √−gL,
the Born-Infeld modification suggests:
L → LBI =
√−gλ
[√
1 +
2L
λ
− 1
]
,
where λ is associated with some unspecified UV physics.
For example, for a D-brane moving towards a warped
throat in string theory, the parameter λ is related to the
warp factor of the AdS throat.
Inspired by the above scenario, an interesting modi-
fication of teleparallel gravity was proposed in [188], in
which the model is of the Born-Infeld type
LBI = λ
16piG
e
[√
1 +
2S νρµ T
µ
νρ
λ
− 1
]
. (389)
Note that, if one performs a local Lorentz transforma-
tion, a boundary term arises from S µνρ T
ρ
µν and is
trapped inside the square root. Therefore, it renders
the above model sensitive to local Lorentz transforma-
tions. Moreover, similar to the regular Born-Infeld field
Lagrangian, the dynamics governed by this model would
approach to those of standard Einstein equations when
S µνρ T
ρ
µν  λ.
In order to study the cosmological dynamics induced
by this model, one can take the ansatz for the vierbein
as
eAµ = diag(N(t), a(t), a(t), a(t)) , (390)
where N(t) is the lapse function. Under this ansatz the
metric of the background space-time takes the form of
gµν = diag(N
2(t),−a(t)2,−a(t)2,−a(t)2) , (391)
which coincides with the metric of a spatially flat FRW
universe. Note that one can absorb the lapse function
by rescaling the time scale. At the moment we keep this
function undetermined and study the background equa-
tions of motion.
We consider the background matter component to be a
homogeneous and isotropic fluid, and hence one acquires
T ρσ = diag(ρ,−p,−p,−p) in the comoving frame. Then
the highly symmetric background ansatz eventually leads
to only two independent background equations of motion,
which are a first order equation:(
1− 12H
2
N2λ
)− 12 − 1 = 16piG
λ
N2ρ , (392)
which results from varying with respect to e00 (H(t) =
a˙(t)/a(t) is the Hubble parameter), and a second order
one:(16H2
N2λ
+
4H2
N2λ
q−1
)(
1−12H
2
N2λ
)− 32
+1 =
16piG
λ
p , (393)
which results from varying with respect to eAσ (q =
−a¨ a/a˙2 is the deceleration parameter). The above
two equations can also be derived by varying the La-
grangian (389) with respect to the lapse function N(t)
and the scale factor a(t). Note that S νρµ T
µ
νρ =
−6H(t)2/N(t)2, and thus λ in (389) will prevent the
Hubble parameter from becoming infinite. Note also that
Eq. (392) is not a dynamical equation for N(t), but a
constraint for a(t), and therefore one has the freedom to
fix N(t), namely to set N(t) = 1.
The continuity equation for the matter component can
be guaranteed by differentiating Eq. (392) with respect
to t and combining it with Eq. (393), which then yields
d
dt
(ρ a3) = −p d
dt
a3. (394)
For example, for a perfect fluid with the background
equation of state being ω = p/ρ, one obtains
a3(1+ω) ρ = constant = a
3(1+ω)
0 ρ0 , (395)
where a0 and ρ0 indicate the present-day values.
Combining Eqs. (392) and (393), one can derive
1 + q =
3
2
(1 + ω)(
1 + 16piGλ ρ
) (
1 + 8piGλ ρ
) . (396)
In the limit of GR (i.e., λ→∞) an accelerated expansion
(q < 0) is only possible if ω < −1/3 (negative pressure).
However, it is interesting to observe that in Born-Infeld
modified teleparallelism an accelerated expansion can be
realized without resorting to negative pressure, since a
large energy density ρ is sufficient:
32piG
λ
ρ > −3 +√13 + 12ω , (397)
which can be achieved in early universe. Note that for
ρ → ∞ in (396) one gets q → −1, and the expansion
becomes exponential.
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If one takes into account the spatial curvature term,
Eq. (392) would define an effective critical density ρc
making the universe spatially flat. Thus, it is important
to measure the fractional energy density contributed from
each component by introducing Ωi = ρi/ρc. To combine
Eqs. (392) and Eq. (395), one obtains(
1− 12a˙
2
λa2
)− 12
− 1 = 16piG
λ
∑
i
ρ0i
(
a
a0
)−3(1+ωi)
.
(398)
This equation can be also reformulated as
x˙2 + V(x) = 0 , x = a
a0
, (399)
with V(x) being an effective potential given by
V(x) = λ
12
x2
[(
1 + β0
∑
i
Ω0ix
−3(1+ωi))−2 − 1] , (400)
where β0 ≡ (1− 12H20/λ)−1/2 − 1 is a constant. The po-
tential is always negative and vanishes with null deriva-
tive when a → 0, for any value of ω. For example, if
ω > −1/3, the potential asymptotically approaches zero
when x goes to infinity. Instead, if ω < −1/3, then V be-
comes a decreasing function. Moreover, if ω > −1 then
the initial behavior is in general a(t) ∝ exp[(λ/12)1/2t].
Therefore, the Hubble parameter is equal to the maxi-
mum value Hmax = (λ/12)
1/2 at the early stage, and Eq.
(399) gives rise to the following solution:
H(z)2 = H2max[1− (1 + β0
∑
i
Ω0i(1 + z)
3(1+ωi))−2] ,
(401)
where z = a0/a(t)− 1 is the redshift.
As an example we consider a single component with
Ω = 1. Then, it is easy to find that Eq. (399) leads to
the following compact relation:
ln
[
2(1 + v) + 2
√
v(2 + v)
]
−
√
v−1(2 + v) = T , (402)
where we have defined v ≡ β0 (a/a0)−3(1+ω) and T ≡
−3(1 + ω) Hmax t.
In Fig. 10 we depict the dimensionless scale fac-
tor a(t)/a0 as a function of H0t for several values of
α = Hmax/H0, as indicated by Eq. (402) with ω = 1/3.
The standard (a/a0 = (2H0t)
1/2) behavior is plotted as a
reference (dashed) curve. It is obvious to see that mod-
ified teleparallelism naturally gives rise to an exponen-
tial expansion at early times, and then the universe can
smoothly exit into a radiation dominated one. Such a
cosmological solution can easily satisfy the observational
constraints, such as the BBN bound. The main feature
of the scale factor evolution is its asymptotic exponential
behavior for any value of ω. This means that H(z) be-
comes a constant when z goes to infinity. This feature im-
plies that the particle horizon radius σ = a0
∫ a0
0
(aa˙)−1da
diverges. Hence, the whole space-time ends up being
FIG. 11: Scale factor as a function of the cosmological
time, for ω = 1/3 and different values of α = Hmax/H0.
The dashed line represents the solution of General Relativity.
From [188].
causally connected, in agreement with the isotropy of the
CMB background. This fact appears as an essential prop-
erty of modified teleparallelism, which does not require
any special assumption for the sources of the gravita-
tional field, as for example an inflaton field.
Now, the Standard Big Bang cosmology success-
fully explains the relative abundances of light elements.
Therefore, a modified gravity theory cannot noticeably
change the standard evolution of the universe from the
epoch of nucleosynthesis. This means that H(z) at
znuc ∼ 109 − 1010 should not appreciably differ from
its standard value. Fig. 11 shows how the Hubble pa-
rameter move away from the case of General Relativity,
represented by the dashed line, to approach the value
Hmax as the redshift increases. The redshift zt char-
acterizing the transition between both behaviors can be
defined as the value of z at which the asymptotic lines
intersect. Since in GR with only one component there is
log(H/H0) = (3/2)(1 + ω) log(1 + z), one obtains
(1 + zt)
3(1+ω)/2 =
Hmax
H0
.
The condition zt >> znuc implies a lower bound for
Hmax. For a radiation dominated universe (ω = 1/3)
one obtains that Hmax/H0 >> 10
18.
We mention that the realization of inflationary cos-
mology without any inflaton field does not only exist in
modified teleparallel gravity, but it also appears in other
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FIG. 12: Hubble parameter as a function of the redshift for
ω = 1/3 and different values of α = Hmax/H0. The dashed
line represents the solution of General Relativity. From [188].
gravity theories such as the Einstein-Cartan framework
[76, 354]. However, one should be aware that the gen-
eration of primordial perturbations in these theories are
unclear. This is an important topic that deserves a close
study.
2. Inflation from f(T ) gravity and primordial perturbations
In the previous paragraph we investigated the real-
ization of inflationary cosmology by virtue of modified
teleparallel gravity. In the present paragraph we desire
to study inflation realization in the context of f(T ) cos-
mology. We point out that, for the case of f(T ) gravity,
since the torsion scalar can be explicitly expressed by the
Hubble parameter via T = −6H2, it is completely pos-
sible to reconstruct a viable model of f(T ) gravity that
can nicely coincide with the cosmological evolution as ob-
served. Therefore, a period of inflation at early times can
also be allowed in this method. The reconstruction of a
suitable f(T ) theory, that can describe the early universe
inflation as well as late-time acceleration, was studied in
detail in [284] (see also [355–362]). However, the authors
of that paper did not address the cosmic perturbations
and hence it remains unclear how these type of gravity
models can explain the CMB and LSS observations in a
consistent way.
Let us briefly review inflationary perturbations ob-
tained in f(T ) gravity, as they were studied in [363].
We recall that our starting point is the action S =∫
d4x|e|f(T )/(16piG). For convenience in studying the
quadratic perturbed action of this theory, in this para-
graph we temporarily impose the convention 8piG = 1.
One usually takes the conformal transformation through
the following formulation
f(T ) = FT − 2V , F ≡ df
dT
, V =
FT − f
2
. (403)
Accordingly, one can define
eˆAµ =
√
FeAµ ≡ ΩeAµ , (404)
and the torsion scalar then is transformed as
T = Ω2[Tˆ − 4∂ˆµωTˆ ρρµ + 6(∇ˆω)2] , (405)
with ∂ˆµω ≡ ∂ˆµΩ/Ω being introduced. Note that we use
the hatˆin order to denote the Jordan frame. As a result,
the original f(T ) action can be rewritten as
S =
∫
d4x
|e|
2
[
Tˆ − 4√
6
∂ˆµϕTˆ ρρµ + (∂ˆϕ)
2 − 2U(ϕ)
]
,
(406)
where we have introduced a canonical scalar field dϕ =√
6dω =
√
6dF/2F and its potential U = V/F 2.
From the above reformulated action, and as we dis-
cussed after (272) too, it is obvious to observe that
there exists an “additional” scalar-torsion coupling term,
∂ˆµϕTˆ ρρµ, which manifestly breaks the local Lorentz in-
variance and leads to extra degrees of freedom. The cor-
responding field equation can be obtained by varying the
action with respect to the vierbein eˆAµ , where one can
formulate the covariant representation as
Gµν = T
(ϕ)
µν +Hµν , (407)
where
T (ϕ)µν = ∂ˆµϕ∂ˆνϕ−
gˆµν
2
(∇ˆϕ)2 + gˆµνU (408)
is the energy-momentum tensor of the scalar field ϕ,
while
Hµν =
2√
6
(
gˆµν ∂ˆ
λϕTˆ ρρλ − ∂ˆλϕTˆνµλ − 2∂ˆνϕTˆ ρρµ
)
− 2√
6
eˆ−1gˆνλeˆAµ ∂ˆα
[
eˆ(∂ˆλϕeαA − ∂ˆαϕeλA)
]
(409)
is derived from the variation of the scalar-torsion cou-
pling. Additionally, the variation with respect to the
scalar field ϕ yields the equation of motion as
ϕ+ ∂U
∂ϕ
+
2√
6
∇ˆµTˆ ρρµ = 0 . (410)
Moreover it is interesting to notice that Gµν and T
(ϕ)
µν
are symmetric tensors, but Hµν in general is not neces-
sarily a symmetric tensor. Thus, the field equation (407)
can be further split into
Gµν = T
ϕ
µν +H(µν) , H[µν] = 0 , (411)
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where Hµν = H(µν) + H[µν]. The second equation of
(411) determines that the field equation (407) contains
16 component equations rather than 10, and hence, it
indicates that the f(T ) theory may involve more degrees
of freedom than the linear version of teleparallel gravity.
The analysis of degrees of freedom in this theory was
presented in detail in subsection V C.
The computation of the quadratic action is commonly
used in ADM formalism for the perturbation theory of
inflationary cosmology. The ADM decomposition for tor-
sion gravity theories can be found in Refs. [112, 113, 364].
It was found in [363] that the extra degrees of freedom
do not affect the main part of the quadratic action for
scalar perturbations during inflation. Here we skip the
lengthy calculation but straightforwardly write down the
quadratic actions for scalar perturbations as follows:
Sζ =
1
2
∫
dtd3xa3
[
Pζ ζ˙2 −
c2ζ
a2
(∂iζ)
2
]
, (412)
where
Pζ = 3− U
(H − ϕ˙/√6)2 , (413)
c2ζ =
1
a
d
dt
(
a
H − ϕ˙/√6
)
− 1 . (414)
It is easy to see that the coefficient Pζ characterizes the
positivity of the kinetic energy of scalar modes, while
c2ζ is the square of the speed of sound parameter which
describes the gradient propagations of scalar perturba-
tions. In order to ensure that the model is stable against
ghost and gradient instability, one needs to impose the
conditions: Pζ > 0 and c2ζ > 0.
C. Cosmic bounce
While inflation is often considered as a crucial part
of the cosmic evolution, this “standard model” of the
universe is known to suffer from several conceptual chal-
lenges. For instance, inflationary cosmology does not re-
solve the problem of the initial singularity inherited from
the hot Big Bang [365]. Moreover, it is known that the
Planck-mass suppressed corrections to the inflaton poten-
tial generally lead to masses of the order of the Hubble
scale, and then spoil the slow roll conditions rendering a
sustained inflationary stage impossible [366]. This issue
could be even worse if the field variation of the infla-
ton is super-Planckian [367]. From the perspective of
perturbation theory, if we trace backwards the cosmo-
logical perturbations observed today, their length scales
could go beyond the Planck length at the onset of infla-
tion [368, 369]. Additionally, in order to study quantum
field theory during inflation, it is inevitably necessary
to systematically study the nonlinear corrections of field
fluctuations that are on one side not ultraviolet (UV)
complete, and on the other side yield observably large in-
frared (IR) effects that were not detected in experiments
[370, 371]. Therefore, it is worth searching for possibly
extended or alternative paradigms that might not only
be as successful as inflation in phenomenologically ex-
plaining the CMB and LSS of our universe, but that can
also resolve or at least circumvent some conceptual issues
mentioned above.
Non-singular bouncing cosmologies can resolve the ini-
tial singularity problem of the inflationary ΛCDM model
and hence have attracted a lot of attention in the liter-
ature [372, 373]. Such scenarios have been constructed
through various approaches to modified gravity, such as
the Pre-Big Bang [374, 375] and Ekpyrotic [376, 377]
models, gravitational actions with higher order correc-
tions [378], the gravitational Lagrangian modified as in
Hor˘ava gravity [379–381], non-relativistic gravitational
action [382], Lagrange-multiplier gravity [383, 384], non-
linear massive gravity [385], non-local gravity [386, 387]
and the loop quantum cosmology [388–391]. A non-
singular bounce solution can also be achieved by mak-
ing use of matter fields with the NEC violation, such as
in the quintom bounce [392–394], the Lee-Wick bounce
[395, 396], the ghost condensate bounce [397–399], the
braneworld bounce [400–402], the Galileon bounce [403,
404], and the bounce models with Horndeski operators
[405–409]. A non-singular bounce may also be achieved
in a universe with non-flat spatial geometry [410, 411].
It was found that a cosmology of non-singular bounce
could explain the combined constraints of CMB obser-
vations better than that done by pure inflation models
[412–414]. We refer to [415–418] for recent reviews of
various bouncing cosmologies.
One interesting feature of f(T ) gravity is that the null
energy condition could be effectively violated. Accom-
panied with this feature, it is not surprising to look for
a series of nontrivial cosmological solutions that may re-
solve the initial singularity problem [419]. The avoidance
of the Big Bang singularity by using torsion arisen from
a cosmic spinor field can be found in [420–423]. More-
over, it has been known for many years that the coupling
between the torsion tensor and the cosmic spinor field
can lead to interesting gravitational repulsion and thus
avoid curvature singularities by violating the energy con-
dition [424–430]. In this subsection, we are interested
in searching for a non-singular bouncing solution in the
early universe within the frame of f(T ) gravity.
1. Background solutions
We are interested in examining how cosmological sce-
narios governed by f(T ) gravity can give rise to a
non-singular bounce following [419] (see also [431–436]).
There are two distinct points in such an investigation.
The first is to examine whether the background evolu-
tion allows for bouncing solutions. If this is indeed possi-
ble, then the second point is to examine the evolution of
perturbations through the bounce. The first task is the
subject of this paragraph, while the second one will be
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investigated in the next paragraph. Finally, we mention
that in order to be closer to the convention of the litera-
ture on this field, we use G as the gravitational constant,
and the connection to other works of the literature is
obtained through the known relations 8piG = 1
M2P
= κ2.
Whether a universe is expanding or contracting merely
depends on the positivity of the Hubble parameter. In
the contracting phase that exists prior to the bounce,
the Hubble parameter H is negative, while in the ex-
panding one that exists after it we have H > 0. By
making use of the continuity equations it follows that at
the bounce point H = 0. Finally, it is easy to see that
throughout this transition H˙ > 0. On the other hand,
for the transition from expansion to contraction, that is
for the cosmological turnaround, we have H > 0 before
and H < 0 after, while exactly at the turnaround point
we have H = 0. Throughout this transition H˙ < 0.
Having in mind the above general requirements for a
cosmic bounce, and observing the background Friedmann
equations (267), (268), we can find that such a behavior
can be easily obtained in principle in the context of f(T )
cosmology. In particular, one can start with a specific,
desirable form of the bouncing scale factor a(t), and thus
can derive explicitly H(t). Concerning the matter fluid
content of the universe, with an equation-of-state param-
eter wm, its evolution equation (270) straightforwardly
gives the solution ρm(t) since a(t) is already known.
Then, we can insert these relations into (267), and deter-
mine the form of f(T ), which generates a non-singular
bouncing solution. In principle the above procedure can
always be done numerically and exactly. However, in or-
der to better understand the cosmological implications,
we would like to present a specific example of a non-
singular bounce that allows the analytical calculation.
To be explicit, we consider a bouncing solution with
the scale factor of the universe evolving as
a(t) = aB
(
1 +
3
2
σt2
)1/3
, (415)
where aB is the scale factor at the bouncing point, and
σ is a positive parameter which describes how fast the
bounce takes place. Such an ansatz presents the non-
singular bouncing behavior, corresponding to matter-
dominated contraction and expansion. In addition, it has
the advantage of allowing for semi-analytic solutions. In
this ansatz the cosmic time t varies between −∞ and
+∞, with t = 0 the bounce point. In the present subsec-
tion we normalize the bounce scale factor aB to unity.
Using the definition of the Hubble parameter, one can
directly derive
H(t) =
σt
(1 + 3σt2/2)
, T (t) = − 6σ
2t2(
1 + 32σt
2
)2 . (416)
Therefore, provided −√2/3σ 6 t 6 √2/3σ, the inver-
sion of the above expression yields the following relation
t(T ) = ±
(
− 4
3T
− 2
3σ
+
4
√
Tσ3 + σ4
3Tσ2
)1/2
, (417)
where we have kept the solution pair that gives the cor-
rect (t = 0 at T = 0) behavior. Notice that when
t >
√
2/3σ and t < −√2/3σ, we have assumed that
the usual Einstein gravity, i.e. the TEGR, is the prevail-
ing framework, thus negating the need to pursue an f (T )
action in that region. Furthermore, we assume the mat-
ter content of the universe to be dust, with an equation-
of-state parameter wm ≈ 0. Inserting this matter fluid
into the continuity equation, one can easily arrive at the
usual dust evolution, namely ρm = ρmBa
3
B/a
3, with ρmB
its value at the bouncing point.
Inserting the above expressions into (267) we obtain
a differential equation for the reduced form F (t), which
can be easily solved analytically as
F (t) =
4t
(2 + 3σt2)M2P
×
[
ρmB
t
+
6tM2Pσ
2
2 + 3t2σ
+
√
6σρmB ArcTan
(√
3σ
2
t
)]
. (418)
We mention that in the calculation we have set the in-
tegration constant to be zero, in order for the solution
to be consistent with the Friedmann equation. Thus, the
corresponding f(T ) expression that generates a bouncing
scale factor of the form (415) arises from expression (418)
with the insertion of the t(T ) relation from (417). Note
that the solution (418) is an even function of t, and thus
the ± solutions of (417) correspond to the contraction
and expansion phase respectively. Obviously, they give
the same form of f(T ).
In order to present the above process more clearly,
in Fig. 13 we numerically depict the reduced form of
F (T ) that generates the dust-dominated bouncing so-
lution as desired. We particularly choose the parame-
ters as follows: aB = 1, σ = 7 × 10−6M2P , and ρmB =
1.41× 10−5M4P . We note that the value of σ mainly re-
lies on the amplitude of the CMB spectrum, and that of
ρmB depends on how fast the standard Einstein gravity
is recovered in f(T ) gravity.
Furthermore, we numerically evolve the F (T ) and the
Hubble parameter H as functions of the cosmic time in
Figs. 14 and 15 respectively. In particular, Fig. 14 shows
that the evolution of F (T ) is symmetric with respect to
the bouncing point tB = 0. At the bouncing point F (T )
arrives at a minimal value ρmB/M
2
P , which happens to
cancel the contribution of normal matter fields, and thus
leads to the non-singular bounce. From Fig. 15, one can
deduce that the background evolution of the universe fol-
lows the usual Einstein gravity away from the bouncing
phase, but it is dominated by F (T ) in the middle pe-
riod. These feature are completely consistent with the
analytical designs of the scenario as discussed previously.
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FIG. 13: Numerical result on the reduced form of F as a
function of the torsion scalar T in the dust-dominated non-
singular bounce cosmology. The model parameters are chosen
as: σ = 7×10−6M2P and ρmB = 1.41×10−5M4P , respectively.
The graph is plotted in units of MP . From [419].
FIG. 14: Numerical result on the evolution of the reduced
form F in terms of the cosmic time t, in the dust-dominated
non-singular bounce cosmology. The model parameters are the
same as those provided in Fig. 13. The graph is plotted in
units of MP . From [419].
FIG. 15: Numerical result on the evolution of the Hubble
parameter H in terms of the cosmic time t, in the dust-
dominated non-singular bounce cosmology. The model param-
eters are the same as those provided in Fig. 13. The graph is
plotted in units of MP . From [419].
2. Perturbation analysis
In order to examine the stability issue and to explore
an interpretation of the CMB observations alternative to
inflation, in the following we perform a perturbation anal-
ysis within the non-singular bouncing background. In
our scenario, cosmological perturbations arise from quan-
tum fluctuations of space-time in the contracting phase.
Along with the dust-dominated contraction, these quan-
tum fluctuations can exit the Hubble radius, since the
Hubble radius decrease faster than the physical wave-
lengths of perturbation modes. When passing through
the bouncing point, the background evolution could af-
fect the scale dependence of the perturbations at ultra-
violet scales. However, the observable primordial pertur-
bations, responsible for the large scale structure of our
universe, are mainly originated in the infrared regime,
where the modified gravity effect becomes very limited
(see for example [395, 437–440]). In the following, we
study the perturbation theory in f(T ) cosmology in de-
tail, and we verify these statements in a specific model
of matter bounce cosmology.
To begin with, and following the analysis of subsection
V E, we shall work in the longitudinal gauge which only
involves scalar-type metric perturbations as
ds2 = (1 + 2Φ)dt2 − a2(t)(1− 2Ψ)d~x2 . (419)
As usual, the scalar metric perturbations are character-
ized by two functions Φ and Ψ. Correspondingly, the per-
turbation of the torsion scalar at leading order is given
by
δT = 12H(Φ˙ +HΨ) . (420)
By expanding the gravitational equations of motion to
linear order, we obtain the (00), (0i), (ij) and (ii) com-
ponent perturbation equations, which take the forms of
(1 + FT )
∇2
a2
Ψ− 3(1 + FT )HΨ˙− 3(1 + FT )H2Φ
+ 36FTTH
3(Ψ˙ +HΦ) = 4piG δρm , (421)
(1 + FT − 12H2FTT )(Ψ˙ +HΦ) = 4piG δq , (422)
(1 + FT )(Ψ− Φ) = 8piG δs , (423)
and
(1 + FT − 12H2FTT )Ψ¨ +H(1 + FT − 12H2FTT )Φ˙
+ 3H(1 + FT − 12H2FTT − 12H˙FTT + 48H2H˙FTTT )Ψ˙
+ [3H2(1 + FT − 12H2FTT )
+ 2H˙(1 + FT − 30H2FTT + 72H4FTTT )]Φ
+
1 + FT
2a2
∇2(Ψ− Φ) = 4piG δpm , (424)
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respectively. The functions δρm, δpm, δq, and δs are
the fluctuations of energy density, pressure, fluid veloc-
ity, and anisotropic stress, respectively. If we consider
the matter sector as a canonical scalar field φ with a La-
grangian of the form of L = 12∂µφ∂µφ − V (φ), then we
can write down
δρm = φ˙(δφ˙− φ˙Φ) + V,φδφ , (425)
δq = φ˙δφ , (426)
δs = 0 , (427)
δpm = φ˙(δφ˙− φ˙Φ)− V,φδφ , (428)
respectively. The above equations can be simplified as
follows. We first insert the relation (427) into Eq. (423)
and obtain Ψ = Φ due to a vanishing anisotropic stress.
Moreover, we combine (422) and (426) and then find that
Φ is completely determined by the scalar field fluctuation
δφ in our case. We notice this nice property applies only
to the present case but is not true in general situation
[255]. Accordingly, for our choice of the tetrad given in
(264), there exists only a single scalar degree of freedom.
Note that there is another equation of motion to describe
the dynamics of cosmological perturbations, namely the
perturbed equation for δφ. However, it can be shown
that this equation is consistent with (421) and (424) by
applying (422).
Combining (421), (422) and (424), one can derive the
key equation of motion for one Fourier mode of the grav-
itational potential Φk as
Φ¨k + αΦ˙k + µ
2Φk + c
2
s
k2
a2
Φk = 0 , (429)
with
α = 7H +
2V,φ
φ˙
− 36HH˙(FTT − 4H
2FTTT )
1 + FT − 12H2FTT , (430)
µ2 = 6H2 + 2H˙ +
2HV,φ
φ˙
− 36H
2H˙(FTT − 4H2FTTT )
1 + FT − 12H2FTT , (431)
c2s =
1 + FT
1 + FT − 12H2FTT . (432)
The functions α, µ2 and c2s stand for the frictional term,
the effective mass, and the sound speed parameter for
the gravitational potential Φ, respectively. Moreover, we
recall that the background equation of motion for the
matter field takes the form of: φ¨ + 3Hφ˙ + V,φ = 0; and
the second Friedmann equation in our case reads: (1 +
FT − 12H2FTT )H˙ = −4piGφ˙2. Consequently, making
use of these two background equations, Eq. (429) can be
further simplified to be
Φ¨k +
(
H − H¨
H˙
)
Φ˙k +
(
2H˙ − HH¨
H˙
)
Φk +
c2sk
2
a2
Φk = 0 .
(433)
As a result, we find that the perturbation equation for
the gravitational potential in the present scenario is the
same as in the case of standard Einstein gravity [144],
apart from the newly introduced sound speed square pa-
rameter c2s. This important feature is a key for us to
explore potential implications of f(T ) gravity in cosmo-
logical surveys.
One often uses a gauge-invariant variable ζ, the curva-
ture fluctuation in comoving coordinates, to characterize
the cosmological inhomogeneities. In the scenario under
consideration, we take the form of ζ the same as that
defined in standard perturbation theory, namely
ζ ≡ Φ− H
H˙
(
Φ˙ +HΦ
)
, (434)
however note that strictly speaking, even using the same
variables and equations, one should now talk about “tor-
sion fluctuation”. A useful relation for the time derivative
of ζ can be obtained by applying Eq. (433), that is
ζ˙k =
H
H˙
c2sk
2
a2
Φk . (435)
In a generic expanding universe ζ˙k approaches zero at
large length scales, namely k → 0, since the dominant
mode of Φk is then nearly constant. However, in bounce
cosmology the metric perturbation Φk in the contracting
phase is dominated by a growing mode, and therefore ζ
keeps increasing until the bounce point [438].
We mention that the variable ζ could become ill-
defined when H˙ changes the sign. This issue was exten-
sively studied in many aspects of cosmological pertur-
bation theory. At present, our understanding on a well-
defined cosmological perturbation theory is to require the
metric perturbation and the corresponding extrinsic cur-
vature to behave smoothly throughout the background
evolution. The discussion on this topic appeared in [437],
and we refer to [320, 395, 438–441] for detailed analyses
from various perspectives. In the following calculations
we still use ζ merely since it is convenient to perform the
analytic calculation away from the bouncing phase.
In order to further simplify the calculation, we intro-
duce a canonical variable of the cosmological perturba-
tion through
v = zζ , (436)
with z ≡ a√2 and  ≡ − H˙H2 . Afterwards, one can
rewrite the key perturbation equation as
v′′k + (c
2
sk
2 − z
′′
z
)vk = 0 , (437)
where the prime denotes derivative with respect to the
comoving time τ ≡ ∫ dt/a. In order to perform a
specific analysis we recall that in the matter-like con-
tracting phase (as obtained in the previous paragraph
of the background solution) the scalar factor evolves as
53
a ∼ t2/3 ∼ τ2, and that z ∝ a. By solving the back-
ground equations one obtains the following approximate
relations
H ' 2
3t
, F (T ) '
(
−1 + ρmB
2M2Pσ
)
T , (438)
that hold far before the beginning of the bouncing era
tm = −
√
2
3σ . As we mentioned above, ρmB is the energy
density of the matter field at the bouncing point and σ
describes how fast the bounce takes place. Therefore,
the sound speed of the curvature perturbation reverts to
c2s ' 1 in the matter-like contracting phase.
Inserting the F (T ) form of (438) into the action (262),
we find that the standard Einstein gravity will auto-
matically be recovered when ρmB ' 2M2Pσ. Particu-
larly, when ρmB exactly equals to 2M
2
Pσ, we get F (T ) ∼
O(T 2), which will dilute faster than the Ricci scalar dur-
ing late-time evolution. Even when ρmB is not equal to
2M2Pσ, it is clear that the system satisfies GR with a
rescaled gravitational constant. Thus, the combination
of ρmB and σ could, in principle, be constrained by mea-
surements of the gravitational constant. In our computa-
tion we choose ρmB to be slightly different from 2M
2
Pσ,
thus our model is able to approach the standard Einstein
theory far away from the bounce. As a consequence, the
perturbation equation in the contracting phase becomes
v′′k +
(
k2 − 2
τ2
)
vk ' 0 . (439)
Initially the k2-term dominates in (439) and thus we can
neglect the gravitational term. This implies that the fluc-
tuation corresponds to a free scalar propagating in a flat
space-time, and thus the initial condition naturally takes
the form of the Bunch-Davies vacuum: vk ' e−ikτ√2k . Mak-
ing use of the vacuum initial condition we can solve the
perturbation equation exactly and yield
vk =
e−ikτ√
2k
(
1− i
kτ
)
. (440)
From this result we can find that the quantum fluctua-
tions could become classical perturbations, after exiting
the Hubble radius, due to the gravitational term in Eq.
(439). Moreover, the amplitude of the metric perturba-
tions keeps increasing until the universe arrives at the
bouncing phase at the moment tm.
From the definition of the power spectrum we see that
ζ ∼ k3/2|vk| is scale-invariant in our model, which can
also be achieved in inflationary cosmology. However, the
coefficient  takes the value 32 in the matter-like contrac-
tion and thus it is unable to amplify the power spectrum
of metric perturbation as in inflation. A detailed calcu-
lation provides the expression of the primordial power
spectrum for the f(T ) matter bounce as
Pζ ≡ k
3
2pi2
∣∣∣vk
z
∣∣∣2 = H2m
48pi2M2P
, (441)
where Hm =
√
σ/6 is the absolute value of the Hub-
ble parameter at the beginning moment of the bouncing
phase.
It is important to notice that the bouncing cosmol-
ogy analyzed above yields the amplitude of primordial
scalar perturbation to be of the same order of the tensor
spectrum. This implies that the scenario of f(T ) mat-
ter bounce suffers from the issue of explaining the small
value of tensor-to-scalar ratio, defined as r ≡ PT /Pζ , as
observed in the CMB experiments. Consequently, the
specific model discussed above is enough to demonstrate
the theoretical fact that the initial Big Bang singularity
can be avoided in the f(T ) gravity, as well as to ex-
plain part of the CMB observations. However, in order
to make this model consistent with cosmological observa-
tions on the value of r, one needs to design certain mech-
anisms to magnify the amplitude of scalar-type metric
perturbations. This issue can be resolved by introduc-
ing additional light scalar fields, as in the bounce cur-
vaton scenario [442–444]. These scalars are able to seed
isocurvature fluctuations, and then transfer to a scale-
invariant spectrum of the adiabatic fluctuations during
the non-singular bouncing phase, through the so-called
kinetic amplification. Thus, we obtain a mechanism for
enhancing the primordial adiabatic fluctuations and sup-
pressing the tensor-to-scalar ratio. The study on more
general mechanisms is an important direction for future
projects in the field of f(T ) early universe.
D. Cosmological solutions by Noether Symmetry
Approach
In this subsection we will present a different but
very helpful way to extract cosmological solutions in
f(T ) gravity, based on Noether symmetries, following
[445, 446]. We start by constructing the point-like La-
grangian of f(T ) gravity. Starting from the usual ac-
tion S = ∫ d4x |e| f(T ) + Sm, and following [447–451],
one can define a canonical Lagrangian L = L(a, a˙, T, T˙ ),
with Q = {a, T} the configuration space and T Q =
{a, a˙, T, T˙} the related tangent bundle on which L is de-
fined. The scale factor a(t) and the torsion scalar T (t) are
taken as independent dynamical variables, and hence one
can use the Lagrange mutipliers method in order to set T
as a constraint of the dynamics (recall that T = −6H2),
namely [445, 446]
S =
∫
dt a3
[
f(T )− λ
(
T + 6
a˙2
a2
)
− ρm0
a3
]
, (442)
where λ is a Lagrange multiplier, and ρm0 is the value
of the matter energy density at the present scale factor
a0 = 1. Since variation with respect to T gives λ = fT ,
the action (442) gives the point-like Lagrangian
L(a, a˙, T, T˙ ) = a3 (f − fTT )− 6fTaa˙2 − ρm0 . (443)
The above point-like Lagrangian can give rise to the
Friedmann equations of f(T ) gravity, namely (267),(268).
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Firstly, substituting (443) into the Euler-Lagrange equa-
tion ddt
(
∂L
∂q˙i
)
− ∂L∂qi = 0, where in the present case the
generalized coordinates qi of the configuration space Q
are just a and T , we obtain
a3fTT
(
T + 6
a˙2
a2
)
= 0 , (444)
f − fTT + 2fTH2 + 4
(
fT
a¨
a
+HfTT T˙
)
= 0 .(445)
Note that if fTT 6= 0 then (444) recovers the relation
T = −6H2 as the Euler constraint of the dynamics.
Substituting it into (445) one additionally recovers the
Raychaudhuri equation (268) (with pm = 0), namely
48H2fTT H˙ − 4fT
(
3H2 + H˙
)
− f = 0 . (446)
Secondly, the Hamiltonian H = ∑
i
∂L
∂q˙i
q˙i−L correspond-
ing to Lagrangian L becomes
H(a, a˙, T, T˙ ) = a3
(
−6fT a˙
2
a2
− f + fTT + ρm0
a3
)
,
(447)
and hence the Hamiltonian constraint H = 0 eventu-
ally gives rise to the first Friedmann equation (267)(with
ρm = ρm0/a
3), namely
12H2fT + f =
ρm0
a3
. (448)
As we know, Noether symmetry can be a useful tool to
obtain specific solutions motivated at a fundamental level
[447, 448, 452, 453]. In the case of f(T ) cosmology, the
generator of Noether symmetry is the vector [445, 446]
X = α
∂
∂a
+ β
∂
∂T
+ α˙
∂
∂a˙
+ β˙
∂
∂T˙
, (449)
where α = α(a, T ) and β = β(a, T ) are functions of the
generalized coordinates a and T . Hence, a Noether sym-
metry exists if the equation
LXL = XL = α∂L
∂a
+ β
∂L
∂T
+ α˙
∂L
∂a˙
+ β˙
∂L
∂T˙
= 0, (450)
where LXL is the Lie derivative of the Lagrangian L
with respect to the vector X, has a solution, and the
corresponding Noether charge will be [445, 446]
Q0 =
∑
i
αi
∂L
∂q˙i
= α
∂L
∂a˙
+ β
∂L
∂T˙
= const. (451)
Substituting (443) into (450), and using that α˙ =
(∂α/∂a) a˙+ (∂α/∂T ) T˙ , β˙ = (∂β/∂a) a˙+ (∂β/∂T ) T˙ , we
find
3αa2 (f − fTT )− βa3fTTT − 12aa˙T˙ ∂α
∂T
−6a˙2
(
αfT + βafTT + 2afT
∂α
∂a
)
= 0 . (452)
Thus, requiring the coefficients of a˙2, T˙ 2 and a˙T˙ to be
zero separately [445, 446], we acquire
a
∂α
∂T
= 0 , (453)
αfT + βafTT + 2afT
∂α
∂a
= 0 , (454)
3αa2 (f − fTT )− βa3fTTT = 0 . (455)
The constraint (455) is the Noether condition and the
corresponding Noether charge (451) reads
Q0 = −12αfTaa˙ = const. (456)
If one finds explicit forms α and β, with at least one
of them different from zero, that can satisfy (453), (454)
and (455), then Noether symmetry exists. After some
simple algebra, one can find [445, 446]
f(T ) = µTn , (457)
α(a) = α0 a
1−3/(2n) (458)
β(a, T ) = −3α0
n
a−3/(2n) T , (459)
where µ and α0 are integration constants. Finally, one
can easily find the solution for the scale factor that cor-
responds to the above f(T ) form, namely [445, 446]
a(t) = (−1)1+2n/3 3
2n
(c2t− c3)2n/3 , (460)
where
c2 =
[
Q0
−12α0µn(−6)n−1
]1/(2n−1)
, (461)
and c3 is an integration constant. Hence, at late times
(|c2t|  |c3|) the universe expands in a power-law form
(for n > 0).
Lastly, one can calculate the physical quantities cor-
responding to the above exact solution. In particular,
the effective dark energy density and pressure straight-
forwardly become
ρDE = 6H
2 − f − 12H2fT , (462)
pDE = −ρDE − 4
(
12H2fTT − fT + 1
)
H˙ . (463)
Hence, the dark energy equation-of-state parameter be-
comes
wDE = − 8n(n− 1) 3
n
8n2 · 3n − 3µ(8n − n · 21+3n)(−n2)n t2(1−n) ,(464)
while the total one reads
wtot ≡ ptot
ρtot
=
1
3
(2q − 1) = 1
n
− 1 . (465)
Therefore, for n > 3/2 we have wtot < −1/3, that is we
acquire acceleration.
We close this subsection by mentioning that with the
above Noether symmetry approach we can find which
f(T ) forms can have a theoretical justification, instead of
considering them arbitrarily by hand. For more details
the reader could see [445, 446, 454–457].
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E. Anisotropic cosmology
So far we have investigated the cosmological solutions
provided by f(T ) gravity in the frame of FRW universe.
In a more generic case, the background manifold could
be anisotropic. In the standard cosmological paradigm
described by GR, the evolution from an anisotropic uni-
verse into an FRW one can be achieved by a period of
inflationary expansion. However, it is interesting to ex-
amine whether f(T ) gravity can accommodate with an
anisotropic universe. Especially, f(T ) gravity itself is
constructed upon the vierbein, that naturally gives rise
to a non-vanishing anisotropic stress at the perturbative
level, as it was shown in Sec. V E. The solutions of an
anisotropic universe governed by f(T ) gravity have been
studied in detail in the literature (for instance see [458–
466]).
In the present subsection we study the realization of
anisotropic evolution in f(T ) cosmology. In particular,
we assume more general cosmological metrics than the
FRW one, namely the Bianchi type-I, the Kantowski-
Sachs (KS) and the Bianchi type-III ones, in order to
provide a more general description of the cosmological
evolution. Note that anisotropic cosmological metrics
have been already studied in the context of GR with
the presence of isotropic and anisotropic fluids [467–469].
Moreover, we desire to obtain several representative re-
sults in this scenario, such as power-law and de Sitter
(dS) expansions. Since power-law and dS solutions can
provide a good description for some specific phases of the
universe evolution, their reconstruction in f(T ) gravity
becomes a crucial point in order to consider this class of
theories as a serious candidate for explaining the cosmo-
logical history.
Let us consider the energy momentum tensor of the
matter sector to be: Tµν = diag(1,−ωx,−ωy,−ωz)ρm,
where the ωi are the effective equation-of-state parame-
ters corresponding to the pressures pi along spatial direc-
tions with i = x, y, z. The general Bianchi type-III case
metric reads
dS2 = dt2−A2(t)dx2−e−2αxB2(t)dy2−C2(t)dz2 , (466)
with a constant α. Hence, Bianchi type-I can be obtained
for α = 0, while Kantowski-Sachs is acquired for α = 0
and B(t) = C(t). Accordingly, we take the following set
of diagonal tetrads producing the metric (466):
eAµ = diag
(
1, A(t), e−αxB(t), C(t)
)
, (467)
with determinant e = e−αxABC. Correspondingly, in-
serting the above vierbein into the torsion tensor (228)
and into the contorsion tensor (232) we obtain their com-
ponents as
T 101 =
A˙
A
, T 202 =
B˙
B
, T 221 = α , T
3
03 =
C˙
C
,
(468)
K011 =
A˙
A
, K022 =
B˙
B
, K122 =
α
A2
, K033 =
C˙
C
,
(469)
respectively. Additionally, the components of the super-
potential tensor S µνα defined in (238) become
S 010 = S
31
3 =
α
2A2
, S 101 =
1
2
(
B˙
B
+
C˙
C
)
,
S 202 =
1
2
(
A˙
A
+
C˙
C
)
, S 303 =
1
2
(
A˙
A
+
B˙
B
)
.(470)
Inserting these into the torsion scalar (261) we acquire
T = −2
(
A˙B˙
AB
+
A˙C˙
AC
+
B˙C˙
BC
)
. (471)
Finally, the equations of motion (263) then become [460]
16piρm = f + 4fT
[ A˙B˙
AB
+
A˙C˙
AC
+
B˙C˙
BC
− α
2
2A2
]
, (472)
−16pipx = f + 2fT
[
B¨
B
+
C¨
C
+
A˙B˙
AB
+
A˙C˙
AC
+ 2
B˙C˙
BC
]
+2
(
B˙
B
+
C˙
C
)
T˙ fTT , (473)
−16pipy = f + 2fT
[
A¨
A
+
C¨
C
+
A˙B˙
AB
+ 2
A˙C˙
AC
+
B˙C˙
BC
]
+2
(
A˙
A
+
C˙
C
)
T˙ fTT , (474)
−16pipz = 2fT
[
A¨
A
+
B¨
B
+ 2
A˙B˙
AB
+
A˙C˙
AC
+
B˙C˙
BC
− α
2
A2
]
+f + 2
(
A˙
A
+
B˙
B
)
T˙ fTT , (475)
0 =
α
2A2
[(
A˙
A
− B˙
B
)
fT − T˙ fTT
]
, (476)
0 = α
(
A˙
A
− B˙
B
)
fT . (477)
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Note that, the constraint equation (477) appears in f(R)
gravity too [470]. However, one can acquire a second
constraint equation, namely (476), which appears as a
generalization of (477) due to a second derivative of the
function f(T ) with respect to T . As mentioned above,
by setting α = 0 one can recover the Bianchi type-I case,
while the equations of motion corresponding to KS model
are obtained by setting α = 0 and B = C.
Let us now try to reconstruct the f(T ) action for some
particular metric ansatzen analyzed previously. In par-
ticular, in separate paragraphs we consider solutions of
de Sitter and power-law expansions. We mention that
these kind of evolutions have been studied in detail in
f(R) and Gauss-Bonnet modified gravity [471–474].
1. De Sitter solutions
The de Sitter solution is well known since it is a perfect
approximation of early universe inflation, corresponding
to exponential expansion. We start by considering for
simplicity Bianchi type-I and Kantowski-Sachs metrics,
thus taking α = 0 in (466). We consider exponential
expansion in each spatial direction, namely
A = A0e
at , B = B0e
bt , C = C0e
ct , (478)
and thus the corresponding expansion rates are given by
Hx =
A˙
A
= Hx0 , Hy =
B˙
B
= Hy0 , Hz =
C˙
C
= Hz0 ,
(479)
where Hx0 = a,Hy0 = b,Hz0 = c are constants. Then,
the conservation equation for the energy-momentum ten-
sor can be easily obtained, namely
ρ˙m + (Hx +Hy +Hz) ρm +Hxpx +Hypy +Hzpz = 0.
(480)
Additionally, the torsion scalar from (471) becomes
T0 = −2 (Hx0Hy0 +Hx0Hz0 +Hy0Hz0) . (481)
Imposing px = py = pz = pm and an equation-of-state
parameter w = pm/ρm, Eq. (480) for the choice (478)
can be solved as
ρm = ρm0e
−(Hx0+Hy0+Hz0)(1+w)t . (482)
Thus, the equations of motion (472)-(477) become
16piρm0e
−(Hx0+Hy0+Hz0)(1+w)t = f(T0)
+ 4 [Hx0Hy0 +Hz0(Hx0 +Hy0)] fT (T0) ,
(483)
− 16piwρm0e−(Hx0+Hy0+Hz0)(1+w)t = f(T0)
+ 2(Hy0 +Hz0)(Hx0 +Hy0 +Hz0)fT (T0) ,
(484)
− 16piwρm0e−(Hx0+Hy0+Hz0)(1+w)t = f(T0)
+ 2(Hx0 +Hz0)(Hx0 +Hy0 +Hz0)fT (T0) ,
(485)
− 16piwρm0e−(Hx0+Hy0+Hz0)(1+w)t = f(T0)
+ 2(Hx0 +Hy0)(Hx0 +Hy0 +Hz0)fT (T0) .
(486)
We mention that in the presence of a perfect fluid the
only possible solution is the one arising from w = −1
(unless Hx0 + Hy0 + Hz0 = 0, but such a case would
correspond to decelerating expansion at least in one di-
rection). Therefore, the only possible solution reads
A(t) = B(t) = C(t), (487)
i.e. Hx0 = Hy0 = Hz0 = H0. Hence, in this case the
metric (466) becomes the usual FRW one with expo-
nential expansion, namely A(t) = A0e
H0t. Summariz-
ing, the only solution when the pressures are equal, i.e.
px = py = pz, for a pure de Sitter expansion in Bianchi-I
and Kantowski-Sachs metrics leads to an FRW geome-
try. Finally, in this case the equation system (481)-(486)
reduces to the sole independent equation
16piρm0 = f(T0) + 12H
2
0fT (T0). (488)
Considering [460]
f(T ) = (−T )n , (489)
where n is a constant, equation (488) leads to the solution
H20 =
1
6
(
16piρm0
1− 2n
)1/n
, (490)
and thus n ≤ 1/2. In this case the de Sitter solution is
triggered by ρm0, which is a cosmological-constant term
due to the fact that w = −1.
Considering [460]
f(T ) = C1T + C2 (−T )n , (491)
with C1, C2, n constants, equation (488) in vacuum can
be explicitly solved for specific n. For example, for n = 2
it leads to the solution
H0 =
√
C1
18C2
, (492)
and thus the de Sitter phase is triggered by the f(T )
sector itself.
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2. Power-law solutions
We now study the cosmological evolution correspond-
ing to power-law expansions along spatial coordinates. In
this situation, the scale functions for the Bianchi-I and
Kantowski-Sachs metric (466) (i.e. for (α = 0)) become
A(t) = A0t
a , B(t) = B0t
b , C(t) = C0t
c , (493)
where a, b, c and A0, B0, C0 are parameters. The various
expansion rates become
Hx =
a
t
, Hy =
b
t
, Hz =
c
t
, (494)
and moreover the torsion scalar (471) reads
T = −2
(
ab
t2
+
ac
t2
+
bc
t2
)
. (495)
Substituting the above expressions into the field equa-
tions (472)-(475) we obtain [460]:
16piρm(T ) = f(T )− 2TfT (T ) , (496)
− 16piwρm(T ) = f(T ) + (b+ c)(1− a− b− c)
bc+ a(b+ c)
TfT (T )
+ 2
(b+ c)
bc+ a(b+ c)
T 2f,TT (T ) , (497)
− 16piwρm(T ) = f(T ) + (a+ c)(1− a− b− c)
bc+ a(b+ c)
TfT (T )
+ 2
(a+ c)
bc+ a(b+ c)
T 2fTT (T ) , (498)
− 16piwρm(T ) = f(T ) + (a+ b)(1− a− b− c)
bc+ a(b+ c)
TfT (T )
+ 2
(a+ b)
bc+ a(b+ c)
T 2fTT (T ) , (499)
where we have made the simplified assumption px = py =
pz = pm as well as w = pm/ρm. The continuity equation
(480) leads to the solution
ρm = ρm0 t
−(a+b+c)(1+w)
= ρm0
(
− T
2(ab+ ac+ bc)
) (a+b+c)(1+w)
2
, (500)
while equations (496)-(499) give
f(T ) = c1
√−T + c2 T
(1+w)(a+b+c)
2 , (501)
with c1 an integration constant and c2 a constant given
by
c2 =
24−(1+w)(a+b+c)/2piρm0
[−1 + (1 + w)(a+ b+ c)] [−bc− a(b+ c)] (1+w)(a+b+c)2
.
(502)
Note that in order to have real solutions, (1 + w)(a +
b + c) = has to be an even number. Finally, in order
to obtain consistency, the following relations have to be
imposed:
1. c = 1−w(a+b)w , with w 6= 0. This case corresponds
to an anisotropic solution, with A(t), B(t) and C(t)
being different than (493).
2. a = b = c. In this case the cosmological evolution
expressed by (493) reduces to the FRW case.
Lastly, we mention that in vacuum, only an FRW solution
is possible.
3. Bianchi type-III solutions
Let us now examine the more complicated Bianchi-
III case. The complication arises from the constraint
equations (476) and (477). In particular, (477), gives
A˙/A = B˙/B, which combining with (476) yields
T˙ fTT = 0 . (503)
This implies that either T˙ = 0 or fTT = 0. Since the sec-
ond case corresponds to TEGR, we restrict our analysis
to the first one.
Relation T˙ = 0 implies a constant torsion scalar,
namely (471) gives
A˙2
A2
+ 2
A˙C˙
AC
= K , (504)
with K a positive constant. Considering A = Cn, with
n > 0 or n < −2, (504) yields
C(t) = c3e
(
±
√
K
n(n+2)
t
)
(505)
A(t) = B(t) =
 cn3 e
(
−n
√
K
n(n+2)
t
)
, for n < −2
cn3 e
(
n
√
K
n(n+2)
t
)
, for n > 0 ,
(506)
where c3 is a positive constant. Hence, the expansion
rate for all three spatial directions is constant, i.e. we
obtain a de Sitter universe.
The remaining equations, namely (472)-(475), can now
be straightforwardly solved, leading to [460]
f(T ) = c4 exp [R(n)T ] , (507)
with c4 is an integration constant and
R(n) =
n(n+ 2)(ωz + 1)
2K [2n(n− 1)ωx − (ωz + 1)(2n2 + 3n+ 1)] .
We mention that for n = 1 and ωx = ωz we re-obtain
(487) as expected.
F. Observational constraints
As we have analyzed in detail, the paradigm of f(T )
gravity can give rise to a late-time accelerated expansion
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in a universe filled with regular matter. In this mecha-
nism, the cosmic speed up is driven by the space-time tor-
sion, that can be effectively treated as a dark fluid whose
equation-of-state parameter can be determined by the
form of f(T ). Hence, given a specific f(T ) scenario, one
can compare the dynamical evolution predicted by this
model with the observational data and then examine how
it is constrained or whether it is ruled out [193, 309, 475–
481].
In this subsection we follow the work of [476] and con-
sider two particular examples for f(T ), which possess
the nice property to emulate the phantom-divide cross-
ing. Using these f(T ) forms, one can examine their vi-
ability confronting the predicted background evolution
with the observed one through the SNIa and Gamma
Ray Bursts (GRBs), the measurement of the rate expan-
sion H(z), the BAOs at different redshifts, and the CMB
distance priors. One may further distinguish them re-
lying on the different growth factors. We would like to
mention that all data sets are not up-to-date, since the
study in the present subsection is merely to demonstrate
the data analysis method of constraining f(T ) models
rather than to report on the latest observational data.
We are interested in models that are able to describe
the phantom-divide crossing. Two such models are [197]
F (T ) ≡ f(T )− T = α(−T )n tanh
(T0
T
)
, (508)
F (T ) ≡ f(T )− T = α(−T )n
[
1− exp
(
− pT0
T
)]
, (509)
where the subscript 0 marks the present value. In the first
model (called “the tanh model”) one must set n > 3/2
in order to obtain an effective dark-energy fluid with a
positive-defined energy density, whereas for the second
model (called “the exp model”) the same requirement
leads to n > 1/2. The parameter α can be expressed in
terms of the present-day quantities as
αtanh = −
(
6H20
)1−n
(1− Ωm0 − Ωr0)
2sech2(1) + (1− 2n) tanh (1) , (510)
αexp = −
(
6H20
)1−n
(1− Ωm0 − Ωr0)
1− 2n− (1− 2n+ 2p)ep , (511)
for the tanh and exp model respectively.
We recall that the effective equation-of-state parame-
ter of the dark fluid arising from f(T ) sector has been
defined in (373). One can insert (508),(509) into the def-
inition (373) and derive the explicit expressions for the
two models. In Figs. 16 and 17 we can see the dependence
of its present day value wT (z = 0) on the f(T ) param-
eters, respectively for the tanh and exp model. Since
ΛCDM paradigm fits the data very efficiently, we expect
that in order to be able to fit the data the parameters
of both models would be constrained in a region corre-
sponding to wT (0) ≈ −1. Fig. 16 reveals that this fa-
vors values of n ' 1.6 for the tanh model, and that the
larger the n is the smaller Ωm0 must be in order to ob-
tain an effective equation-of-state parameter close to the
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FIG. 16: Today’s value of the torsion-induced, effective dark-
energy equation-of-state parameter, for the tanh model in
(508), for Ωm0 = 0.20 ( dashed-dotted blue), Ωm0 = 0.25
(solid-black), and Ωm0 = 0.30 (dashed-red). From [476].
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FIG. 17: Likelihood contours in the (n, p) plane for the exp
model in (509), having set wT (z = 0) = −1, and Ωm0 = 0.20
(dashed-dotted blue), Ωm0 = 0.25 (solid black), and Ωm0 =
0.30 (dashed red). From [476].
ΛCDM one at present. For the exp model Fig. 17 shows
that for given (Ωm0, n) values there can be models with
different p but with the same wT (0) = −1. The (n, p)
parameters are thus degenerate and hence the condition
wT (0) = −1 cannot distinguish amongst different param-
eter sets. Hence, taking into account the evolution of wT ,
and not only its present value, will break the degeneracy
among (n,Ωm0) for the tanh model and among (n, p) for
the exp one.
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1. f(T ) gravity versus cosmological data
In order to examine whether f(T ) gravity can be con-
sistent with the observed Universe, we study the param-
eter space of a fixed model by analyzing the likelihood
function as follows
L(p) = Lµ(p)× LH(p)× LBAO(p)× LCMB(p) , (512)
where model parameters are
p =
{
(Ωm, h, n)
(Ωm, h, n, p)
respectively for the tanh and exp models. Note that h
is the Hubble constant H0 in units of 100 kms
−1Mpc−1,
and today’s radiation density parameter is set to be
Ωr = ωγh
−2(1 + 0.2271Neff ) ,
with (ωγ , Neff ) = (2.469×10−5, 3.04) in agreement with
WMAP7 data [169] (note that the data are not up-to-
date since here we are interested in demonstrating the
procedure of data analysis rather than to investigate the
latest observational constraints).
All terms in (512) are expressed as:
Li(p) =
exp
[−χ2i (p)/2]
(2pi)Ni/2Γ1/2i
,
where (Ni,Γi, χ2i ) are determined by the detailed dataset.
The first refers to the Hubble diagram. This gives the
distance modulus µ as a function of the redshift z via
the following relation:
µ(z) = 25 + 5 log dL(z) = 25 + 5 log [(1 + z)r(z)] , (513)
where dL(z) = (1 + z)r(z) is the luminosity distance and
r(z) =
c
H0
∫ z
0
dz′
E(z′,p)
(514)
is the comoving distance. For instance, one can apply
both the Union2 SNIa dataset [343], comprisingNSNeIa =
557 objects with 0.015 ≤ z ≤ 1.40, and NGRB = 64
GRBs to probe the redshift range 1.48 ≤ z ≤ 5.60 with
the distance modulus estimated in [482]. For both data
sets we have
Γi =
Ni∏
j=1
(
σ2j + σ
2
int
)
,
χ2i =
Nj∑
j=1
[µobs(zj)− µth(zj ,p)√
σ2j + σ
2
int
]2
, (515)
where σj is the observational error for the j - th object,
and σint depicts the intrinsic scatter of the tracer around
the relations incorporated to estimate the value of µ. For
SNIa, one can set σint = 0, and for GRBs this is a nui-
sance parameter that can be marginalized over. As the
Hubble diagram probes the integrated expansion rate,
the second data set refers to the Hubble parameter H(z)
which can be determined through the differential age
method [483]. Applying red envelope galaxies as cos-
mic chronometers [484], H(z) for the redshift interval
0.10 ≤ z ≤ 1.75 was estimated in [485]. In this sample
one adds the H0 determination from local distance lad-
ders acquired from SHOES [486] and extract a total χ2
similarly to SNIa.
Except for SNIa and GRBs, the BAOs can also work
as standardizable candles to probe the distance-redshift
relation. Thus, one can add LBAO to the full likelihood
following the method of [487]. Firstly, one can apply
the 6dFGRS [488] and the SDSS [344] to find the scaled
volume distance parameter through
dz =
rs(zd)
dV (z)
= rs(zd)×
[
czr2(z)
H0E(z)
]− 13
, (516)
where the sound horizon to distance z reads
rs(z) =
c√
3H0
∫ ∞
z
E−1(z)dz′√
1 + (3ωb)/(4ωr)(1 + z′)−1
, (517)
with zd the drag redshift. The value of dz at z = 0.106
and the corresponding error is from [488], and [344] pro-
vides dz for z = 0.20 and z = 0.35 along with the corre-
sponding covariance matrix. Secondly, BAO constraints
from the WiggleZ survey [487] quantify the acoustic pa-
rameter [167]:
A(z) =
√
ΩmH20dV (z)/(cz). (518)
Then one can apply the observed values and their covari-
ance matrix for A(z) estimations at z = (0.44, 0.60, 0.70)
given in [487], and define the BAO likelihood as follows:
LBAO(p) = L6dFGRS(p)× LSDSS(p)× LWiggleZ(p),
where:
L6dFGRS = 1√
2piσ20.106
× exp
{
−1
2
[dobs0.106 − dth0.106(p)
σ0.106
]2}
,
LSDSS = 1
(2pi)NSDSS |CSDSS |1/2
× exp
[
− D
T
SDSS(p)C
−1
SDSSDSDSS(p)
2
]
,
LWiggleZ = 1
(2pi)NWiggleZ |CWiggleZ |1/2
× exp
[
− D
T
WiggleZ(p)C
−1
WiggleZDWiggleZ(p)
2
]
,
with D a Ni dimensional vector accounting for the differ-
ence between predicted and observed values and Ci the
accompanying covariance matrix.
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The last term in the likelihood (512) refers to the CMB
distance priors, which are viewed as a very efficient ap-
proach to include the CMB constraints without calculat-
ing the complete anisotropic spectrum. Based on [169],
the CMB likelihood can be determined similarly to the
SDSS and WiggleZ ones. However, the observable quan-
tities become the redshift z? at the last scattering surface,
calculated by the expressions of [489], the shift parameter
R [490]
R =
√
Ωmr(z?)H0/c , (519)
and the acoustic scale `A = pir(z?)/rs(z?). Additionally,
to use the distance priors one needs to assume that the
early universe is dominated by matter and that the dark
energy is negligible. Despite the fact that the f(T ) con-
tribution does not vanish at high z, one can easily check
that the effective energy density of the torsion-induced
fluid is smaller than the matter-fluid energy density by
many orders of magnitude at z?, so that the CMB deter-
mination of the distance priors is applicable.
Combining the above, one can use a Markov Chain
Monte Carlo (MCMC) code, apply multiple chains and
use the Gelman-Rubin criterium in order to check the
convergence, and then efficiently examine the parameter
spaces of models under consideration [491]. The best-fit
parameters are the ones that maximize the total like-
lihood, however the most reliable constraints on a pa-
rameter pi are acquired through marginalization over all
parameters apart from the i-th one. Applying this, one
can determine the mean and median as a reference value,
and apply the 68% and 95% confidence ranges as the 1σ
and the 2σ errors.
xBF 〈x〉 x˜ 68% CL 95% CL
Ωm 0.286 0.286 0.287 (0.274, 0.299) (0.264, 0.311)
h 0.719 0.722 0.722 (0.712, 0.734) (0.702, 0.745)
n 1.616 1.610 1.615 (1.581, 1.636) (1.547, 1.667)
TABLE IV: Constraints on the tanh-model parameters of
(508). The columns correspond to: 1.) Parameter name,
2.) Best-fit value, 3.) Mean value, 4.) Median value, 5.), 6.)
68% and 95% confidence levels respectively. From [476].
Based on the analysis of [476], the best-fit values and
marginalized constraints of parameters for the tanh and
exp models are listed in Tables IV and V respectively.
From Fig. 18 we can see the agreement of the best-fit
model predictions, with the SNIa + GRB Hubble diagram
and H(z) data. The total efficiency of the fitting proce-
dure could be also become obvious through comparison
of the model predictions for the BAO and CMB quanti-
ties with the ones arise from observations. In particular,
xBF 〈x〉 x˜ 68% CL 95% CL
Ωm 0.284 0.286 0.287 (0.276, 0.297) (0.265, 0.308)
h 0.724 0.731 0.731 (0.723, 0.740) (0.713, 0.749)
n 1.152 0.757 0.736 (0.577, 0.939) (0.514, 1.103)
p 0.814 -0.110 -0.100 (-0.263, 0.046) (-0.395, 0.131)
TABLE V: The same as Table IV but for the exp model of
(509). From [476].
0 1 2 3 4 5 6
35
40
45
50
z
Μ
0.0 0.5 1.0 1.5 2.0
50
100
150
200
z
H
Hz
L
FIG. 18: Best-fit curves on top of the SNIa + GRB Hubble
diagram (upper) and H(z) data (lower), for the tanh model
of (508) (solid red) and for the exp model of (509) (dashed
blue). We mention that in the Figure resolution scale the
µ(z) curves are almost superimposed and hence no significant
difference is visible. From [476].
for the tanh model, one obtains [476]
dbf0.106 = 0.3418 vs d
obs
0.106 = 0.336± 0.015
dbf0.200 = 0.1864 vs d
obs
0.200 = 0.1905± 0.0061
dbf0.350 = 0.1173 vs d
obs
0.350 = 0.1097± 0.0036
,
 A
bf (0.44) = 0.467 vs Aobs(0.44) = 0.474± 0.034
Abf (0.60) = 0.442 vs Aobs(0.60) = 0.442± 0.020
Abf (0.73) = 0.422 vs Aobs(0.73) = 0.424± 0.021
,
61 `
bf
A = 302.66 vs `
obs
A = 302.09± 0.76
Rbf = 1.733 vs Robs = 1.725± 0.018
zbf? = 1092.04 vs z
obs
? = 1091.30± 0.91
,
and thus the best-fit tanh-model predictions lie far inside
the 1σ region comparing to the observed values. More-
over, for the exp model, one obtains [476]
dbf0.106 = 0.3428 vs d
obs
0.106 = 0.336± 0.015
dbf0.200 = 0.1865 vs d
obs
0.200 = 0.1905± 0.0061
dbf0.350 = 0.1121 vs d
obs
0.350 = 0.1097± 0.0036
,
 A
bf (0.44) = 0.465 vs Aobs(0.44) = 0.474± 0.034
Abf (0.60) = 0.439 vs Aobs(0.60) = 0.442± 0.020
Abf (0.73) = 0.418 vs Aobs(0.73) = 0.424± 0.021
,
 `
bf
A = 302.54 vs `
obs
A = 302.09± 0.76
Rbf = 1.735 vs Robs = 1.725± 0.018
zbf? = 1092.12 vs z
obs
? = 1091.30± 0.91
,
which are also in agreement with the BAO and CMB
observations.
The upper graph of Fig. 18 shows that two best-fit
models cannot be discriminated by the Hubble diagram
data. This can be read from the lower graph too, where
H(z) is similar within these two models, with the largest
deviations appearing in the redshift interval (0.5, 1.5).
Since it is only a few percent, it is relatively obvious that
the required integration in order to calculate the distance
modulus, dilutes out the differences between the above
two models. Therefore, as shown in Fig. 18, this yields
the very efficient fitting.
An alternative way to understand why two models lead
to similar predictions is to analyze the reconstructed ef-
fective equation-of-state parameter induced by torsional
gravity. In Fig. 19 we present wT (z), constrained by the
likelihood analysis. In this Figure the red solid curve cor-
responds to the best-fit model, and the blue dot-dashed
(dashed) one provides the median value (the 68% confi-
dence range) for each z, as they are extracted by calcu-
lating wT (z,p) for the parameters of the model in the
MCMC chain. For two best-fit models (the red curves),
wT is in the vicinity of the cosmological constant w = −1
up to z ∼ 1, and thus the dynamics is roughly the same
with the ΛCDM scenario. On the contrary, wT exhibits a
significantly different behavior at high redshifts in these
two models. Particularly, for the tanh model we obtain
an increasing wT ; whereas for the exp model it yields
an approximately constant wT to a value slightly smaller
than the present one and hence it can mimic the ΛCDM
paradigm better than the tanh model. However, both
models lead to similar predictions for the CMB distance
priors due to the very limited contribution of the torsion
induced dark energy up to the last scattering surface.
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FIG. 19: The constrained torsion-induced effective equation-
of-state parameter wT (z), for the tanh model of (508) (upper)
and for the exp model of (509) (lower). From [476].
2. Discriminations from the growth factor
The aforementioned analysis showed that both tanh
and exp f(T ) models are in agreement with observations,
however it revealed that looking only at the background
evolution cannot fully distinguish between them and the
ΛCDM paradigm. Hence, in order to extract better con-
straints one should study the evolution of the perturba-
tions. To be explicit, one can consider the growth factor
g = d ln δm/d ln a, with the matter overdensity reading
as δm ≡ δρm/ρm. The dynamics of δm arise from the
equation [479, 492]
δ¨m + 2Hδ˙m − 4piGeffρmδm = 0 , (520)
which coincides to the ΛCDM one as long as one replaces
the gravitational constant G by an effective one, namely
Geff = G/(1 + fT ). We would like to mention that
(520) is valid only in the sub-horizon limit, that is for
k >> H,H′/H,H2, where H is the comoving Hubble
parameter. In the general case, one obtains a more com-
plicated equation [256], which is the one that should be
used in order to calculate large-scale probes, for example
the matter power spectrum or weak-lensing observables.
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For a preliminary investigation however, it is adequate to
use Eq. (520), which is safely applicable at galactic and
galaxy-cluster scales.
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FIG. 20: The evolution of the growth factor g(z) for the
tanh model of (508) (solid red) and of the exp model of (509)
(dashed blue). From [476].
In Fig. 20 we depict the growth factor evolution for
the best-fit tanh and the median exp models, along with
a g(z)-measurement compilation given in [493, 494]. Ap-
parently, these two models become easily distinguishable
from the different g(z) behavior, although their induced
background evolution is almost identical, as it becomes
obvious from the very good agreement of the correspond-
ing µ(z) and H(z) curves depicted in Fig. 18. These g(z)
values imply that the structure growth is slower in the
exp model than in the tanh tone, and hence observation-
ally determining g(z) allows to distinguish between these
two f(T ) models.
Using the data depicted in the Figures, for the tanh
model one can calculate χ˜2 = 15.3, which implies a signif-
icant disagreement. Nevertheless, for the exp model one
acquires better results, namely χ˜2 = 2.1. We stress that
these values have to be used with caution, and should not
be taken as an evidence that the exp model is more effi-
cient than the tanh one, for the following reasons: Firstly,
most measurements for g(z) used in [493] refer in prac-
tice to g(z)/b(z), where b(z) stands for the galaxy popu-
lation bias that traces the growth factor. However, this
bias is related to the specific underlying gravitational the-
ory, and therefore a modified Lagrangian is expected to
induce deviations from the usual collapse scenario, and
hence to lead to a different bias, that might also be scale
dependent. Secondly, g(z) can be also acquired by mod-
eling the matter power spectrum preliminarily [494], but
this procedure is partially based on the consideration
of a ΛCDM-like model in order to convert the redshift
to real space clustering. Hence, in summary, although
the background evolution is almost the same as the one
in ΛCDM cosmology up to intermediate redshifts, the
power-spectrum modeling and the description of its dis-
tortions may be different.
G. Cosmography in f(T )-gravity
In the previous subsection we reviewed the regu-
lar method of data analysis that can constrain differ-
ent specific models of f(T ) gravity responsible for the
present cosmic acceleration. However, it is interest-
ing to note that, if the universe is always homogeneous
and isotropic on large scales, there exists an almost
model-independent method to investigate f(T ) cosmol-
ogy, namely the method of cosmography. In this subsec-
tion we follow [495, 496] and [497] and we present how
one could use cosmography in order to extract the con-
fidence ranges for f(T ) derivatives up to the fifth order,
and then we investigate the viability of given models.
1. Cosmographic parameters and f(T ) derivatives
Standard candles (such as SNIa and, to a limited ex-
tent, gamma ray bursts) are ideal tools in modern cos-
mology, since they make it possible to reconstruct the
Hubble diagram, i.e. the redshift - distance relation, up
to high redshift values. It is then customary to assume
a parameterized model (such as the concordance ΛCDM
one or any other dark energy scenario) and confront it
against the data in order to check its viability and con-
strain its characterizing parameters. As it is clear, such
an approach is model dependent and thus some doubts al-
ways remain on the validity of the constraints on derived
quantities,such as the present day values of the decelera-
tion parameter and the age of the universe.
In order to overcome this problem, one may resort to
cosmography, i.e. expand the scale factor in Taylor series
with respect to the cosmic time. Such expansions lead
to a distance-redshift relation which only relies on the
assumption of the FRW metric, and thus it is fully model-
independent since it does not depend on the particular
form of the solution of cosmic equations. To this aim, it
is convenient to introduce the following functions:
H =
1
a
da
dt
, q = −1
a
d2a
dt2
H−2 ,
j =
1
a
d3a
dt3
H−3 , s =
1
a
d4a
dt4
H−4 ,
l =
1
a
d5a
dt5
H−5 , (521)
which are usually referred to as the Hubble, decelera-
tion, jerk, snap and lerk parameters, respectively. Their
present day values (denoted with the subscript “0”) may
be used to characterize the evolutionary status of the
universe. For instance, q0 < 0 denotes an accelerated ex-
pansion, while j0 allows to distinguish amongst different
accelerating models. It is then a matter of algebra to
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demonstrate the following useful relations:
H˙ = −H2(1 + q) ,
H¨ = H3(j + 3q + 2) ,
...
H = H
4[s− 4j − 3q(q + 4)− 6] ,
H(iv) = H5[l − 5s+ 10(q + 2)j + 30(q + 2)q + 24] ,
(522)
where a dot denotes derivative with respect to the cosmic
time t and H(iv) = d4H/dt4. Eqs. (522) make it possible
to relate the derivative of the Hubble parameter to the
other cosmographic parameters.
Rather than choosing a parameterized expression for
f(T ) and then numerically solving the modified Fried-
mann equations for given values of the boundary con-
ditions (as we did in the previous subsection), one can
relate the present values of its derivatives to the cosmo-
graphic parameters (q0, j0, s0, l0), and hence constrain-
ing them in a model-independent way will provide a hint
for what kind of f(T ) model could be able to fit the ob-
served Hubble diagram. Differentiating the torsion scalar
T with respect to t, one can easily get the following re-
lations:
T˙ = −12HH˙ , (523)
T¨ = −12[H˙2 +HH¨] , (524)
...
T = −12[3H˙H¨ +H ...H] , (525)
T (iv) = −12[3H¨2 + 4H˙ ...H +HH(iv)] . (526)
The modified Friedmann Eqs. (267) and (268) can then
be rewritten as
H2 =
−1
12fT (T )
[TΩm + f(T )] , (527)
H˙ =
1
4fT (T )
[TΩm − 4HT˙fTT (T )] , (528)
where Ωm represents the dimensionless matter density
parameter. However, in order to calculate all cosmo-
graphic parameters one needs to differentiate (528) three
more times. As a result, one derives [495]:
H¨ =
Ωm
4HfT (T )
[HT˙ − T (3H2 + 2H˙)]
− 1
fT (T )
[(2H˙T˙ +HT¨ )fTT (T ) +HT˙
2fTTT (T )] ,
(529)
...
H =
Ωm
4H2fT (T )
[
T (9H4 + 6H2H˙ + 4H˙2)
−HT˙ (3H˙ + 6H2) +H(HT¨ − 2H¨T )
]
− 1
HfT (T )
[
(2H˙2T˙ + 3HH¨T˙ + 4HH˙T¨ +H2
...
T )fTT (T )
+ H˙H¨fT (T ) + +H
2T˙ 3f (iv)(T )
+HT˙ (4H˙T˙ + 3HT¨ )fTTT (T )
]
, (530)
and
H(iv) =
Ωm
4H3fT (T )
[
T (10HH˙H¨ + 12H3H¨ − 27H6
− 12H2H˙2 − 8H˙3 − 2H2 ...H)
+H3
...
T +H
2T˙ (9HH˙ + 27H3 − 5H¨)
− 3H2T¨ (3H2 + H˙) + 7HH˙2T˙
]
− 1
H2fT (T )
[
(3HH˙
...
H + H˙
2H¨ +HH¨2)fT (T )
+H2T˙ 2(7H˙T˙ + 6HT¨ )f (iv)(T )
+
(
4H2
...
HT˙ + 2H˙
3T˙ + 7H2H˙
...
T
+ 10HH˙2T¨ + 7H2H¨T¨
+ 11HH˙H¨T˙ +H3T (iv)
)
fTT (T )
+H
(
10H˙2T˙ 2 + 7HH¨T˙ 2 + 21HH˙T˙ T¨
+ 3H2T¨ 2 + 4H2T˙
...
T
)
fTTT (T )
+H3T˙ 4f (v)(T )
]
, (531)
with H(iv) ≡ d4H(t)/dt4, f (iv)(T ) ≡ d4f(T )/dT 4 and
f (v)(T ) ≡ d5f(T )/dT 5. Since Eqs. (527)-(531) have to
hold along the full evolutionary history of the universe,
one can evaluate them at present day t0 obtaining:
H20 =
−1
12fT (T0)
[T0Ωm0 + f(T0)] , (532)
H˙0 =
1
4fT (T0)
[T0Ωm0 − 4H0T˙0fTT (T0)] , (533)
and similarly for the next three derivatives.
In summary, one obtains five equations, namely (532),
(533) and (529)-(531) evaluated at present time. We call
these, “final equations”, which will turn out to be useful
in the following. But, one another relation is expected in
order to close the system and determine the six unknown
quantities: f(T0), fT (T0), fTT (T0), fTTT (T0), f
(iv)(T0)
and f (v)(T0). This can be easily obtained by noticing
that, inserting back the physical units, Eq. (267) reads:
H2 =
8piG
6fT (T )
[
ρm − f(T )
16piG
]
, (534)
which clearly shows that, in f(T ) gravity, the Newtonian
gravitational constant G has to be replaced by an effec-
tive (time varying) coupling Geff . However, the present
value of Newtonian gravitational constant has to be re-
covered, and then:
Geff (z = 0) = G⇒ fT (T0) = 1 , (535)
which implies the recovery of TEGR.
Let us now assume that f(T ) may be well approxi-
mated by its fifth order Taylor expansion in T − T0, i.e.
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we set:
f(T ) ≈ f(T0) + fT (T0)(T − T0) + 1
2
fTT (T0)(T − T0)2
+
1
6
fTTT (T0)(T − T0)3 + 1
24
f (iv)(T0)(T − T0)4
+
1
120
f (v)(T0)(T − T0)5 . (536)
Evaluating Eqs. (523)-(526) at present time and using
Eqs. (522), one obtains:
T0 = −6H20 , (537)
T˙0 = 12H
3
0 (1 + q0) , (538)
T¨0 = −12H40 [q0(q0 + 5) + j0 + 3] , (539)
...
T0 = −12H50 [s0 − j0(3q0 + 7)− 3q0(4q0 + 9)− 12] ,
(540)
T
(iv)
0 = −12H60
[
l0 − s0(4q0 + 9) + j0(3j0 + 44q0 + 48)
+ 3q0(4q
2
0 + 39q0 + 56) + 60
]
. (541)
After inserting all these expressions into the “final equa-
tions”, one can solve them under the constraint (535)
with respect to the present day values of f(T ) and its
derivatives up to the fifth order. After some algebra, one
ends up with the desired result, namely [495]:
f(T0)
6H20
= Ωm0 − 2 , (542)
fT (T0) = 1 , (543)
fTT (T0)
(6H20 )
−1 =
−3Ωm0
4(1 + q0)
+
1
2
, (544)
fTTT (T0)
(6H20 )
−2 =
−3Ωm0(3q20 + 6q0 + j0 + 2)
8(1 + q0)3
+
3
4
, (545)
f (iv)(T0)
(6H20 )
−3 =
−3Ωm0
16(1 + q0)5
[
9 + j0(6q
2
0 + 17q0 + 3j0 + 5)
+ 3q0(5q
3
0 + 20q
2
0 + 29q0 + 16)
+ s0(1 + q0)
]
+
15
8
, (546)
f (v)(T0)
(6H20 )
−4 =
−3Ωm0
32(1 + q0)7
[
l0(1 + q0)
2 + 10j0s0(1 + q0)
+ s0(10q
3
0 + 43q
2
0 + 46q0 + 13)
+ 5j20(6q
2
0 + 22q0 + 3j0 + 7)
+ j0(45q
4
0 + 225q
3
0 + 412q
2
0 + 219q0 + 32)
+ 3q0(35q
5
0 + 210q
4
0 + 518q
3
0 + 666q
2
0
+ 448q0 + 150) + 60
]
+
105
16
. (547)
Eqs. (542)-(547) make it possible to estimate the present
day values of f(T ) and its first five derivatives as func-
tions of the Hubble constant H0 and the cosmographic
parameters (q0, j0, s0, l0), provided a value for the matter
density parameter Ωm0 is fixed.
In order to acquire a first hint on the possible values of
f(T ) and its derivatives, one can reproduce the cosmo-
graphic parameters for the ΛCDM model as a standard
case. This is a minimal approach but it is useful to probe
the self-consistency of the model. The cosmographic pa-
rameters for the ΛCDM model read [495]
q = −
(
H0
H
)2(
1− Ωm0 − Ωm0
2a3
)
, (548)
j =
(
H0
H
)3(
1− Ωm0 + Ωm0
a3
)3/2
, (549)
s =
(
H0
H
)4(
1− 2Ωm0 − 5Ωm0
2a3
+Ω2m0 +
5Ω2m0
2a3
− 7Ω
2
m0
2a6
)
, (550)
l =
(
H0
H
)5√
1− Ωm0 + Ωm0
a3
(
1− 2Ωm0 + 5Ωm0
a3
+Ω2m0 −
5Ω2m0
a3
+
35Ω2m0
2a6
)
, (551)
which, evaluated at the present time, yield: q0 = −1 +
3
2Ωm0, j0 = 1, s0 = 1 − 92Ωm0, l0 = 1 + 3Ωm0 + 272 Ω2m0.
Inserting the previous equations into Eqs. (544)-(547) we
obtain
fTT (T0) = fTTT (T0) = f
(iv)(T0) = f
(v)(T0) = 0, (552)
and in the absence of these terms f(T ) reduces to f(T ) ∼
T −2Λ. This is consistent with what we expected for the
ΛCDM model and can be used as a consistency check.
2. Results of observational constraints
In order to outline the form of f(T ) through its own
value and those of its derivatives at present, one needs
to constrain observationally the cosmographic parame-
ters by using appropriate distance indicators. Moreover,
one has to take care that the expansion of the distance
related quantities in terms of (q0, j0, s0, l0) closely follows
the exact expressions over the range probed by the data
used. Taking SNIa and a fiducial ΛCDM model as a
test case, one needs to check that the approximated lu-
minosity distance (see [498] for the analytical expression)
deviates from the ΛCDM case less than the measurement
uncertainties up to z ' 1.5, to avoid introducing any sys-
tematic bias. Since the goal is to constrain (q0, j0, s0, l0),
one needs to expand the luminosity distance DL up to
the fifth order in z, which can track the ΛCDM expres-
sion with an error less than 1% over the full redshift
range. This also applies for the angular diameter dis-
tance DA = DL(z)/(1 + z)
2 and the Hubble parameter
H(z) which, however, is only expanded up to the fourth
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order to avoid introducing any further cosmographic pa-
rameter.
To constrain the parameters (h, q0, j0, s0, l0), one may
make use of the Union2 SNIa dataset [343] and the BAO
data from the analysis of the SDSS seventh release [344]
(or even more recent data) adding a prior on h from
the recent determination of the Hubble constant by the
SHOES team [486]. To update, one can also add the mea-
surement of H(z) obtained in [484] from the age of pas-
sively evolving galaxies and in [499] from the radial BAO.
By exploring such a five dimensional parameter space
with a Markov Chain Monte Carlo method, one then ob-
tains the constraints [495] summarized in Table VI. It is
easy to check that these results are consistent with other
analyses in the literature [500–503].
x xBF 〈x〉 xmed 68% CL 95% CL
h 0.718 0.706 0.706 (0.693, 0.719) (0.679, 0.731)
q0 -0.64 -0.44 -0.43 (-0.60, -0.30) (-0.71, -0.26)
j0 1.02 -0.04 -0.15 (-0.88, -0.90) (-1.07, 1.40)
s0 -0.39 0.18 0.02 (-0.57, 1.07) (-1.04, 1.78)
l0 4.05 4.64 4.54 (2.99, 6.48) (1.78, 8.69)
TABLE VI: Constraints on the cosmographic parameters.
Columns are: 1. Parameter name, 2. Best-fit, 3. Mean from
the marginalized likelihood, 4. Median from the marginalized
likelihood; 5. 68% confidence range, 6. 95% confidence range.
From [495].
Note that due to the degeneracies, among the five cos-
mographic parameters the best-fit values can also be dif-
ferent from the median ones, which is indeed the case.
This is, however, not a shortcoming of the fitting anal-
ysis, but a consequence of the Bayesian approach giving
more importance to sampling the marginalized param-
eters distributions rather than to looking for the best-
fit accordance within a given model and the available
dataset. Qualitatively, one can say that the best-fit value
of, e.g. q0, is less important than the median one since
the best-fit q0 is the correct one only if the other pa-
rameters also take their best-fit values, while the median
one is more reliable since it describes the full distribution
whatever are the values of the other parameters. In par-
ticular, here, the best-fit values are quite close to those
predicted for the ΛCDM model (for instance, j0 = 1 for
a Λ dominated universe), while the median ones allow
for significant deviations (with the ΛCDM values being,
however, within the 95% confidence ranges).
In order to translate the constraints on the cosmo-
graphic parameters on similar constraints on the present
day values of f(T ) and its derivatives, one can use Eqs.
(542)-(547) evaluating them along with cosmographic
parameters and then looking at the corresponding his-
tograms. To this end, one additionally needs to set
the value of Ωm0, which is not constrained by the fit-
ting analysis described above. In order to overcome
this difficulty, it is useful to take into account the CMB
determination of the physical matter density (namely
ωm = Ωm0h
2 = 0.1329 in WMAP7) and, for each value
of h, one fixes Ωm0 = ωm/h
2 having neglected the error
on ωm since it is subdominant with respect to the one
on h. Note that the adopted estimate of ωm comes from
the fit to the CMB anisotropy spectrum and it mainly
depends on the early universe physics. Since it is reason-
able to expect that GR is recovered in this limit, one can
safely assume the validity of this result whichever f(T )
model is considered. Defining for shortness
fn = f
(n)(T0)/(6H
2
0 )
−(n−1) ,
one then obtains the constraints summarized in Table VII
and presented in Fig. 21, where the degeneracy between
some couples of parameters is shown as an example.
x xBF 〈x〉 xmed 68% CL 95% CL
f0 -1.742 -1.733 -1.733 (-1.743, -1.723) (-1.751, -1.712)
f2 -0.033 0.113 0.147 (0.007, 0.208) (-0.153, 0.226)
f3 -0.092 0.530 0.815 (0.172, 0.921) (-1.483, 1.033)
f4 0.294 -0.955 1.061 (0.193, 2.306) (-18.307, 3.603)
f5 8.690 -68.893 6.371 (2.956, 11.014) (-370.966, 31.004)
TABLE VII: Constraints on the fi values from the Markov
Chain for the cosmographic parameters. Columns order is the
same as in Table VI. From [495].
We mention that as best-fit value here we refer to the
one obtained by fixing the cosmographic parameters to
the best-fit values. However, because of the degenera-
cies among (q0, j0, s0, l0) and the nonlinear behavior of
the relations with fn, it is possible that the best-fit fn
are quite different from their median values which is in-
deed the case (in particular, for f5). Note also that the
confidence ranges become larger as the order n of the
derivative increases. This is indeed an expected result,
since the higher is n the larger is the number of cosmo-
graphic parameters involved, and hence the weakness of
the constraints on the higher order cosmographic param-
eters and the degeneracies among them makes the con-
straints on fn weaker and weaker as n gets larger. From a
different point of view, such a behavior simply reflects the
naive expectation that one has to go to deeper redshifts
to probe the exact functional shape of f(T ) and hence put
severe constraints on the value of its high order deriva-
tives. As a further remark, we note that the constraints
on (f3, f4, f5) are strongly asymmetric, with a long tail
extending towards negative values causing a large offset
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FIG. 21: Iso-likelihood (68%, 95% and 99% CL) contours for the fi quantities. The fuzziness is due to numerical artifacts.
From [495].
between the mean and the median. This is actually a con-
sequence of the terms (1 + q0)
−α, with α = (3, 5, 7) for
(f3, f4, f5) respectively, which appear as common factors
in Eqs. (545)-(547). As q0 comes close to -1, these terms
become increasingly large and thus make fn explode.
Although we have checked that the fifth order expan-
sion closely matches the exact luminosity and angular di-
ameter distances and the Hubble parameter within less
than 1%, it is worth noting that a decent approximation
is also obtained if one stops the expansion to the third or
fourth order. Cutting the expansion to order three (four)
means that one can only constrain cosmographic param-
eters up to the jerk j0 (the snap s0) and hence estimate
confidence ranges for the f(T ) derivatives up to the third
(fourth) order. It is nevertheless worth exploring how the
constraints depend on the order of the expansion. In or-
der to perform this, one can fit the same dataset as above
with both the third and fourth order expansion of the in-
volved quantities and then use the corresponding Markov
Chains to estimate confidence limits on (f0, f2, f3). For
instance, from the third order fit one obtains (median
and 68% and 95% CL) [495]:
f0 = −1.741+0.009 +0.017−0.008 −0.016 ,
f2 = 0.005
+0.054 +0.098
−0.069 −0.154 ,
f3 = 0.097
+0.303 +0.475
−0.515 −1.552 , (553)
while the fourth-order fit yields :
f0 = −1.733+0.011 +0.021−0.009 −0.019 ,
f2 = 0.043
+0.061 +0.113
−0.076 −0.195 ,
f3 = 0.439
+0.266 +0.439
−0.441 −1.536 . (554)
Comparing the value of fi for different fits (including
the fifth-order one in Table VII) allows us to draw some
interesting lessons. Firstly, although the median values
are different, the confidence ranges are well overlapped,
thus indicating that the expansion order should not have
any statistically meaningful impact on the constraints.
However, more accurate studies have to be performed in
order to confirm this statement. Secondly, increasing the
expansion order shifts away from the ΛCDM one (i.e.
fi = 0 for i > 1). This is actually a subtle effect of
the degeneracy among the cosmographic parameters. In-
deed, increasing the order n of the expansion adds further
parameters to the fit, therefore allowing for much more
combinations of the cosmographic parameters able to fit
well the same data. As a consequence, the constraints
on q0 will become weaker, allowing for models with q0
closer to −1 and hence (f2, f3) values far away from the
fiducial ΛCDM ones. Nevertheless, we recommend the
reader to refer to the results in Table VII, since the fifth
order expansion provides a better approximation to the
underlying expansion history and hence the fit is less af-
fected by any bias due to any error in the approximation.
The constraints discussed above have been obtained
under two basic underlying assumptions. Firstly, we
have set fT (T0) = 1 in order to recover an effective
gravitational constant which matches the Newton one
today. Nevertheless, although it is a reasonable assump-
tion, there are no compelling arguments why the Newton
constant which is measured in laboratory experiments is
the same as the cosmological one. As such, it is worth
wondering how the above results would change should
we allow for deviations from the G = Gcosmo assumption.
Secondly, we have used the CMB constraints on the phys-
ical matter density ωm in order to infer the present day
matter density parameter and then use Eqs. (542)-(547)
to constrain (f0, f2, f3, f4, f5) from the cosmographic pa-
rameters. It is worth noting that, if one takes into ac-
count the perturbation analysis such as reviewed in pre-
vious subsections, it is more likely to find out remarkable
differences of f(T ) models with respect to the standard
GR. As a consequence, one cannot exclude the possibil-
ity to recover a correct growth of structure even if f(T ))
does not reduce to GR in the early universe. Should this
be the case, the use of the WMAP7 ωm value is inconsis-
tent. Taking care of these possible effects is actually quite
easy. Indeed, some algebra shows that Eqs. (542)-(547)
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can all be recast as
fn =
Pn(q0, j0, l0, s0)
(1 + q0)αn
Ωm + κn(1 + ε),
with Pn(q0, j0, l0, s0) a polynomial function of its argu-
ments, αn = (0, 1, 3, 5, 7) for n = (0, 2, 3, 4, 5), κn a con-
stant depending on n, and where we have set fT (T0) =
1 + ε. Using this simple formula allows to immediately
scale our constraints to different values of ωm and ε, pro-
vided one has a theoretical or observational estimate of
these quantities.
3. Cosmography versus f(T ) models
Up to now we have not yet assumed any fixed form
of f(T ), and the constraints in Table VI indeed hold for
the full class of such theories, provided one can approxi-
mate f(T ) by its fifth order Taylor series over the redshift
range probed by the data. Such a result can also be read
in a different way. Given a specific f(T ) model, its char-
acterizing parameters must be chosen in such a way that
the constraints in Table VI are satisfied. This considera-
tion offers an interesting route to check the viability of a
given f(T ) model without the need of explicitly solving
the field equations and fitting the data.
In order to demonstrate the use of cosmography in con-
straining f(T ) gravity, let us consider the following model
[192] as an example:
f(T ) = αT + βT δ lnT . (555)
Imposing Eq. (542) and fT (T0) = 1 yields:
α =
2− Ωm0 − [1 + (Ωm0 − 2)δ] lnT0
1 + (δ − 1) lnT0 , (556)
β =
(Ωm0 − 1)T 1−δ0
1 + (δ − 1) lnT0 , (557)
and thus one can express explicitly fi for i = (2, 3, 4, 5)
as functions of δ only. For each f2 value of the sample
obtained above from the cosmographic parameters anal-
ysis, one gets fˆ2(δ) = f2. Since this equation has two
roots, one can store them and then compute (f3, f4, f5)
for both values thus obtaining a histogram for the model
prediction of these quantities. The median and 68% and
95% confidence ranges read:
f3 = −0.296+0.272 +0.599−0.115 −0.149 ,
f4 = 0.891
+0.330 +0.424
−0.799 −1.797 ,
f5 = −3.568+3.143 +7.176−1.274 −1.633 , (558)
for the smaller δ solution and
f3 = 8.779
+0.193 +0.415
−0.088 −0.131 ,
f4 = −3.120+0.018 +0.032−0.024 −0.050 ,
f5 = −31.033+0.371 +0.525−0.811 −1.810 , (559)
for the larger one. Since the 95% CL in Table VII are
quite large due to the impact of q0, it is simpler to use
only the 68% confidence ranges in order to compare them
with the above constraints. For the lower δ solution,
both f3and f5 are smaller than the 68% CL from cosmo-
graphic parameters, while the range for f4 has a marginal
overlap. On the other hand, choosing the larger δ solu-
tion leads to (f3, f4, f5) values that fully disagree with
the model-independent constraints. In this regard, one
could conclude that the model (555) is disfavored by the
observational data.
H. A brief summary of f(T ) cosmology
We close this section with a brief summary of the
presented results. In particular, we have reviewed var-
ious cosmological solutions obtained in f(T ) gravity.
These solutions present various phenomenological behav-
iors that are of significant cosmological interest. In par-
ticular, we first showed that a large class of f(T ) models
are able to give rise to a late-time acceleration in an FRW
universe, and hence the observation of the present cos-
mic speed up can be explained without introducing any
dark energy component. Upon the late-time accelera-
tion, we performed the procedure of dynamical analysis
to study the classical stability of those solutions. More-
over, within the frame of f(T ) gravity, the interesting sce-
nario of phantom-divide crossing (or quintom scenario)
becomes very easy to be realized and thus the theory
may explain the cosmological observations in a better
way. Let us mention here that one can extend the whole
discussion in braneworld scenarios and higher dimensions
as in [504? –510].
After having studied the late-time accelerating solu-
tions, we proceeded to the implications of f(T ) grav-
ity at early universe, namely we investigated inflationary
and bouncing cosmologies. Nevertheless, the realization
of inflationary paradigm implies that the horizon prob-
lem existing in the Big Bang cosmology described by GR
can be successfully resolved in f(T ) gravity even with-
out any inflaton field. Moreover, the appearance of the
bouncing solution shows that the universe governed by
f(T ) gravity could be smooth and non-singular through-
out the whole cosmic evolution. This result demonstrates
that the problem of initial singularity that puzzles cos-
mologists for decades might be solved in the frame of
modified gravity theories. Furthermore, we commented
on more general situations in f(T ) cosmology, by consid-
ering the background universe to be an anisotropic one.
Afterwards, we devoted ourselves to the observational
constraints on f(T ) gravity, by making use of various
cosmological data. Choosing a specific f(T ) model, we
combined observational data from SNIa, GRB, BAO as
well as CMB, to constrain the relevant model parame-
ters. At the background level, we have shown that the
present datasets are difficult to differentiate f(T ) models
from the ΛCDM cosmology. After taking into account
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the perturbation analysis, however, it becomes possible
to discriminate them by examining the growth factor of
the matter density fluctuation. Finally, we introduced
the nearly model-independent method of cosmography
(note however that it still relies on certain assumptions),
which is a method that allows us to investigate the confi-
dence ranges for f(T ) derivatives up to the fifth order and
then examine backwards the viability of a given model.
VII. GRAVITATIONAL WAVES IN f(T )
GRAVITY
Gravitational waves offer a remarkable opportunity to
see the universe from a new perspective, providing an ac-
cess to astrophysical insights that are not available in any
other way. Theoretical and experimental studies have
been developed to understand the mechanisms for the
production of gravitational waves, both in astrophysics
and in cosmology [511, 512]. But even today, many con-
ceptual problems and technical issues related to the pro-
duction of gravitational waves from self-gravitating sys-
tems, have not fully been resolved. In particular, ex-
tended theories of gravity seem to be a viable scheme to
overcome shortcomings related to gravitational waves. In
this Section we investigate gravitational waves in F (T )
gravity.
A. Gravitational waves in teleparallelism
We start our discussion by recalling that, as we showed
in detail in subsection V C above, for F (T ) gravity in four
dimensional space-time there exist three extra degrees
of freedom, namely a massive vector field or a massless
vector field with a scalar [255]. This implies that grav-
itational wave modes in F (T ) gravity are equivalent to
those in GR since such further modes do not contribute
to the gravitational radiation in the post-Minkowskian
limit. We will verify this consequence by using the preser-
vative analysis in the weak-field limit around the flat
background in the scalar-tensor representation of F (T )
gravity. Thus, our main result is consistent with that
of Ref. [255] and the analysis of perturbations in F (T )
gravity performed in Ref. [513]. As usual we apply units
where kB = c = ~ = 1 and we use the gravitational
constant G−1/2 = 1.2× 1019 GeV.
Following the discussions of Refs. [514–517], in or-
der to obtain gravitational waves the most natural start-
ing point is to use linearized gravity. This implies that
we adopt the weak-field limit approximation [512, 518].
The weak-field limit is achieved by assuming that the
space-time metric gµν is represented by the sum of the
Minkowski space-time plus a small perturbation, namely
gµν = ηµν + hµν , (560)
with hµν being small and of first order (O(h2)  1).
This implies that the gravitational field is required to
be weak, and furthermore that the coordinate system is
constrained to be approximately the Cartesian one. It is
straightforward to demonstrate that the relation (560) is
equivalent to the usual one connecting the metric with
the vierbeins, namely gµν = ηABe
A
µ e
B
ν , if we impose the
identifications
gµν = ηABe
A
µ e
B
ν = ηAB
(
δAµ + EAµ
) (
δBν + EBν
)
= ηABδ
A
µ δ
B
ν + ηABδ
A
µ EBν + ηABEAµ δBν + ηABEAµEBν
= ηµν + ηµBEBν + ηAνEAµ︸ ︷︷ ︸
'hµν
+O(E2) , (561)
where EAµ is the small vierbein perturbation. In expres-
sion (561) we only keep terms linear in hµν , while higher
order terms are discarded since we need to maintain the
smallness of the perturbation. Hence, the perturbation
on the vierbeins (tangent space) is connected to the met-
ric perturbation on the manifold. The metric pertur-
bation, as it is well known, encapsulates gravitational
waves, but it contains additional non-radiative degrees
of freedom as well. We mention that the metric per-
turbation hµν transforms as a tensor under the Lorentz
transformations, but not under general coordinate trans-
formations.
Let us now compute all quantities which are needed
in order to describe linearized gravity. In particular, the
Ricci tensor at first order of approximation in term of the
perturbation is given by
R(1)µν =
1
2
(∂ρ∂νh
ρ
µ + ∂
ρ∂µhνρ −hµν − ∂µ∂νh) ,
(562)
where h = hµµ is the trace of the metric perturbation,
and  = ∂ρ∂ρ = ∂2t −∇2 is the wave operator. Here R(n)µν
denotes the term in Rµν that is of n-th order in hµν .
Contracting one more time we obtain the scalar curvature
as
R(1) = Rµµ = ∂ρ∂
µhρµ −h , (563)
and finally we are able to construct the Einstein tensor
as
Gµν = Rµν − 1
2
ηµνR
=
1
2
(∂ρ∂νh
ρ
µ + ∂
ρ∂µhνρ −hµν − ∂µ∂νh
−ηµν∂ρ∂σhρσ + ηµνh) . (564)
Now, we have all the necessary ingredients in order to
write the field equations (263) in terms of the perturba-
tion as
fT
(
R(1)µν −
1
2
gµνR
(1)
)
+
1
2
gµν [f(T )− fTT ] = 8piGT (m)µν ,
(565)
where we have discarded the terms higher than first order
in metric quantities (we recall that we use the action
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S = ∫ d4x|e| [ f(T )16piG + L(m)] , with f(T ) = T + F (T )).
Concerning f(T ) we assume that it has an analytic form,
which implies that
f(T ) =
∑
n
fn(T0)
n!
(T − T0)n
' f0 + f ′0T +
1
2
f ′′0 T
2 + ... ,
(566)
with f0 ≡ f(T0), f ′0 ≡ fT (T0) and f ′′0 ≡ fTT (T0). Hence,
the gravitational field equations (565) can be expressed
as
(f ′0 + Tf
′′
0 )
(
R(1)µν −
1
2
gµνR
(1)
)
+
1
2
gµν
[(
T f ′0 +
T
2
f ′′0
)
− (f ′0T + Tf ′′0 )T
]
= 8piGT (0)(m)µν . (567)
Here, T
(0)(m)
µν is fixed at the zeroth-order in Eq. (567),
since in this perturbation scheme the first order on the
Minkowski space has to be connected with the zeroth or-
der of the standard energy-momentum tensor of matter.
Finally, after some simplifications, we obtain
f ′0
[
R(1)µν −
1
2
gµνR
(1)
]
+ Tf ′′0
[
R(1)µν −
1
2
gµνR
(1)
]
−1
4
T 2f ′′0 = 8piGT
(0)(m)
µν . (568)
At this point, we can make a further assumption on T ,
namely that in our case the usual relation R = −T −
2∇µ (T νµν) becomes R ≈ −T since the second term is of
higher order.
The reason why we have truncated the expansion of
f(T ) at the second order in terms of T is that we here
study the weak-field region. Since the absolute value of
the torsion scalar T is actually related to that of curva-
ture shown above, when we examine the weak-field region
it is considered that the higher order terms in T can be
neglected. In other words, even if we include the higher
order terms in T , for instance those in proportional to
T 3, the qualitative consequences would not be changed.
In this way, the gravitational field equation is assumed
to be
f ′0
[
R(1)µν −
1
2
gµνR
(1)
]
+R(1)f ′′0
[
R(1)µν −
1
2
gµνR
(1)
]
−1
4
(R(1))2f ′′0 = 8piGT
(0)(m)
µν , (569)
that in terms of perturbation becomes
1
2
f ′0 (∂ρ∂νh
ρ
µ + ∂
ρ∂µhνρ −hµν − ∂µ∂νh−
ηµν∂ρ∂
σhρσ + ηµνh) + f ′′0 (∂ρ∂µhρµ −h)
× (∂ρ∂νhρµ + ∂ρ∂µhνρ −hµν − ∂µ∂νh
−ηµν∂ρ∂σhρσ + ηµνh)
− 1
4
f ′′0 (∂ρ∂
µhρµ −h)2 = 8piGT (0)(m)µν . (570)
This expression can be simplified significantly using the
trace-reversed perturbation h¯µν = hµν − 1
2
ηµνh, where
h¯µµ = −h. Replacing hµν with h¯µν +
1
2
ηµνh in Eq. (570)
and expanding the equation, we find that all the terms
with the trace h are canceled. As a result, what remains
is
1
2
f ′0
(
∂σ∂ν h¯
ρ
µ + ∂
ρ∂µh¯µν −h¯µν − ηµν∂ρ∂σh¯ρσ
)
= 8piGT (0)(m)µν . (571)
Applying the Lorentz gauge condition ∂µh¯µν = 0 to the
above expression, we see that all but one term vanishes,
namely:
− f
′
0
2
h¯µν = 8piGT (m)µν . (572)
Thus, in the Lorentz gauge, the gravitational field equa-
tion for f(T ) gravity is simply reduced to the wave op-
erator acting on the trace-reversed metric perturbation
(up to a factor −f
′
0
2
) as in GR. Therefore, the linearized
field equation reads
h¯µν = −16pi
f ′0
T (m)µν . (573)
In vacuum, this equation reduces to
h¯µν = 0 . (574)
Similarly to GR, Eq. (573) admits a class of homoge-
neous solutions which are superpositions of plane waves,
that is
h¯µν(x, t) = Re
∫
d3k Aµν(k)e
i(k·x−ωt) ,
with ω = |k|. The complex coefficients Aµν(k) depend on
the wavevector k, but are independent of x and t. They
are subject to the constraint kµAµν = 0 (which follows
from the Lorentz gauge condition) with kµ = (ω,k), but
are otherwise arbitrary. These solutions are the gravita-
tional waves.
From this result it becomes clear that f(T ) cannot be
a “signature” to discriminate further gravitational wave
modes or polarizations at the first order in linearized the-
ory. It is important to note that this result is completely
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different from that in f(R) gravity, where it is evident
that there exist further degrees of freedom of the grav-
itational field [519, 520]. In particular, it can be found
that besides a massless spin-2 field (the standard gravi-
ton), f(R) gravity theories contain also spin-0 and spin-2
massive modes, with the latter being, in general, ghost
modes. As shown in Ref. [255] and discussed in detail in
subsection V C above, there are 3 extra degrees of free-
dom for f(T ) gravity in 4 space-time dimensions. These
modes do not contribute to the gravitational radiation
if it considered, as standard, at first-order perturbation
theory.
B. Scalar-tensor representation and gravitational
waves
Let us now consider, by analogy to f(R) gravity, the
scalar-tensor representation of f(T ) gravity, where it is
straightforward to check that the scalar mode does not
propagate, unlike the case of f(R) gravity.
We start by re-writing the action (262) for f(T ) gravity
as
S =
∫
d4x |h| (φT − V (φ)) . (575)
By varying the action with respect to φ, the correspon-
dence between the action (575) and (262) is obtained if
V ′(φ) = T ⇒ φ = φ(T ) . (576)
Hence, in principle, we can solve the first equation in
(576) in terms of φ as the second equation. This yields
f(T ) = φ(T )T − V (φ(T )) . (577)
Moreover, the scalar field and its potential can be written
in terms of the function f(T ) as
φ = fT (T ) , V (φ) = fT (T ) T − f(T ) . (578)
On the other hand, the gravitational field equations can
be easily obtained by variation of the action (575) with
respect to the vierbein eAµ as:[
∂µ
(
eeνAS
λρ
ν
)− eeρASµνλTµνρ]φ+ eeνAS λρν ∂ρφ
+
1
2
eeλA [φT − V (φ)] = 8piGT (m)
λ
A . (579)
In a covariant form, the gravitational field equation (579)
reads(
Rµν − 1
2
gµνR
)
φ−1
2
gµνV (φ)+Sνµρ∇ρφ = 8piGT (m)µν .
(580)
Thus, as showed above, we may explore the weak-field
limit by providing that gµν = ηµν + hµν and that the
scalar field can be described by a constant background
value φ0 plus a small perturbation δφ around it as
φ = φ0 + δφ . (581)
Furthermore, the scalar potential can be expanded in
powers of the perturbations as
V (φ) = V0 + V
′
0δφ+O(δφ2) . (582)
Accordingly, the gravitational field equation (580) at first
order of the perturbations becomes(
R(1)µν −
1
2
ηµνR
(1)
)
φ0−1
2
(hµνV0 + ηµνV
′
0δφ) = 8piGT
(m)
µν .
(583)
We mention that the tensor S µνρ consists of only first
derivatives of the tetrads and therefore it becomes null
at the zeroth order. Additionally, note that the last term
in the left-hand side of Eq. (580) is null at the first
order in perturbations. Moreover, the scalar torsion T
also becomes null at the zeroth order, and by the scalar
field equation (576) the derivative of the scalar potential
evaluated at φ = φ0 is given by
V ′0 = T0 = 0 , (584)
where T0 is the value of T at φ = φ0. Summarizing, Eq.
(583) is approximated as
R(1)µν −
1
2
ηµνR
(1) + hµνΛ =
8piG
φ0
T (m)µν . (585)
This coincides with the Einstein equation at the first or-
der of perturbations in the presence of a cosmological
constant Λ = − 12V0 = 12f(T = 0), and hence the well
known result of GR for gravitational waves is recovered.
Consequently, in f(T ) gravity, unlike in f(R) gravity,
there are no propagating scalar modes in the gravita-
tional waves, at least when a flat background is assumed.
In summary, in this section we have investigated grav-
itational waves in f(T ) gravity. In particular, in the
Minkowskian limit and for a class of analytic f(T ) func-
tions in the Lagrangian, we have explicitly shown that the
gravitational wave modes in f(T ) gravity are the same
as those in GR [521]. By using this representation, it has
been shown that the scalar field does not propagate at the
first order of perturbations, because the only remaining
terms of the scalar field in the perturbed equations are
the zeroth order, and hence the Einstein equation of GR
with a cosmological constant proportional to f(T = 0)
can be recovered. It should be emphasized that the cos-
mological constant can exist only if f(T = 0) 6= 0.
VIII. BLACK HOLES AND OTHER SOLUTIONS
In this section we will investigate solutions of f(T )
gravity for non-cosmological geometries, such as the
spherically symmetric and black hole solutions, cylindri-
cal solutions and wormhole solutions. Let us make a
crucial comment on this issue. As we discussed earlier in
subsection V D, the current formulation of f(T ) gravity
is based on the strong imposition that the spin connec-
tion vanishes, which makes the theory in general frame-
dependent. This consideration is allowed, it helps to
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make the theory simpler, and it can lead to the extraction
of many solutions, as long as one does not ask questions
about frame transformations and Lorentz invariance (this
is in analogy with the investigation of electromagnetism
in the particular class of the inertial frames). If one de-
sires to examine frame transformation and Lorentz in-
variance then he must go back, start from the covariant
teleparallel gravity, instead of the pure-tetrad one, and
re-formulate the theory with a general spin connection in
a covariant way [128], as we did in subsection V D. In this
case the theory is frame-independent and Lorentz invari-
ant, since every frame transformation will be accompa-
nied by a suitable connection transformation. However,
covariant f(T ) gravity is a bit more complicated, and as
we discussed one must follow specific methods in order
to extract solutions [128].
Hence, in this section we will keep the standard for-
mulation of f(T ) gravity, namely imposing a zero spin
connection, having in mind however that this would lead
us to be very careful with the frame choice. In particu-
lar, and following the existing literature, we will seek for
solutions in the simplest case of diagonal vierbeins, as
well as in the case of non-diagonal vierbeins, separately.
In this case, different choices of frames lead to different
classes of solutions, and vice versa a given metric solution
is realized by a specific choice of vierbeins. Nevertheless,
once again we stress that these differences disappear in
the consistent, covariant f(T ) gravity.
A. Black hole solutions
1. Neutral spherically symmetric solutions
a. Diagonal and non-diagonal vierbein choice Let
us extract spherically symmetric solutions in f(T ) grav-
ity. In order to clarify the discussion on the diagonal and
non-diagonal vierbein choice in the standard formulation
of f(T ) gravity, i.e with zero spin connection imposition,
we first give a simple example following [263]. In partic-
ular, we consider a general f(T ) ansatz and we want to
examine which vierbein choice would lead to the extrac-
tion of exactly the Schwarzschild solution (note that this
is a different question from the one to start with a given
veirbein and try to find how a given f(T ) gravity adds
corrections to the Schwarzschild solution).
For completeness and convenience for the reader we
remind that we consider the action (262), namely
S = 1
16piG
∫
d4x e f(T ) +
∫
d4x e Lm , (586)
where Lm refers to the standard matter Lagrangian,
which leads to the general equations of motion (263),
namely:
e−1∂µ(e e
ρ
A S
µν
ρ ) fT + e
λ
A S
νµ
ρ T
ρ
µλ fT
+S µνA ∂µT fTT +
1
4
e νA f = 4piGe
µ
A T
(m)
µ
ν , (587)
with
Sρµν =
1
4
(T ρµν−T ρµν +T ρνµ )+
1
2
δρµ T
σ
σν −
1
2
δρν T
σ
σµ ,
(588)
and where T (m)µ
ν stands for the matter energy-
momentum tensor.
Let us now consider the Schwarzschild metric
ds2 =
(
1− 2M
r
)
dt2 − dr
2
1− 2Mr
− r2 dΩ2 . (589)
According to the usual relation gµν eAµ e
B
ν = η
AB , it is
clear that the above diagonal metric can be generated
either by the diagonal vierbein
e0 =
(
1− 2M
r
)1/2
dt ,
e1 =
(
1− 2M
r
)−1/2
dr ,
e2 = r dθ ,
e3 = r sin θ dϕ , (590)
or by any other Lorentz transformed, non-diagonal,
choice. However, substituting the diagonal vierbein
choice (590) into the r-θ equation of (587), we obtain
the equation
fTT (16M
3 − 8M2r − 2Mr2 + r3) = 0 , (591)
which clearly cannot be satisfied unless we are in the sim-
ple TEGR, i.e when f(T ) = T − 2Λ and thus fTT = 0.
Hence, we deduce that in order to obtain a realization of
the Schwarzschild metric in f(T ) gravity (in its standard
formulation with zero spin connection), we need to con-
sider a suitably designed non-diagonal vierbein. In the
following we will briefly describe the construction of such
a vierbein, following [263].
Firstly, it proves more convenient to transform the
spherically symmetric Schwarzschild metric in isotropic
coordinates as
ds2 = A(ρ)2 dt2 −B(ρ)2 (dx2 + dy2 + dz2) , (592)
where A and B are functions of the radial coordinate
ρ =
√
x2 + y2 + z2, reading as
A(ρ) =
2ρ−M
2ρ+M
, B(ρ) =
(
1 +
M
2ρ
)2
. (593)
Note that the isotropic interval covers the exterior region
of the Schwarzschild space-time only, as it becomes clear
from the relation between the radial coordinate r and the
coordinate ρ, namely
√
r2 − 2Mr + r −M = 2ρ. Now,
let us introduce the “asymptotic” vierbein, by taking the
“squared root” of the metric (592) as
e0 = A(ρ) dt ,
e1 = B(ρ) dx ,
e2 = B(ρ) dy ,
e3 = B(ρ) dz . (594)
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This non-diagonal vierbein, unlike (590), partially has
the features we are looking for, since it captures the
asymptotic geometrical meaning of the parallelization
process, reflected in the fact that at spatial infinity one
obtains the Minkowskian frame eaµ(∞) = δaµ, which yields
a vanishing torsion tensor. Nevertheless, the asymptotic
frame (594) is also not adequate to globally describe the
Schwarzschild geometry, as can be checked by replacing
it in the equations of motion (587). Hence, one needs
to seek for a Lorentz transformation in such a way that
acting on (594) to obtain a non-diagonal vierbein able
to achieve a null torsion scalar T . This can be achieved
by using a radial boost depending solely on the radial
coordinate ρ. The most general boosted (radial) frame
coming from (594) writes as [263]
e¯0 = A(ρ)γ(ρ) dt
−B(ρ)
ρ
√
γ2(ρ)− 1 [x dx+ y dy + z dz] ,
e¯1 = −A(ρ)
ρ
√
γ2(ρ)− 1x dt
+B(ρ)
[
(1 +
γ(ρ)− 1
ρ2
x2) dx+
γ(ρ)− 1
ρ2
x y dy
+
γ(ρ)− 1
ρ2
x z dz
]
,
e¯2 = −A(ρ)
ρ
√
γ2(ρ)− 1 y dt
+B(ρ)
[γ(ρ)− 1
ρ2
x y dx+ (1 +
γ(ρ)− 1
ρ2
y2) dy
+
γ(ρ)− 1
ρ2
y z dz
]
,
e¯3 = −A(ρ)
ρ
√
γ2(ρ)− 1 z dt
+B(ρ)
[γ(ρ)− 1
ρ2
x z dx+
γ(ρ)− 1
ρ2
y z dy
+(1 +
γ(ρ)− 1
ρ2
z2) dz
]
,
(595)
where
γ(ρ) =
[
1− β2(ρ)
]− 12
, β(ρ) = v(ρ)/c . (596)
One can verify that the torsion scalar T vanishes if and
only if the Lorentz factor γ(ρ) is chosen as
γ(ρ) =
4ρ2 +M2
4ρ2 −M2 . (597)
Hence, in summary, one can see that the Schwarzschild
metric (592) can be realized in f(T ) gravity (as long as
f(T ) includes the usual TEGR case, i.e if it can be writ-
ten as T +O(T 2) [263]) only for the class of non-diagonal
vierbeins (595).
From the above discussion we deduce that in usual,
“pure tetrad” f(T ) gravity, different subclasses of solu-
tions would be revealed using different vierbein choices,
although the metric is the same. Definitely, as we dis-
cussed above, and in detail in subsection V D, this will
not be the case anymore if one re-formulates f(T ) grav-
ity in a covariant way, using a non-zero spin connection.
In this case any metric solution is able to be realized by
any vierbein choice (along with a suitable spin connec-
tion), there are not “good” and “bad” tetrads, and hence
all classes of solutions will be extracted at once. How-
ever, in covariant f(T ) gravity specific methods have to
be followed in order to be able to by-pass the complexity
of the equations and extract spherically symmetric solu-
tions [128], as we did for simple examples in subsection
V D. Hence, in the following paragraphs we remain in the
usual f(T ) gravity and we discuss some simple spheri-
cally symmetric solutions for diagonal and non-diagonal
vierbein choices separately.
b. Spherically symmetric solutions with diagonal
vierbeins We look for spherically symmetric solutions
of the field equations (587) of the form
ds2 = ea(r)dt2 − eb(r)dr2 −R(r)2dΩ2 , (598)
where dΩ2 = dθ2 + sin2θ dϕ2 and where a, b and R are
three unknown functions. Concerning the vierbein choice
that realizes the above metric we choose the diagonal one,
namely:
eAµ = diag(e
a(r)/2, eb(r)/2, R(r), R(r) sin θ) . (599)
Thus, its determinant e is simply e = e(a+b)/2R2 sin θ.
Using the above diagonal vierbein, the torsion scalar T
from (261) becomes
T (r) = 2e−b
R′
R
(
a′ +
R′
R
)
, (600)
while the field equations (587) become:
4piρm =
{
T − 1
R2
− e−b
[
(a′ + b′)
R′
R
− 2R
′′
R
]}
fT
2
− f
4
+e−b
R′
R
T ′fTT , (601)
4pipm =
(
1
R2
− T
)
fT
2
+
f
4
, (602)
4pipm = −e
−b
2
(
a′
2
+
R′
R
)
T ′fTT +
f
4
−
{
T
2
+ e−b
[
R′′
R
+
a′′
2
+
(
a′
4
+
R′
2R
)
(a′ − b′)
]}
fT
2
,(603)
e−b/2 cot θ
2R2
T ′fTT = 0 , (604)
with primes denoting derivative with respect to r, and
where ρm and pm are respectively the matter energy den-
sity and pressure assuming that the matter energy mo-
mentum tensor corresponds to an isotropic perfect fluid.
Note that the last equation is the (r, θ) one, which is ab-
sent in the case of simple TEGR, but it is non-trivial in
the general f(T ) gravity. Hence, in the case of general
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f(T ) gravity, i.e. where fTT 6= 0, we deduce that the
r-derivative of the torsion scalar T must vanish.
The field equations (601)-(604) are four independent
equations for six unknown functions, namely a(r), b(r),
R(r), ρm(r), pm(r) and f(T ), i.e they form an under-
determined system. In order to solve it we have to
determine two of the above functions, and the usual
assumption is to impose the matter equation of state
ρm = ρm(pm), as well as the function f(T ) which implies
to choose a specific f(T ) theory. However, since such a
procedure would in general lead to mathematical compli-
cations which forbid analytical treatment, we follow [522]
and we either make assumptions on the metric functions,
or we impose conditions on useful combinations of terms
which simplify the field equations.
• Solutions with T = 0
We start by extracting the simplest solution sub-
class, namely the one that corresponds to T = 0.
Inserting this condition into (600) gives
ea(r) =
c1
R(r)
, (605)
where c1 is a constant of integration. Addition-
ally, note that due to T = 0, f and its derivatives
are constants, equal to f(0) and fT (0) respectively.
Inserting the above into the field equations (601)-
(604) gives [522]
eb(r) =
R(r)R′(r)2
c2 − 4R(r) , (606)
with c2 an integration constant, and moreover set-
ting fT (T = 0) = 0 we obtain
ρm0 = −pm0 = f0
16pi
. (607)
In summary, the metric becomes
ds2 =
c1
R
dt2 − RR
′2
c2 − 4Rdr
2 −R2dΩ2 , (608)
and it has a singularity when R→ 0.
We mention that in the above solution the f(T )
form is arbitrary, as long as its value (or its deriva-
tive) at the origin remains finite. Finally, note that
the above solution yields a constant energy density
ρm0 and pressure pm0, with equation of state equal
to −1.
• Solutions with T ′ = 0
Let us now investigate the solution subclass with
T ′ = 0, that is
T (r) = T0 = const. (609)
Imposing additionally the gauge R(r) = r the field
equation (602) becomes
4pipm =
T0
2
fT (T0)− f(T0)
4
+
fT (T0)
2r2
, (610)
with f(T0) and fT (T0) constants, which at r →∞
leads to
f(T0) = c3
√
T0 − 16pipm∞ , (611)
with pm∞ the pressure value at infinity and c3 a
constant of integration (pm∞ plays the role of a
cosmological constant). Hence, unfortunately, note
that this solution subclass does not exist for the
simple TEGR, but it corresponds to a special f(T )
form.
Concerning the functions a(r) and b(r) these are
hard to be extracted analytically, however one can
find approximate expressions in the case where
r2T0  1, namely [522]
ea(r) =
k1
r
, eb(r) =
r
k2 − 4 , (612)
with k1,k2 integration constants, which coincides
with solution (605),(606) for T = 0. Therefore, at
zeroth order in r2T0 the general solution matches
the T = 0 solution, as expected. On the other hand
for r2T0  1 one finds [522]
ea(r) =
(
r8T0 − 2k3
k4
)− 18
(613)
eb(r) =
k3
r6
− T0
2
r2 , (614)
with k3,k4 integration constants. In summary, in
the regime r2T0  1 the metric reads
ds2 =
(
k4
T0r8 − 2k3
)1/8
dt2 −
(
2k3 − T0r8
2r6
)
dr2 − r2dΩ2 ,
(615)
which is singular at r →∞ and presents a horizon
at r = (2k1/T0)
1/8.
c. Spherically symmetric solutions with non-diagonal
vierbeins In this paragraph we will examine the realiza-
tion of the same spherically symmetric metric (598) of
the previous paragraph but with a non-diagonal vierbein
choice. Without loss of generality, we can consider [523]
eAµ =

ea/2 0 0 0
0 eb/2 sin θ cosφ R cos θ cosφ −R sin θ sinφ
0 eb/2 sin θ sinφ R cos θ sinφ R sin θ cosφ
0 eb/2 cos θ −R sin θ 0
 ,
(616)
with determinant e = e(a+b)/2R(r)2 sin θ. In such a case
the torsion scalar (261) reads as
T (r) =
2e−b
(
eb/2 −R′) (eb/2 −R′ −Ra′)
R2
. (617)
Hence, substitution into the general field equations (587)
yields
4piρm =
e−b/2
R
(R′e−b/2 − 1)T ′fTT +
(
T
4
− 1
2R2
)
fT
+
e−b
2R2
(
2RR′′ −RR′b′ +R′2) fT − f
4
, (618)
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4pipm =
[
1
2R2
− T
4
− e
−b
2R2
R′(R′ +Ra′)
]
fT +
f
4
,(619)
4pipm =
f
4
− e
−b
2
(
a′
2
+
R′
R
− e
b/2
R
)
T ′fTT
−fT
{
T
4
+
e−b
2R
[
R′′ +
(
R′
2
+
Ra′
4
)(
a′ − b′)+ Ra′′
2
]}
.(620)
Note that there is no equation enforcing the constancy
of the torsion scalar, contrary to the case of diagonal
vierbeins of the previous paragraph.
• Solutions with b = 0
Let us first look for solutions in the subclass b(r) =
0. Imposing additionally the gauge R(r) = r we
find that for all values of a and r the torsion scalar
(261) becomes
T (r) = 0 , (621)
and thus f and its derivative are constants, denoted
by f0 and f1 respectively. In this case, the field
equations (618)-(620) give [522]
ea(r) = c2(r
2 + c1)
2 , (622)
with c1,c2 integration constants, and moreover
ρm0 = − f0
16pi
, (623)
pm = − 1
2pi(r2 + c1)
f1 +
f0
16pi
, (624)
where the pressure is regular everywhere provided
that c1 > 0. Hence, in summary, in this case the
metric (598) becomes
ds2 = c2(r
2 + c1)
2dt2 − dr2 − r2dΩ2 . (625)
• Solutions with fT (T = 0) = 0
Let us now keep the gauge R(r) = r but impose
the function b(r) to be related with a(r) through
b(r) = 2 ln [1 + r a′(r)] . (626)
Such a choice leads to T = 0 for all a(r). Assuming
additionally that fT (T = 0) = 0 we finally obtain
[522]:
pm = −ρm = f(0)
16pi
. (627)
Note that the imposition fT (T = 0) = 0 is sat-
isfied by a large class of f(T ) forms, including
the standard TEGR. Hence, if f(T ) = Tn then
(627) leads to pm = ρm = 0, while if for instance
f(T ) = cos(kT ) then pm = −ρm = 1/(16pi). For
all these models we acquire an infinite class of solu-
tions, given by choosing an arbitrary form for a(r)
and extracting b(r) through the condition (626).
For example, considering a Schwarzschild-like form
for a(r), namely
ea(r) =
(
1− 2M
r
)
, (628)
we find
eb(r) =
(
1− 2M
r
)−2
, (629)
and the metric (598) becomes
ds2 = (1− 2M/r) dt2 − (1− 2M/r)−2 dr2 − r2dΩ2 ,
(630)
which is similar, but not exactly the Schwarzschild
solution.
• Solutions with T ′ = 0
In the previous case we finally found that T = 0
for all r. However, one can extract solutions with
constant T for some specific f(T ) models. We fix
the gauge R(r) = r and we consider [522]
a(r) = ln(q r)− T0 r2 , b(r) = ln 4 , (631)
with q and T0 constants, corresponding to the met-
ric
ds2 = q r e−T0r
2
dt2 − 4dr2 − r2dΩ2 . (632)
Note that solution (631) immediately implies T =
T0. Thus, in this case the field equations (618)-
(620) lead to
pm = −ρm = f(T0)
4
, (633)
along with the requirement fT (T0) = 0. Note that
this last constraint implies that not all f(T ) forms
allow for the solution (632). One f(T ) example that
accepts the above solution is the f(T ) = T− T 22T0 , in
which case one obtains standard TEGR for T  T0.
Note that the energy density and pressure become
constant and equal to pm = −ρm = T0/8 (hence
behaving like a cosmological constant), and thus
energy positivity requires T0 < 0.
• Power-law solutions
Let us consider the ansatzen [522]
a(r) = m ln(p r) , and b(r) = 2 lnn , (634)
which correspond to the metric
ds2 = (p r)mdt2 − 1
n2
dr2 − r2dΩ2 , (635)
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with n and m constants and p a parameter with
dimension 1/length. In this case the torsion scalar
(261) is calculated as
T =
2(n− 1)(−m+ n− 1)
n2r2
, (636)
(with n 6= 0, n 6= 1 and n 6= m + 1 in order to
obtain a non-zero and regular T ). In this case, and
for m 6= 2n+2, the field equations (618)-(620) lead
to
f(T ) = γ +
ξ
N
TN , (637)
with
N =
m2 + 4(n− 1)2
4(2 +m− 2n) , (638)
and γ, ξ constants. Hence, for all these power-law
f(T ) models one obtains the spherically symmetric
solution (635). We mention that TEGR is recov-
ered when N = 1, which can happen for a wide
choice of the parameters n and m. Finally, the
field equations yield also
16piρm = ξ h1(n,m)
[
2(n− 1)(−m+ n− 1)
n2r2
]N
− γ , (639)
16pipm = ξ h2(n,m)
[
2(n− 1)(−m+ n− 1)
n2r2
]N
+ γ , (640)
where h1 and h2 are two constants that depend on
n and m in a complicated way. Notice that if N > 0
when r → ∞ we acquire pm = −ρm = γ, while if
N < 0 this happens at r = 0. The explicit forms of
ρm and pm depend upon the choice of n and m. In
summary, we were able to extract a solutions with
a non-constant T , for the wide class of power-law
f(T ) forms.
We close this paragraph by mentioning that one can
find many other subclasses of neutral spherically sym-
metric solutions, imposing various considerations. The
reader is refereed to [263–277, 522, 524–533] for more de-
tails.
2. Spherically Symmetric solutions by Noether symmetry
approach
In this paragraph we will present a different but very
helpful way to extract spherically symmetric solutions
in f(T ) gravity, based on Noether symmetries, follow-
ing [534]. We start by generalizing the f(T ) gravity
Lagrangian (586) (neglecting matter for the moment)
through the use of a Lagrange multiplier. In particular,
we can write it as
L
(
xk, x′k, T
)
= 2fT γ¯ij
(
xk
)
x′ix′j +M
(
xk
)
(f − TfT ) ,
(641)
where x′ = dxdτ , M(x
k) is the Lagrange multiplier and γ¯ij
is a second rank tensor which is related to the frame [one
can use eT (xk, x′k)] of the background space-time. In the
same lines, the Hamiltonian of the system is written as
H
(
xk, x′k, T
)
= 2fT γ¯ij
(
xk
)
x′ix′j −M (xk) (f − TfT ) .
(642)
Hence, the system is autonomous and because of that
∂τ is a Noether symmetry with corresponding Noether
integral the Hamiltonian H. Additionally, since the cou-
pling function M is a function of xk, it is implied that
the Hamiltonian (642) vanishes [535]. In this framework,
considering {xk, T} as the canonical variables of the con-
figuration space, we can derive, after some algebra, the
general field equations of f(T ) gravity. Indeed, starting
from the Lagrangian (641), the Euler-Lagrange equations
∂L
∂T
= 0,
d
dτ
(
∂L
∂x′k
)
− ∂L
∂xk
= 0 , (643)
give rise to
fTT
(
2γ¯ijx
′ix′j −MT ) = 0, (644)
xi′′+Γ¯ijkx
j′xk′+
fTT
fT
xi′T ′−M ,i (f − TfT )
4fT
= 0 . (645)
We mention here that, for convenience, the functions Γ¯ijk
are considered: they are exactly the Christoffel symbols
for the metric γ¯ij . Therefore, the system is determined
by the two independent differential equations (644),(645),
and the Hamiltonian constrain H = 0 where H is given
by (642).
The point-like Lagrangian (641) determines completely
the related dynamical system in the minisuperspace
{xk, T}, implying that one can easily recover some well
known cases. In brief, these are the flat FRW space-time
analyzed in subsection VI D, the Bianchi type I, and the
static spherically symmetric space-time that we are in-
terested in the current paragraph, written more conve-
niently as:
ds2 = a2 (τ) dt2 − 1
N2 (a (τ) , b (τ))
dτ2
−b2 (τ) (dθ2 + sin2 θdφ2) , (646)
arising from the diagonal vierbein (for the shake of sim-
plicity we do not examine here the non-diagonal case)
eAi =
(
a (τ) ,
1
N (a (τ) , b (τ))
, b (τ) , b (τ) sin θ
)
, (647)
where a(τ) and b(τ) are functions which need to be de-
termined. Therefore, the line element of γ¯ij and M
(
xk
)
76
are respectively given by
ds2γ¯ = N
(
2b da db+ a db2
)
,
M(a, b) =
ab2
N
. (648)
Let us now apply the Noether Symmetry Approach
[536] (see also [537]) to a general class of f(T ) grav-
ity models where the corresponding Lagrangian of the
field equations is given by (641). We start by performing
the analysis for arbitrary space-times, and then we focus
on static spherically-symmetric geometries. The Noether
symmetry condition for the Lagrangian (641) is given by
[534]
X [1]L+ Lξ′ = g′, (649)
where the generator X [1] is written as
X [1] = ξ
(
τ, xk, T
)
∂τ + η
k
(
τ, xk, T
)
∂i
+µ
(
τ, xk, T
)
∂T +
(
η′i − ξ′x′i) ∂x′i . (650)
For each term of the Noether condition (649) for the La-
grangian (641) we respectively obtain
X [1]L = 2fT g¯ij,kη
kx′ix′j +M,kηk (f − TfT )
+2fTTµg¯ijx
′ix′j −MfTTµ
+4fT g¯ijx
′i
(
ηj,τ + η
j
,kx
′k + ηj,TT
′
−ξ,τx′j − ξ,kx′jx′k − ξ,Tx′jT ′
)
,
Lξ′ =
[
2fT g¯ijx
′ix′j +M
(
xi
)
(f − TfT )
]
· (ξ,τ + ξ,kx′k + ξ,TT ′) ,
g′ = g,τ + g,kx′k + g,TT ′ .
Inserting these expressions into (649) we find the Noether
symmetry conditions
ξ,k = 0 , ξ,T = 0 , g,T = 0 , η,T = 0, (651)
4fT γ¯ijη
k
,τ = g,k, (652)
M,kη
k (f − TfT )−MTfTTµ+ ξ,τM (f − TfT )− g,τ = 0,
(653)
Lηγ¯ij =
(
ξ,τ − fTT
fT
µ
)
γ¯ij , (654)
where Lηγ¯ij is the Lie derivative with respect to the vec-
tor field ηi(xk). Furthermore, from (654) we deduce that
ηi is a Conformal Killing Vector of the metric γ¯ij , and
the corresponding conformal factor is
2ψ¯
(
xk
)
= ξ,τ − fTT
fT
µ = ξ,τ − S(τ, xk) . (655)
Finally, utilizing simultaneously Eqs. (653), (654), (655)
and the condition g,τ = 0, we rewrite (653) as
M,kη
k +
[
2ψ¯ +
(
1− TfT
f − TfT
)
S
]
M = 0 . (656)
Considering that S = S(xk) and using the condition
g,τ = 0, we acquire ξ,τ = 2ψ¯0, ψ¯0 ∈ R with S = 2(ψ¯0−ψ¯).
At this point, we have to deal with the following two sit-
uations:
Case 1. In the case of S = 0, the symmetry conditions
are
Lηγ¯ij = 2ψ¯0γ¯ij ,
M,kη
k + 2ψ¯0M = 0, (657)
implying that the vector ηi(xk) is a Homothetic Vector
of the metric γ¯ij . The latter implies that for arbitrary
f (T ) 6= Tn functional forms, our dynamical system could
possibly admit extra (time independent) Noether symme-
tries.
Case 2. If S 6= 0 then Eq. (656) immediately leads to
the following differential equation
TfT
f − TfT = C, (658)
which has the solution
f(T ) = Tn, C ≡ n
1− n . (659)
Let us now apply the above in the specific case of static
spherically symmetric geometry (646). Using the general
expressions provided above, we can deduce the Noether
algebra of the metric (648). In particular, the Lagrangian
(641) and the Hamiltonian (642) now become [534]
L = 2fTN
(
2ba′b′ + ab′2
)
+M(a, b) (f − fTT ) , (660)
H = 2fTN
(
2ba′b′ + ab′2
)−M(a, b) (f − fTT ) ≡ 0 ,
(661)
where M(a, b) is given by (648) (one can immediately
deduce that TEGR and thus GR is restored as soon as
f(T ) = T , while if N = 1, τ = r and ab = 1 we fully
recover the standard Schwarzschild solution).
Using this method we can now determine all the func-
tional forms of f(T ) for which the above dynamical sys-
tem admits Noether point symmetries beyond the trivial
one ∂τ related to the energy, and we summarize the re-
sults in Tables VIII and IX taken from [534]. Thus, we
can use the obtained Noether integrals in order to classify
the analytical solutions.
Using the Noether symmetries and the corresponding
integral of motions obtained in the previous section, we
can extract all the static spherically-symmetric solutions
of f(T ) gravity. We stress that, in this way, we obtain
new solutions, that could not be obtained by the standard
methods applied in [264, 265, 459, 522, 538].
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N(a, b) Symmetry Integral
1
a3
N1
(
a2b
) − a
2b3
∂a +
1
b2
∂b
N1(a2b)
2a3b2
(2ba′ + ab′) fT
N2 (b
√
a) −2a∂a + b∂b N2 (b√a)
(
b2a′ − abb′) fT
aN3 (b)
1
ab
∂a N3 (b) b
′fT
TABLE VIII: Noether symmetries and integrals for arbitrary
f(T ) forms. From [534].
Without loss of generality, we choose the conformal
factor N(a, b) such as N(a, b) = ab2 (or equivalently
M(a, b) = 1). In order to simplify the current dynamical
problem we consider the coordinate transformation
b = (3y)
1
3 , a =
√
2x
(3y)
1
3
. (662)
Substituting the above variables into the field equations
(644), (645), (661) we immediately obtain
x′′ +
fTT
fT
x′T ′ = 0, (663)
y′′ +
fTT
fT
y′T ′ = 0, (664)
H = 4fTx
′y′ − (f − TfT ) , (665)
while the torsion scalar is given by
T = 4x′y′ . (666)
Finally, the generalized Lagrangian (641) acquires the
simple form L = 4fTx
′y′ + (f − TfT ) .
Since the previous analysis revealed two classes of
Noether symmetries, namely for arbitrary f(T ), and
f(T ) = Tn, in the following we investigate them sepa-
rately. We would like to mention that the solutions pro-
vided below have been extracted under the assumption
fTT 6= 0, that is when f(T ) is not a linear function of
T and therefore these solutions cannot be extrapolated
back to the GR solutions where f(T ) = T (additionally
note that these two cases exhibit different phase space
and different Noether symmetries, and thus the obtained
solutions do not always have a fTT → 0 limit [534]).
• Arbitrary f(T )
In the case where f(T ) is arbitrary, a “special solu-
tion” of the system (663)-(666) can be found, lead-
ing to the metric [534]
ds2 = A (r) dt2 − 1
c23
1
A (r)
dr2 − r2 (dθ2 + sin2 θdφ2) ,
(667)
with
A (r) =
2c1
3c3
r2 − 2cµ
c3r
= λA
(
1− r?
r
)
R(r), (668)
and
R(r) =
(
r
r?
)2
+
r
r?
+ 1. (669)
In these expressions, we have defined cµ = c1c4 −
c2c3, λA =
(
8c1c
2
µ
3c33
)1/3
, and r? = (
3cµ
c1
)1/3 =
( 3c3λA2c1 )
1/2 is a characteristic radius with the re-
striction cµc1 > 0. As we can observe, if we desire
to obtain a Schwarzschild-de Sitter-like metric we
need to select the constant c3 such as c3 ≡ 1. On
the other hand, the function R(r) can be viewed
as a distortion factor which quantifies the devia-
tion from the pure Schwarzschild solution. Thus,
the f(T ) gravity on small spherical scales (r → r+? )
tends to create a Schwarzschild solution.
• The case f(T ) = Tn
In the f(T ) = Tn case, the field Eqs. (644), (645),
(661) and the torsion scalar (666) give rise to the
following dynamical system:
T = 4x′y′, (670)
4nTn−1x′y′ − (1− n)Tn = 0, (671)
x′′ + (n− 1)x′T−1T ′ = 0, (672)
y′′ + (n− 1) y′T−1T ′ = 0 . (673)
It is easy to show that combining Eq. (670) with
the Hamiltonian (671), we can impose constraints
on the value of n, namely n = 1/2. Under this con-
dition, we can solve the system of equations (672)
and (673), and then we can find the solution for the
metric as [534]
ds2 = A(r)dt2 −B(r)dr2 − r2 (dθ + sin2 θdφ2) ,
(674)
where
A(r) =
2
3
r2 +
2cσ
r
= λA(1− r?
r
)R(r), (675)
with λA =
(
8c2σ
3
)1/3
and B(r) =
F 2,r
A(r)r4 . The
functional form of the distortion parameter R(r)
is given by relation (669), in which the character-
istic distance becomes r? = (−3cσ)1/3 =
(
3λA
2
)1/2
,
implying cσ < 0.
Note that the above novel class of spherically sym-
metric solutions can be useful in order to deal with
anisotropic deformations of neutron star instead of
searching for exotic form of matter [539], since the
solutions are written in terms of the well known
Schwarzschild space-time, modified by a distortion func-
tion that depends on a characteristic radius. Once again
we stress that the obtained solution classes are more gen-
eral and cannot be obtained by the usual solutions meth-
ods.
3. Charged spherically symmetric solutions
In this paragraph we investigate the charged spher-
ically symmetric solutions in f(T ) gravity following
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N(a, b) Symmetry Integral
arbitrary 2ψ¯0τ∂τ +
2ψ¯0(C−1)
2C+1
a∂a +
2ψ¯0−2ψ¯4
C
T∂T 2ψ0n
C−1
1+2C
abN (a, b)Tn−1b′
−2a∂a + b∂b − 2ψ¯5C T∂T nN (a, b)Tn−1
(
b2a′ − abb′)
−a
2
b−
3(1+2C)
4C ∂a + b
− 3+2C
4C ∂b − 2ψ¯6C T∂T n2N (a, b)Tn−1
(
2b
2C−3
4C a′ + ab−
3+2C
4C b′
)
a−
1
2C b−
1+2C
4C ∂a − 2ψ¯7C T∂T N (a, b)na−
1
2C b−
1+2C
4C Tn−1b′
arbitrary 2ψ¯0τ∂τ +
3ψ¯0
2
a ln
(
a2b
)
∂a +
2ψ¯0−2ψ¯′4
C
T∂T
3
2
ψ0N (a, b)T
− 1
2 ab ln
(
a2b
)
b′
b∂b − 2ψ¯5C T∂T 12N (a, b)T−
1
2
(
b2a′ + abb′
)
−a ln (ab) ∂a + b ln b∂b − 2ψ¯6C T∂T 12N (a, b)T−
1
2 b (b ln b a′ − a ln a b′)
a∂a − 2ψ¯7C T∂T 12N (a, b)T−
1
2 ab b′
TABLE IX: Extra Noether symmetries and integrals for f(T ) = Tn with C = n
1−n . The last four lines correspond to the special
case where n = 1/2. Notice, that ψ¯5−7 are the conformal factors defined as ψ¯ =
1
dim¯γij
ηk;k. We notify that the power-law case
also admits the Noether symmetries of Table VIII. From [534].
[538, 540]. For this shake, alongside the f(T ) gravity La-
grangian (586), we add the electromagnetic Lagrangian
LF = −1
2
F ∧? F, (676)
where F = dA, with A ≡ Aµdxµ the electromagnetic po-
tential 1-form, and where ? stands for the Hodge dual
operator and ∧ for the usual wedge product. In or-
der to be as general as possible, we will work in arbi-
trary space-time dimensions D, having in mind that the
most interesting case is D = 4. Proceeding to extract
the charged spherically symmetric solutions in the D-
dimensional Maxwell-f(T ) theory, we consider the metric
form
ds2 = F (r)
2
dt2 − 1
G (r)
2 dr
2 − r2
i=D−2∑
i=1
dx2i , (677)
which arises from the diagonal vierbein ansatz
e0 = F (r) dt , e1 =
1
G (r)
dr ,
e2 = rdx1 , e
3 = rdx2 , . . . . (678)
For the shake of simplicity we will study the diago-
nal vierbein case only, since the incorporation of non-
diagonal ansatzen makes the extraction of analytical so-
lutions very difficult, which is also the case if one ap-
plies the covariant f(T ) gravity presented in subsection
V D, with both vierbein and spin connection as dynam-
ical variables. Note however that the diagonal choice is
adequate to reveal the novel features of the theory and
the solution structure. Finally, concerning the electric
sector of the electromagnetic 2-form we assume
F = dA = Er (r) e
1 ∧ e0 +
i=D−2∑
i=1
Ei(r)e
0 ∧ ei+1 , (679)
where Er is the radial electric field, neglecting for the
moment the magnetic part.
The field equations of Maxwell-f(T ) theory, for the
above ansatzen, write as [540]
fTT−[f (T )− TfT ]+2Λ+1
2
E2r−
1
2
i=D−2∑
i=1
E2i = 0 , (680)
fT
[
−G (r)G
′ (r)
r
+
F ′ (r)G (r)2
rF (r)
]
−fTTT ′ (r) G (r)
2
r
− 1
2
i=D−2∑
i=1
E2i = 0 , (681)
fT
[
−F
′′ (r)G (r)2
F (r)
− F
′ (r)G′ (r)G (r)
F (r)
+
F ′ (r)G (r)2
rF (r)
]
−fT
[
(D − 3) G
′ (r)G (r)
r
− (D − 3) G (r)
2
r2
]
−fTTT ′ (r)
[
F ′ (r)G (r)2
F (r)
+ (D − 3) G (r)
2
r
]
+
1
2
E2r − 1
2
E21 = 0 , (682)
ErEj = 0 j = 1, . . . , D − 2 , (683)
EiEj = 0 i, j = 1, . . . , D − 2 (i 6= j) , (684)
where the torsion scalar becomes
T (r) = 2 (D − 2) F
′ (r)G (r)2
rF (r)
+(D − 2) (D − 3) G (r)
2
r2
.
(685)
The remaining field equations are equivalent to equation
(682), that is the a = j equation is similar to (682), but
with − 12E21 replaced by − 12E2j−1 .
A first observation is that from (680) we deduce that
T has, in general, an r-dependence, which disappears for
a zero electric charge. Such a behavior reveals the new
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features that are brought in by the richer structure of the
addition of the electromagnetic sector. Moreover, from
(683) and (684), we deduce that we cannot have simul-
taneously two non-zero electric field components. This
result is similar to the known no-go theorem of 3D GR-
like gravity [541, 542], which states that configurations
with two non-vanishing components of the Maxwell field
are dynamically not allowed. However, it is not valid any-
more if we add the magnetic sector, as we will see later
on (it holds only for D=3). Therefore, in the following
we investigate the cases of radial electric field, of non-
radial electric field, and of magnetic and radial electric
field, separately.
• Radial electric field
We first consider the case where there exists only
radial electric field. Thus, the Maxwell equations
give
Er =
Q
rD−2
, (686)
where Q is an integration constant which, as usual,
coincides with the electric charge of the black hole.
Now, integrating equation (681) we find the very
simple and helpful result
F (r) = G (r) fT . (687)
Then, using equations (687) and (685) we obtain
G (r)2 =
1
f2T r
D−3
[
1
(D − 2)
∫
f2T r
D−2 T (r) dr + Cnst
]
,
(688)
F (r)2 =
1
rD−3
[
1
(D − 2)
∫
f2T r
D−2 T (r) dr + Cnst
]
,
(689)
where Cnst is an integration constant related to
the mass of the spherical object.
In order to proceed, and similar to [538], we will
consider Ultraviolet (UV) corrections to f(T ) grav-
ity. In particular, we examine the modifications
on the solutions caused by UV modifications of D-
dimensional gravity and we consider a representa-
tive ansatz of the form f(T ) = T+αT 2. This is the
first order correction in every realistic f(T ) grav-
ity, in which we expect αT 2  T [193, 477], since
T (like R) is small in 8piG-units. Thus, for α 6= 0,
equation (680) leads to
T (r) =
−1±
√
1− 24αΛ− 6αQ2r4−2D
6α
, (690)
with the upper and lower signs corresponding to
the positive and negative branch solutions respec-
tively (note that if α = 0 then (680) becomes lin-
ear having only one solution, which is given by the
α→ 0 limit of the positive branch of (690), namely
T (r) = −Q2r4−2D/2− 2Λ, in which case teleparal-
lel gravity is restored). In this case, the obtained
solution reads [540]
G (r)
2
=
1(
2
3 ± 13
√
1− 24αΛ− 6αQ2r4−2D
)2
rD−3
{ 1
(D − 2)
{ 1
54α
[
− 18αQ
2r3−D
3−D −
(1 + 72αΛ) rD−1
D − 1
]
±
√
r4D (1− 24αΛ− 6αQ2r4−2D)
54α
[6αQ2r3−3D
2D − 5 −
(−1 + 24αΛ) r−1−D
D − 1
]
∓
(D − 2)2 (−1 + 24αΛ)Q2r3+D
√
1 + 6αQ
2r4−2D
−1+24αΛ 2F1
(
D−3
2(D−2) ,
1
2 ,
3D−7
2(D−2) ;
6αQ2r4−2D
1−24αΛ
)
3 (D − 3) (2D − 5) (D − 1)√r4D (1− 24αΛ− 6αQ2r4−2D)
}
+Const
}
(691)
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and
F (r)
2
=
1
rD−3
{ 1
(D − 2){ 1
54α
[
− 18αQ
2r3−D
3−D −
(1 + 72αΛ) rD−1
D − 1
]
±
√
r4D (1− 24αΛ− 6αQ2r4−2D)
54α
[6αQ2r3−3D
2D − 5 −
(−1 + 24αΛ) r−1−D
D − 1
]
∓
(D − 2)2 (−1 + 24αΛ)Q2r3+D
√
1 + 6αQ
2r4−2D
−1+24αΛ 2F1
(
D−3
2(D−2) ,
1
2 ,
3D−7
2(D−2) ;
6αQ2r4−2D
1−24αΛ
)
3 (D − 3) (2D − 5) (D − 1)√r4D (1− 24αΛ− 6αQ2r4−2D)
}
+Const
}
, (692)
where 2F1(a, b, c;x) is the hypergeometric func-
tion. We mention that the last argument of this
function, namely
(
6αQ2r4−2D
)
/ (1− 24αΛ), must
be negative, while from (690) it is required that
1− 24αΛ− 6αQ2r4−2D must be positive, therefore
we deduce that α should be negative. Finally, one
can straightforwardly check that in the limit α→ 0
(of the positive branch since in this case the neg-
ative branch disappears) one re-obtains the usual
charged GR solutions. Lastly, for completeness we
mention that the special point in the parameter
space Λ = 1/(24α), as well as the case D = 3, have
to be analyzed separately [538, 540].
• Zero radial field
Let us for the moment assume that we have zero
radial field. In this case equation (684) implies that
we can have at most one non-zero component of the
electric field along the non-radial (transversal) di-
rections. However, as we mentioned below equation
(685), for D > 3 the remaining field equations are
similar to equation (682) but with − 12E21 replaced
by − 12E2j−1, therefore subtracting these equations
we acquire the conditions E2i = E
2
j , with i and j
running from 1 to D − 2. These conditions, along
with equation (684), yield Ei = 0 (i = 1, ..., D − 2)
for D > 3, that is the electric field is completely
zero. The only cases where zero radial electric field
does not lead to a disappearance of the total electric
field is for D = 3 (where a non-zero azimuthal elec-
tric field is possible) which was analyzed in detail
in [538], or if we consider simultaneously non-zero
non-radial electric field with magnetic field, case
which lies beyond the scope of the present investi-
gation.
• Magnetic field and radial electric field
For completeness we also examine the case where
magnetic field is present. While in D = 3 we de-
duce that electric field must be absent [538], for
D > 3 one can simultaneously have non-zero mag-
netic and electric fields. As an explicit example we
consider an electromagnetic strength 2-form in four
dimensions given by
F = Er (r) e
1 ∧ e0 +B23 (r) e2 ∧ e3 , (693)
that is we consider a radial electric field Er and
a magnetic field B23 both depending on the ra-
dial coordinate r only. From the Maxwell equa-
tions in four dimensions for the electric field we
immediately obtain Er (r) = Q/r
2, while incorpo-
rating the equations of motion analogous to (680)-
(684) we can see that a solution is obtained by
B23 (r) = P/r
2, leading to the metric coefficients
(692) with Q2 +P 2 in place of Q2 (and for D = 4).
• Schwarzschild and Reissner-Nordstro¨m solutions
Let us make some comments on the black-hole solu-
tion structure of f(T ) gravity. By definition, every
solution of TEGR is also a solution of f(T ) gravity,
for the special case f(T ) = T . In principle, a non-
trivial f(T ) ansatz, that is a non-trivial correction
to TEGR, will give rise to non-trivial corrections
to the solutions of TEGR, that is to the solutions
of GR. This was analyzed in detail in the above
paragraphs. However, one could follow a different
approach and ask what should be the specific f(T )
ansatz in order to obtain exactly the same solu-
tions with TEGR. Thus, in the following we extract
the f(T ) form in order for the theory to accept
as exact solutions the usual Reissner-Nordstro¨m or
Schwarzschild black holes. In this case we impose
the diagonal vierbeins corresponding to the metric
(for completeness we allow also for a general trans-
verse curvature and for a cosmological constant)
ds2 = G (r)
2
dt2 − 1
G (r)
2 dr
2 − r2dΩk , (694)
with
G(r)2 = k − 2M
r
+
Q2
r2
− Λ
3
r2 , (695)
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where k = 1,−1, 0 represents the curvature of the
transverse section, corresponding to a spherical, hy-
perbolic or plane section respectively. Concerning
the electric sector of the electromagnetic 2-form we
assume F = dA = Er (r) e
1 ∧ e0 , where Er is the
radial electric field. Inserting the above ansatzen in
the field equations amongst others we obtain [540]
the equation
fTTT
′ (r) = 0 , (696)
which is the familiar equation (604). In this case,
as usual, we deduce that either fTT = 0, in
which case we re-obtain TEGR, or T ′ (r) = 0,
in which case we acquire k = 0, Q = 0 and
f(T ) = T + α
√
T , with α an integration constant.
Therefore, we conclude that in usual formulation of
f(T ) gravity there is no f(T ) ansatz that can lead
to the usual charged black-hole solution (Reissner-
Nordstro¨m-de Sitter black hole) of TEGR, in the
case of diagonal vierbeins, as was proved in para-
graph VIII A 1 a, and this is the reason that one
should use non-diagonal vierbeins. Note however,
that there is indeed a specific f(T ) ansatz, namely
f(T ) = T + α
√
T , that leads to the Schwarzschild-
de Sitter-like solution with flat transverse section,
even for the case of diagonal vierbeins. This is
similar to the corresponding analysis of f(R) grav-
ity, where one finds that although a general f(R)
form leads to corrections in the black-hole solutions
of General Relativity [543, 544], there is a spe-
cific form, namely f(R) = α
√
R+ β, which leads
exactly to the Schwarzschild solution [545, 546]
(however note that in f(R) case the solution is
exactly Schwarzschild, and not Schwarzschild-like
with flat transverse section). However, we should
have in mind that, as we have already discussed
in subsection V D, if we use the covariant formula-
tion of f(T ) gravity [128] then there is no frame-
dependence anymore, and obviously an arbitrary
vierbein in an arbitrary coordinate system along
with the corresponding spin connection results al-
ways to the same physically relevant field equa-
tions.
• Singularities and horizons
We close the discussion on the charged spherically
symmetric solutions by examining the singularities
and the horizons of the obtained solutions. The
first step is to find at which r do the functions
G (r)
2
and F (r)
2
become zero or infinity. How-
ever, since these singularities may correspond to
coordinate singularities, the usual procedure is to
investigate various invariants, since if these invari-
ants diverge at one point they will do that indepen-
dently of the specific coordinate basis, and thus the
corresponding point is a physical singularity (note
that the opposite is not true, that is the finiteness of
an invariant is not a proof that there is not a phys-
ical singularity there). In standard black-hole lit-
erature of curvature-formulated gravity (either GR
or its modifications), one usually studies the Ricci
scalar, the Kretschmann scalar, or other invariants
constructed by the Riemann tensor and its contrac-
tions.
In teleparallel description of gravity, one has, in
principle, two approaches of finding invariants. The
first is to use the solution for the vierbein and the
Weitzenbo¨ck connection in order to calculate tor-
sion invariants such as the torsion scalar T , or the
teleparallel equivalent of the Gauss Bonnet term TG
(see subsection IX B). The second is to use the so-
lution for the corresponding metric in order to con-
struct the Levi-Civita connection, and then use it
to calculate curvature invariants such are the Ricci
and Kretschmann scalars (a calculation of curva-
ture scalars using straightaway the Weitzenbo¨ck
connection leads to zero by construction). Obvi-
ously, the physical information must be indepen-
dent on the formalism and the intermediate quan-
tities.
We mention however that in order to see the coin-
cidence of the torsion and curvature analysis, one
needs to go beyond the simple invariants, such as T
and R, and examine higher-order invariants such as
TG and Kretschmann scalar. The reason is that T
and R are not capable in revealing all the singulari-
ties and horizon structure, similarly to the standard
curvature gravity where R is not adequate and one
should study the Kretschmann scalar too. In other
words, similarly to the case where R is finite at a
point where the Kretschmann scalar is not, T can
be finite at a point where R is not, however TG will
not be finite and hence equivalence between torsion
and curvature formulation is obtained.
Concerning the physical results, one can show that
the black-hole solutions of charged f(T ) gravity
may possess a horizon at rH that shields the phys-
ical singularities [538, 540] . However, firstly it is
not guaranteed that rH exists, since there could be
parameter choices for which G(r) has no roots, that
is the physical singularity at r = 0 becomes naked.
Secondly, even if rH exists it is not guaranteed that
it will shield the second physical singularity of the
charged negative branch at rs, since this will de-
pend on the specific parameter choice. This is not
the case for f(T ) → 0 or Q → 0, in which, as we
mentioned, rs disappears. Therefore, we conclude
that the cosmic censorship theorem, namely that
there are always horizons that shield the physical
singularities, does not always hold for charged f(T )
gravity, independently of the space-time dimension-
ality [538, 540].
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4. Cylindrical solutions
In this paragraph we will investigate cylindrical solu-
tions in f(T ) gravity, following [547]. We start by impos-
ing the cylindrically symmetric metric in the Weyl static
gauge, namely [548]
ds2 = e2u(r) dt2 − e2[k(r)−u(r)] dr2 − w(r)2e−2u(r) dϕ2
−e2[k(r)−u(r)] dz2 . (697)
For simplicity we will focus on the diagonal tetrad
eAµ = diag
[
eu(r), ek(r)−u(r), we−u(r), ek(r)−u(r)
]
.
(698)
Hence, the torsion scalar (261) becomes
T =
e2[u(r)−k(r)]
w(r)
[
2w(r)u′(r)2 − 2k′(r)w′(r)
]
. (699)
Finally, as usual, we assume a perfect fluid with energy-
momentum tensor of the form
Tµν = diag(ρ,−pr,−pϕ,−pz) . (700)
Under the above considerations, the field equations read
[547]
4piρ =
f
4
+
e2(u−k)
2w
(
2wu′′ + 2w′u′ − w′′ − k′w′ − wk′′
)
fT − e
4(u−k)
w3
fTT × (701)[
4w3u′2u′′ − 2w2w′u′u′′ − 2w3k′u′u′′ + 4w3u′4 − 2w′w2u′3 − 6w3k′u′3 + 2w3k′2u′2 − 2k′w′w2u′2
−2k′w′′w2u′ + 4wk′u′w′2 + 6w′u′k′2w2 − 2w′w2k′′u′ + wk′w′w′′ + w2k′2w′′
−k′w′3 + ww′2k′′ − 3wk′2w′2 + w2w′k′k′′ − 2w2w′k′3
]
,
− 4pipr = f
4
+
e2(u−k)
w
(wu′2 − k′w′)fT , (702)
−4pipϕ = f
4
+
e2(u−k)
2w
(k′w′ + wk′′)fT +
e4(u−k)
w2
fTT × (703)[
2k′w2u′u′′ + 2k′w2u′3 − 2k′2w2u′2 − 2k′2ww′u′ − k′2ww′′ + w′2k′2 + 2k′3ww′ − wk′w′k′′
]
,
− 4pipz = f
4
− w
′′
2w
e2(u−k)fT +
e4(u−k)
w3
fTT × (704)[
2w2w′u′u′′ + 2w2w′u′3 − 2k′w2w′u′2 − 2wk′w′2u′ − wk′w′w′′ + k′w′3 + 2k′2ww′2 − ww′2k′′
]
.
As we observe, and as expected, the system (701)-(704)
in the case of the TEGR, i.e. for f(T ) = T , reduces to
the standard field equations [548].
In the following, for simplicity we will examine vacuum
solutions, namely we will impose ρ = pr = pϕ = pz = 0.
In particular, we will consider specific forms of f(T ) and
for each case we will do the analysis separately.
• Solutions for f(T ) = T + βT 2
Let us start by considering an f(T ) correspond-
ing to a quadratic correction in the TEGR, namely
f(T ) = T + βT 2, which as discussed above is al-
ways a good approximation in cases where T  1.
In this case, one can find the solution of (701)-(704)
as [547]
u(r) = c1,
k(r) = c2 +
1
2
log
[
5β
−c2 − 3r22 e−2c1
]
+
c21
2
r2,
w(r) = c0r , (705)
while the torsion scalar (699) becomes
T = − 3e
−2 c2−c12r2
5β
. (706)
Note that in the limit r → ∞ we obtain T = 0.
Hence, this solution is asymptotically torsionless,
similarly to the asymptotically flat solutions of GR.
For a more transparent presentation of the above
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solution, we rewrite the cylindrical metric (697) as
gµνdx
µdxν = dt˜2 − γijdxidxj , with the following
coordinate redefinitions:
z˜ = z , (707)
t˜ = ec1t , (708)
ϕ˜ = c0e
−c1ϕ , (709)
r˜ = ec2−c1r , (710)
where
γijdx
idxj = − 5βe
(
c1
c2−c1
)
r˜2
c2 +
3
2e
−2c2 r˜2
(
dr˜2 + dz2
)
+r˜2dϕ˜2. (711)
• Solution for f(T ) = T + βT 2 + Λ
Let us try to extend the previous results, by
additionally considering an explicit cosmological
constant in the action, namely choosing f(T ) =
T + βT 2 + Λ. The source of such solution may
be a rod, therefore it proves convenient to in-
troduce the logarithmic Newtonian potential as
u(r) = 23 log[cos(λr)]. Moreover, we impose the
gauge [549] w(r) = λ−1 sin(λr) cos1/3(λr), with
λ = 12
√
3Λ. In this case, one can extract the re-
maining component of the metric as
k(r) ≈ 1
2
log
[
−2β
c1 +
∫
r
cos4/3(λr)
dr
]
, (712)
which is a valid approximation in the limit β ≤
9
20Λ  1. As expected, in the limit Λ→ 0 the above
expressions give (705). Furthermore, the torsion
scalar (699) acquires a complicated r-dependence
of the form
T = −2λ
3
Σ
[sin (λ r)]
, (713)
with
Σ = r [cos (λ r)]
2 − 1
4
r +
2c1
3
λ 3
√
cos (λ r) sin (λ r)
−2c1
3
λ [cos (λ r)]
7/3
sin (λ r) .
+
2
3
λ sin (λ r)
{
3
√
cos (λ r)− [cos (λ r)]7/3
}
·
∫
r
[cos (λ r)]
4/3
dr. (714)
Hence, the above metric can be seen as the torsion-
based correction to the standard Linet and Tian
solution of GR [549, 550]. Finally, we mention
here that the above solutions present a dual family
which can be obtained imposing the transforma-
tions t→ iz, z → it, 2u→ u, where the first two
transformations are just the Wick rotation of the
coordinate t or z, while the last one can be seen
as a scaling invariance transformation of the func-
tion u. Therefore, applying these transformations
one can obtain new solution sub-classes. Lastly, ap-
plying the Ehler’s transformation one can acquire
the dual stationary solution sub-class, similarly to
[551].
• General solution with finite values of u(r) on the
axis r = 0
In Weyl coordinates one introduces the following
ansatz for metric function u(r):
u(r) =
1
pi
∫ pi
0
h(ir cos Θ)dΘ, (715)
adopting also the gauge w(r) = r, compatible with
the standard GR vacuum solutions. Concerning the
arbitrary function h, one could start by examining
the case h(φ) = eφ, while for the f(T ) form we con-
sider as before the quadratic correction to TEGR,
namely f(T ) = T + βT 2. Inserting the above into
the field equations (701)-(704) in the vacuum case,
we acquire the following solution:
k(r) = c2 − 1
2
log
[
c1 +
∫
re−2J0(r)dr
]
, (716)
which is regular on the axis r = 0. Additionally,
note that this solution leads to a constant torsion
scalar, since in this case (699) gives T = e−2c1 .
Hence, in this case we obtain an effective cosmo-
logical constant Λeff =
e−2c1
2 .
B. Wormhole solutions
In this subsection we will investigate the worm-
hole solutions in f(T ) gravity, following [552] (see also
[553]). Wormholes are hypothetical tunnels in space-
time, through which observers may freely traverse [554–
556]. In usual GR, wormhole space-times are supported
by “exotic” forms of matter, which involves an energy-
momentum tensor violating the null energy condition
(NEC), namely Tµνk
µkν < 0, where kµ is any null vector.
Although in principle a NEC violating matter is problem-
atic, we stress that in the context of modified theories of
gravity one can have an effective energy-momentum ten-
sor violating NEC while normal matter still satisfies all
energy conditions [557].
We start by considering the static spherically symmet-
ric metric
ds2 = ea(r)dt2 − eb(r)dr2 − r2 (dθ2 + sin2 θ dϕ2) , (717)
where a(r) and b(r) are functions of the coordinate r. A
static and spherically symmetric wormhole is produced
when
e−b(r) = 1− β(r)
r
, (718)
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where a(r) denotes the “redshift function”, since it is
related to the gravitational redshift, while β(r) denotes
the “shape function”, since it determines the shape of the
wormhole [554–556]. The coordinate r is non-monotonic
and it decreases from +∞ to a minimum value r0, denot-
ing the location of the wormhole throat where b(r0) = r0,
and then it increases from r0 to +∞. Hence, in oder to
have a wormhole solution one must impose the flaring
out of the throat, which is provided by the condition
(β − β′r)/2β2 > 0, while at the throat we have that
β′(r0) < 1 [554–556].
As usual in the teleparallel and f(T ) formulation of
gravity, one should specify the vierbein choice that cor-
respond to the above metric. As discussed in subsection
V D, if we re-formulate f(T ) gravity keeping a general
spin connection, that is if we use covariant f(T ) grav-
ity [128], then all vierbein choices corresponding to the
same metric are “equally good” and they lead to the same
physical solution. However, in the usual simplified f(T )
formulation, where zero spin connection is imposed, dif-
ferent choices of frames lead to different classes of solu-
tions, and vice versa a given metric solution is in general
realized by a specific choice of vierbeins. Thus, simi-
larly to the case of the Schwarzschild solution discussed
in VIII A 1 a, it proves that in order to obtain a static and
spherically symmetric wormhole solution in the standard
simple formulation of f(T ) gravity one must use a non-
diaginal vierbein choice [522], since the diagonal vierbein
does not allow for the extraction of a solution with the
necessary form (718), as shown in [552]. Hence, in the
following we consider that the metric (717) is realized by
the vierbein
eAµ =

ea/2 0 0 0
0 eb/2 sin θ cosφ r cos θ cosφ −r sin θ sinφ
0 eb/2 sin θ sinφ r cos θ sinφ r sin θ cosφ
0 eb/2 cos θ −r sin θ 0
 ,
where for simplicity from now on we omit the r-
dependence in the metric functions.
Under the above considerations, the torsion scalar
(261) becomes
T (r) =
2e−b
(
eb/2 − 1) (eb/2 − 1− ra′)
r2
, (719)
while the general field equations (587) read [552]
4piρm(r) =
e−b/2
r
(1− e−b/2)T ′fTT −
(
T
4
− 1
2r2
)
fT
+
e−b
2r2
(
rb′ − 1) fT − f
4
, (720)
4pipmr(r) =
[
− 1
2r2
+
T
4
+
e−b
2r2
(1 + ra′)
]
fT − f
4
, (721)
4pipmt(r) =
e−b
2
(
a′
2
+
1
r
− e
b/2
r
)
T ′fTT
+fT
{
T
4
+
e−b
2r
[(
1
2
+
ra′
4
)(
a′ − b′)+ ra′′
2
]}
− f
4
,(722)
where ρm(r) is the matter energy density, pmr(r) is the
matter radial pressure, and pmt(r) stands for the matter
pressure of the tangential directions, orthogonal to the
radial direction. Note that with the above non-diagonal
vierbein choice, and contrary to the diagonal vierbein
choice which led to equation (604), there is no equation
enforcing the constancy of the torsion scalar [522, 552].
The above equations of motion provide three indepen-
dent equations for six unknown functions, namely ρm(r),
pmr(r), pmt(r), a(r), b(r) and f(T ), i.e they form an
under-determined system. In order to solve it we have
to make some assumptions for some of them, and this is
performed separately in the following paragraphs. Lastly,
note the self-consistency test that for f(T ) = T , that is
for the TEGR case, all the above equations coincide with
those of standard GR [558] as expected.
• Solutions with T (r) = 0
Let us start with the simple solution sub-class cor-
responding to T (r) = 0. In this case the energy-
momentum tensor components become [552]
4piρm(r) =
β′
2r2
fT (0) +
f(0)
4
, (723)
4pipmr(r) = − 1
2r2
[
1−
(
1− β
r
)(
1 + ra′
)]
fT (0)
−f(0)
4
, (724)
4pipmt(r) =
1
4r2
(
1− β
r
)[
r2a′′ +
(
1 +
a′r
2
)
×
(
ra′ − β
′r − β
r(1− β/r)
)]
fT (0)− f(0)
4
. (725)
The weak energy condition (WEC), namely
ρm(r) ≥ 0 and ρm(r) + pmr(r) ≥ 0, imposes the
positivity of the r.h.s of (723), as well as of the
expression
4pi[ρm(r) + pmr(r)] =
1
2r
[(
1− β
r
)
a′
−β − β
′r
r2
]
fT (0). (726)
Similarly, the null energy condition (NEC), in ad-
dition to imposing the positivity of the l.h.s. of
(726), imposes the positivity along the tangential
direction of the following expression:
4pi[ρm(r) + pmt(r)] =
1
2r2
fT − (β − β
′r)
4r3
(
1− ra
′
2
)
fT
− 1
2r2
(
1− β
r
)[
1− 1
2
(
1 +
ra′
2
)
ra′ − r
2a′′
2
]
fT . (727)
Thus, using the above expressions it is straightfor-
ward to deduce specific constraints at the throat. In
particular, evaluating (723) and (726) at the throat
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respectively gives
4piρm|r0 =
β′0
2r20
fT (0) +
f(0)
4
, (728)
4pi (ρm + pmr) |r0 = −
β(r)− rβ′(r)
2r3
∣∣∣
r0
fT (0) .(729)
Hence, from the flaring out condition at the throat,
namely (β − rβ′)/(2β2)|r0 > 0, in order to acquire
4pi (ρm + pmr) |r0 > 0 the condition fT (0) < 0
has to be imposed. Nevertheless, in order to ob-
tain an asymptotically flat space-time, with vanish-
ing energy-momentum components at infinity, one
can verify from the field equations (723)-(725) that
f(0) = 0. This constraint implies the positivity of
the r.h.s. of (728), and therefore taking into ac-
count fT (0) < 0 leads the form function to obey
β′0 < 0. Furthermore, one can extract more con-
straints evaluating (727) at the throat, namely
4pi (ρm + pmt) |r0 =
1
2r20
fT (0)
− (1− β
′
0)
4r20
(
1− r0a
′
0
2
)
fT (0) ,(730)
and thus for a zero redshift function at the throat,
namely a′0 = 0, and considering 4pi (ρm + pmt) |r0 ≥
0, we acquire the constraint β′0 ≤ −1. For the
general case a′0 6= 0, we obtain the restriction
r0a
′
0 ≤ [1− 2/(1− β′0)].
Let us now try to solve (719) under T (r) = 0. In
this case, and imposing the condition eb/2 − 1 6= 0
(see [522] for the detailed discussion of the eb/2−1 =
0 case), we obtain the differential equation√
1− β(r)
r
− 1− ra′ = 0 , (731)
which can be solved considering specific choices for
the shape function β(r). For example, if one con-
siders the Ellis wormhole [559]
β(r) =
r20
r
, (732)
in which case β′0 = −1, then (731) leads to the
redshift function
ea(r) =
1
2
(
1 +
√
1− r
2
0
r2
)
, (733)
and therefore ea(r) → 1 as r → ∞. Hence,
the energy-momentum components for this specific
case write as
4piρm(r) =
r20
2r4
|fT (0)| , (734)
4pipmr(r) =
1
2r2
[(√
1− r
2
0
r2
− 1
)
+
r20
r2
]
|fT (0)| , (735)
4pipmt(r) =
1
4r2
[(√
1− r
2
0
r2
− 1
)
− r
2
0
2r2
]
|fT (0)|.(736)
Note that the energy density is positive through-
out the space-time due to the condition fT (0) < 0.
Additionally, it is easy to show that the NEC is
always satisfied too.
• Solutions for f(T ) = T+T0T 2 with a(r) = 0, b(r) =
r20/r
Let us consider the solution subclass obtained for
the case of a quadratic correction to TEGR, i.e for
f(T ) = T + T0T
2, imposing additionally that the
redshift and shape functions respectively write as
a(r) = 0, b(r) =
r20
r
. (737)
Substituting the above into the energy-momentum
tensor components (720)-(722), leads to [552]:
4piρm(r) = − r
2
0
2r4
[
1 + 16
T0
r20
√
1− r
2
0
r2
(
3− 5r
2
0
r2
)
−2T0
r20
(
24− 52r
2
0
r2
+ 17
r40
r4
)]
, (738)
4pipmr(r) = − r
2
0
2r4
[
1 + 16
T0
r20
√
1− r
2
0
r2
(
1− r
2
0
r2
)
−2T0
r20
(
8− 12r
2
0
r2
+ 3
r40
r4
)]
, (739)
4pipmt(r) =
r20
2r4
[
1 + 8
T0
r20
√
1− r
2
0
r2
(
2− 5r
2
0
r2
)
−2T0
r20
(
8 + 24
r20
r2
− 9r
4
0
r4
)]
. (740)
One can show that the energy density is positive
at the throat, although it changes sign for a specific
value of the radial coordinate. Finally, we mention
the interesting feature that the NEC and WEC are
satisfied both at the throat and at its neighbor-
hood, which is not the case for their GR counter-
parts.
IX. EXTENSIONS OF f(T ) GRAVITY
In this section we present some extensions of f(T )
gravity, inspired as usual by the corresponding curvature
extensions of f(R) gravity. The important and interest-
ing feature, is that these extensions are different from
their corresponding curvature constructions, and hence
they deserve investigation, both at the theoretical as well
as at the cosmological level.
A. Non-minimally coupled scalar-torsion gravity
In GR, apart from the f(R) extension, one can be
based on the quintessence scenario, and introduce a non-
minimal coupling between the scalar field and gravity
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[560–564], or more generally extend it to the scalar-tensor
paradigm [565]. One can also use a phantom instead of
a canonical field [566–568], or the combination of both
these fields in the unified quintom scenario [569]. In par-
ticular, in this GR extension one starts from the action
S =
∫
d4x
√−g
[
R
16piG
+
1
2
(
∂µφ∂
µφ+ξRφ2
)
−V (φ)+Lm
]
,
(741)
withG the gravitational constant, c = 1, φ the scalar field
with V (φ) its potential, and ξ the non-minimal coupling
parameter 2. Additionally, concerning the cosmological
application one includes the matter Lagrangian Lm too.
We mention that one can extend the above non-minimal
coupling ξRφ2 to the general form ξB(φ)R, that is al-
lowing for an arbitrary scalar-field coupling function.
In the case of a flat Friedmann-Robertson-Walker
(FRW) background metric the Friedmann equations
write as
H2 =
8piG
3
(
ρφ + ρm
)
, (742)
H˙ = −4piG
(
ρφ + pφ + ρm + pm
)
, (743)
where the energy density and pressure of the non-
minimally coupled scalar field write as
ρφ =
1
2
φ˙2 + V (φ)− 6ξHφφ˙− 3ξH2φ2, (744)
pφ =
1
2
(1 + 4ξ)φ˙2 − V (φ) + 2ξ(1 + 6ξ)H˙φ2
−2ξHφφ˙+ 3ξ(1 + 8ξ)H2φ2 − 2ξφV ′(φ), (745)
where a prime denotes derivative with respect to φ. We
mention that we have simplified the above relations by
using the expression R = 6(H˙+2H2) that holds in FRW
geometry. In this scenario, the dark energy sector is
attributed to the non-minimal scalar field, and thus its
equation-of-state parameter reads wDE ≡ wφ = pφ/ρφ.
Finally, the equations close by considering the evolution
equation for the scalar field, namely [560–564]
φ¨+ 3Hφ˙− 6ξ(H˙ + 2H2)φ+ V ′(φ) = 0, (746)
which can alternatively be written in the standard form
ρ˙φ + 3H(1 + wφ)ρφ = 0.
Let us now follow the same recipe in torsional gravity
following [203]. In particular, we start from the Telepar-
allel Equivalent of GR, and we add a non-minimally cou-
pled scalar field. Since in TEGR the scalar that incor-
porates the gravitational field, at the lowest order, is the
2 Note the difference in the metric signature that exists amongst
the various works in the literature and the corresponding sign
changes in the action, since a change in the metric signature
leads gµν ,  and Rµν to change sign, while R and the energy-
momentum tensor remain unaffected [560–564]. Thus, under the
convention of (741), the conformal value of ξ is −1/6.
torsion scalar T , this will be the gravitational scalar that
will be coupled to φ. Thus, the action will read:
S =
∫
d4xe
[
T
16piG
+
1
2
(
∂µφ∂
µφ+ξTφ2
)
−V (φ)+Lm
]
.
(747)
Variation with respect to the vierbein fields yields the
equations of motion, namely [203](
1
4piG
+ 2ξφ2
)[
e−1∂µ(ee
ρ
ASρ
µν)− eλAT ρµλSρνµ − 1
4
eνAT
]
−eνA
[
1
2
∂µφ∂
µφ− V (φ)
]
+ eµA∂
νφ∂µφ
+4ξeρASρ
µνφ (∂µφ) = e
ρ
AT
(m) ν
ρ , (748)
with the superpotential Sρ
µν defined in (260) and T
(m) ν
ρ
the matter energy-momentum tensor. Therefore, apply-
ing these equations in the FRW geometry (i.e on the vier-
bein choice (264)) we obtain the Friedmann equations
(742),(743), however now the scalar field energy density
and pressure become:
ρφ =
1
2
φ˙2 + V (φ)− 3ξH2φ2, (749)
pφ =
1
2
φ˙2 − V (φ) + 4ξHφφ˙+ ξ
(
3H2 + 2H˙
)
φ2, (750)
where as usual we have used the useful relation T =
−6H2. Furthermore, variation of the action with respect
to the scalar field provides its evolution equation
φ¨+ 3Hφ˙+ 6ξH2φ+ V ′(φ) = 0. (751)
In this scenario, similar to standard quintessence, dark
energy is attributed to the scalar field, and thus its
equation-of-state parameter is defined as wDE ≡ wφ =
pφ/ρφ, but ρφ and pφ are now given by (749) and
(750), respectively. Moreover, the scalar field evolution
(751) can be again re-written as the standard relation
ρ˙φ + 3H(1 + wφ)ρφ = 0. Thus, this scenario is named
“teleparallel dark energy” [203].
Interestingly enough, although GR coincides with
TEGR, and although minimal quintessence coincides
with minimal teleparallel quintessence (as can be seen
by comparing (744),(745) with (749),(750) for ξ = 0, and
one can verify that at the level of perturbations too),
when the non-minimal coupling is switched on the result-
ing theories exhibit different behavior. This is expected
since, concerning the gravitational sector, TEGR is iden-
tical with GR, and in the minimal case one just adds a
distinct scalar sector, thus making no difference whether
it is added in either of the two theories. However, things
are different if we switch on the non-minimal coupling,
since while in GR one couples the scalar field with the
only suitable gravitational scalar of lowest order, namely
the Ricci scalar R, in the latter one couples the scalar
field with the only suitable gravitational scalar of lowest
order, namely the torsion scalar T . Clearly, teleparallel
dark energy, under the non-minimal coupling, is a differ-
ent theory.
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The richness of the resulting theory comparing to GR
quintessence is additionally manifested in the fact that,
although in the latter one can perform a conformal trans-
formation and transit to an “equivalent”, minimally-
coupled, theory with transformed field and potential
[560–564], in the former such a transformation does not
exist since one obtains extra terms depending on the tor-
sion tensor itself, as can be easily verified transforming
the vierbeins as eµA → Ωe˜µA (one applies in our case the
similar analysis of [253] of the case of f(T ) scenarios).
Thus, teleparallel dark energy cannot be transformed to
an “equivalent” minimally coupled form, and this indi-
cates its richer structure. Such an absence of confor-
mal transformation exists in other cosmological scenarios
too, for example in scalar-field models with non-minimal
derivative couplings, where it is also known that the re-
sulting theories possess a richer structure [570–572].
Similarly, to the case of simple f(T ) gravity, in the
present extension of scalar-torsion theory a Lorentz-
violating term appears (the last term in the left hand
side of (748)), despite the fact that the theory is linear in
T . However, no new degree of freedom will appear at the
background level on which we focus on this work. Clearly,
going beyond background evolution and examine whether
the Lorenz violations do indeed appear under cosmolog-
ical geometries and scales (we have checked that at the
low-energy limit, the theory’s basic Parametrized Post
Newtonian parameters are consistent with Solar System
observations), and if they can be detected, is an interest-
ing and open subject, as it is in usual f(T ) gravity too
[256, 257]. However, we stress that the above Lorentz
violation problem will be solved if one formulates the co-
variant version of the theory, as we did in subsection V D
for simple f(T ) theory.
Finally, note that one can extend the above non-
minimal scalar-torsion coupling ξTφ2 to the general
form ξB(φ)T [573–576], that is allowing for an arbitrary
scalar-field coupling function3, similarly to the general
curvature non-minimal quintessence. In this case, equa-
tions (748), (749), (750) and (751) respectively become
[573–576]:
[
1
4piG
+ 2ξ B(φ)
][
e−1∂µ(ee
ρ
ASρ
µν)− eλAT ρµλSρνµ +
1
4
eνAT
]
−eνA
[
1
2
∂µφ∂
µφ− V (φ)
]
+ eµA∂
νφ∂µφ,
+2ξeρASρ
µνB′(φ) (∂µφ) = e
ρ
AT
(m) ν
ρ , (752)
3 Along these lines one can construct further extensions through
the non-minimal coupling of the four-derivative of the scalar field
with the “vector torsion” [577], or of the scalar field with both
the torsion scalar and the divergence of the torsion vector [578],
or even couple the torsion scalar to a fermionic instead of a scalar
field [579].
ρφ =
1
2
φ˙2 + V (φ)− 3ξH2B(φ), (753)
pφ =
1
2
φ˙2 − V (φ) + 2ξHB′(φ)φ˙
+ξ
(
3H2 + 2H˙
)
B(φ), (754)
and
φ¨+ 3Hφ˙+ 3ξH2B′(φ) + V ′(φ) = 0. (755)
1. Late-time cosmological behavior
Let us first investigate the late-time cosmological be-
havior of the above scenario of teleparallel dark energy.
First of all, one deduces the straightforward result that
using (749),(750) he can obtain a dark-energy sector pos-
sessing dynamical nature, as well as that it can drive
the universe acceleration. However, the most interest-
ing and direct consequence of the teleparallel dark en-
ergy density and pressure, is that the corresponding
dark energy equation-of-state parameter can lie in the
quintessence regime (wDE > −1), in the phantom regime
(wDE < −1), or exhibit the phantom-divide crossing dur-
ing cosmological evolution. This is a radical difference
with the non-minimal quintessence scenario, in which
dark energy lies always above the phantom divide, and
thus this feature reveals the capabilities of the construc-
tion.
In order to present the above features in a more trans-
parent way, one evolves numerically the cosmological
system for dust matter (wm ≈ 0), using the redshift
z = a0/a − 1 as the independent variable, imposing the
present scale factor a0 to be equal to 1, the dark energy
density ΩDE ≡ 8piGρφ/(3H2) at present to be ≈ 0.72
and its initial value to be ≈ 0 [203]. Finally, concerning
the scalar field potential we use the exponential ansatz
of the form V = V0e
λφ.
In Fig. 22 we depict the wDE-evolution for three re-
alizations of the scenario at hand. In the case of the
black-solid curve the teleparallel dark energy behaves like
quintessence, in the red-dashed curve it behaves like a
phantom, while in blue-dotted curve the dark energy ex-
hibits the phantom-divide crossing during the evolution.
Note that the crossing behavior in Fig. 22 is the one
favored by the observational data, in contrast with vi-
able f(R)-gravity models where it is the opposite one
[580]. We remark that in the above figure one focuses on
the qualitative features, and in particular we maintain
the same potential just to stress that in principle one
can obtain the various behaviors with the same poten-
tial. Clearly, one could be quantitatively more accurate
and impose the observational wDE(z) as an input, recon-
structing the corresponding potential.
We stress that we can obtain the above quintessence-
like, phantom-like, or quintom-like behaviors, although
the scalar field is canonical. Clearly this behavior is much
richer comparing to GR with a scalar field. Moreover,
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FIG. 22: Evolution of the dark energy equation-of-state pa-
rameter wDE as a function of the redshift z, for three cases of
the teleparallel dark energy scenario, in the exponential scalar-
field potential ansatz of the form V = V0e
λφ. The black-solid
curve presents quintessence-like behavior and corresponds to
ξ = −0.4, λ = 1.5 and V0 ≈ 2 × 10−13, the red-dashed curve
presents phantom-like behavior and corresponds to ξ = −0.8,
λ = 0.05 and V0 ≈ 10−13, and the blue-dotted curve presents
the phantom-divide crossing and corresponds to ξ = −0.25,
λ = 40 and V0 ≈ 10−12. λ and V0 are measured in 8piG-
units and the -1-line is depicted for convenience. The Figure
is from [203].
the fact that the phantom regime can be described with-
out the need of phantom fields, which have ambiguous
quantum behavior [330], is a significant advantage. In
summary, the rich behavior of teleparallel dark energy
makes it a promising cosmological scenario.
2. Dynamical analysis
The interesting cosmological behavior of teleparallel
dark energy makes it necessary to perform a phase-space
and stability analysis, examining in a systematic way the
possible cosmological behaviors, focusing on the late-time
stable solutions. In order to transform the system to its
autonomous form we introduce the auxiliary variables
[581]:4
x =
√
8piGφ˙√
6H
y =
√
8piG
√
V (φ)√
3H
z =
√
|ξ|
√
8piGφ. (756)
Using these variables the first Friedmann equation, with
the teleparallel dark energy density (749), becomes
x2 + y2 − z2sgn(ξ) + 8piGρm
3H2
= 1. (757)
This constraint allows for expressing ρm as a function of
the auxiliary variables (756). Therefore, using (757) and
(749) we can write the density parameters as:
Ωm ≡ 8piGρm
3H2
= 1− x2 − y2 + z2sgn(ξ)
ΩDE ≡ 8piGρφ
3H2
= x2 + y2 − z2sgn(ξ), (758)
while for the dark-energy equation-of-state parameter
wDE ≡ wφ = pφ/ρφ, using (749),(750) we obtain:
wDE =
[
1 + z2 sgn(ξ)
]−1 [
x2 + y2 − z2sgn(ξ)]−1
·
{
x2 − y2 + 4
√
2
3
zx
√
|ξ|sgn(ξ)
−z2wmsgn(ξ)
[
1− x2 − y2 + z2sgn(ξ)] }.(759)
Without loss of generality, in the following we restrict the
analysis in the dust matter case, that is we assume that
wm = 0.
It is convenient to introduce two additional quanti-
ties with great physical significance, namely the “total”
equation-of-state parameter:
wtot ≡ pφ
ρφ + ρm
= wDEΩDE =
x2 − y2 + 4
√
2
3
zx
√|ξ|sgn(ξ)
1 + z2 sgn(ξ)
,
(760)
and the deceleration parameter q:
q ≡ −1− H˙
H2
=
1
2
+
3
2
wtot
=
1 + 3(x2 − y2) +
[
z + 4
√
6x
√|ξ|] z sgn(ξ)
2 [1 + z2 sgn(ξ)]
. (761)
Finally, concerning the scalar potential V (φ) the usual
assumption in the literature is to assume an exponential
potential of the form
V = V0 exp(−
√
8piGλφ), (762)
4 For the dynamical analysis of more general scalar-torsion mod-
els see [573, 574, 582], while for the investigation of the pure
gravitational sector, i.e. in the absence of matter, see [575].
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since exponential potentials are known to be significant
in various cosmological models [310–312]. Moreover, note
that the exponential potential was used as an example in
the initial work on teleparallel dark energy [203].
In summary, using the auxiliary variables (756) and
considering the exponential potential (762), the equa-
tions of motion in the case of dust matter can be trans-
formed into the following autonomous system [581]:
x′ =
3x3
2z2sgn(ξ) + 2
+
2
√
6z
√|ξ|x2sgn(ξ)
z2sgn(ξ) + 2
− 3x
2
+
1
2
y2
[√
6λ− 3x
sgn(ξ)z2 + 1
]
−
√
6z
√
|ξ|sgn(ξ)
y′ =
3yx2
2sgn(ξ)z2 + 2
+
3
2
y
[
1− y
2
z2sgn(ξ) + 1
]
−
√
3
2yx
{[
λz − 4√|ξ|] zsgn(ξ) + λ}
1 + z2sgn(ξ)
z′ =
√
6
√
|ξ|x, (763)
where we have used that for every quantity F we acquire
F˙ = HF ′. Since ρm is nonnegative, from (757) we obtain
that x2+y2−z2sgn(ξ) ≤ 1. Thus, we deduce that for ξ <
0 the system (763) defines a flow on the compact phase
space Ψ =
{
x2 + y2 − z2sgn(ξ) ≤ 1, y ≥ 0} , for ξ = 0
the phase space is compact and it is reduced to the circle
Ψ =
{
x2 + y2 ≤ 1, y ≥ 0} , while for ξ > 0 the phase
space Ψ is unbounded.
Before proceeding we make two comments on the de-
grees of freedom and the choice of auxiliary variables.
Firstly, as we have already mentioned, in the minimal
coupling case, that is when ξ = 0, the model at hand co-
incides with standard quintessence, whose phase-space
analysis is well known using two degrees of freedom,
namely the variables x and y defined above [310]. On
the other hand, when ξ 6= 0 we have three degrees of
freedom and all x, y, z are necessary. Therefore, in order
to perform the analysis in a unified way, we use the three
variables defined above, having in mind that for ξ = 0 the
variable z becomes zero and thus irrelevant. Secondly,
apart from the standard choices of the variables x and y,
one must be careful in suitably choosing the variable z in
order not to lose dynamical information. For example, al-
though the choice for the variable z =
√
8piGρm√
3H
is another
reasonable choice, however it still loses the critical points
that lie at “infinity”. Therefore, in order to completely
cover the phase-space behavior one should additionally
use the Poincare´ central projection method to investi-
gate the dynamics at “infinity” [581]. The negligence of
this point was the reason of the incomplete phase-space
analysis of teleparallel dark energy performed in [583].
Let us now proceed to the phase-space analysis. The
real and physically meaningful (that is corresponding to
an expanding universe, i.e possessing H > 0) critical
points (xc, yc, zc) of the autonomous system (763), ob-
tained by setting the left hand sides of the equations to
zero, are presented in Table X. In the same table we pro-
vide their existence conditions. For each critical point
of Table X we examine the sign of the real part of the
eigenvalues of the 3 × 3 matrix Q of the linearized per-
turbation equations, in order to determine the type and
stability of the point. The various eigenvalues are pre-
sented in Table XI. Hence, in Table XII we summarize
the results, and additionally for each critical point we
calculate the values of ΩDE , wDE , wtot and q given by
(758), (759), (760) and (761) respectively.
Apart from the above finite critical points, the scenario
at hand possesses critical points at infinity too, due to
the fact that the dynamical system (763) is non-compact
for the choice ξ > 0. In order to extract and analyze
them, one needs to apply the Poincare´ central projection
method [584, 585]. However, since the obtained four crit-
ical points at infinity are non-stable, we do not describe
the whole procedure in detail, and we refer the reader to
the original work [581].
Having performed the complete phase-space analysis
of teleparallel dark energy, we can now discuss the cor-
responding cosmological behavior. A first remark is that
in the minimal case (that is ξ = 0) we do verify that
the scenario at hand coincides completely with standard
quintessence. Therefore, we will make a brief review on
the subject and then focus on the non-minimal case.
The points B to E exist only for the minimal case,
that is only for ξ = 0. Points B and C are not stable,
corresponding to a non-accelerating, dark-energy domi-
nated universe, with a stiff dark-energy equation-of-state
parameter equal to 1. Both of them exist in standard
quintessence [310].
Point D is a stable for 0 < λ2 < 3, and thus it can
attract the universe at late times. It corresponds to
a dark-energy dominated universe, with a dark-energy
equation-of-state parameter lying in the quintessence
regime, which can be accelerating or not according to
the λ-value. This point exists in standard quintessence
[310]. It is the most important one in that scenario, since
it is both stable and possesses a wDE compatible with
observations.
Point E is a stable one for 3 < λ2. It has the ad-
vantage that the dark-energy density parameter lies in
the interval 0 < ΩDE < 1, that is it can alleviate the
coincidence problem, since dark matter and dark energy
density parameters can be of the same order (in order
to treat the coincidence problem one must explain why
the present dark energy and matter density parameters
are of the same order of magnitude although they fol-
low different evolution behaviors). However, it has the
disadvantage that wDE is 0 and the expansion is not ac-
celerating, which are not favored by observations. This
point exists in standard quintessence too [310].
Let us now analyze the case ξ 6= 0. In this case we
obtain the critical points A, F , G and J . Point A is
saddle point, and thus it cannot be late-time solution of
the universe. It corresponds to a non-accelerating, dark-
matter dominated universe, with arbitrary dark-energy
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Cr. P. xc yc zc Exists for
A 0 0 0 all ξ,λ
B 1 0 0 ξ = 0, all λ
C -1 0 0 ξ = 0, all λ
D λ√
6
√
1− λ2
6
0 ξ = 0, λ2 ≤ 6
E
√
3
2
1
λ
√
3
2
1
λ
0 ξ = 0, λ2 ≥ 3
F 0
√
2ξ−2
√
ξ(ξ−λ2)
λ2
[
ξ−
√
ξ(ξ−λ2)
]√
|ξ|
λξ
0 < λ2 ≤ ξ
G 0
√
2ξ+2
√
ξ(ξ−λ2)
λ2
[
ξ+
√
ξ(ξ−λ2)
]√
|ξ|
λξ
0 < λ2 ≤ ξ or ξ < 0
J 0 1 0 ξ 6= 0 and λ = 0
TABLE X: The real and physically meaningful critical points of the autonomous system (763), along with their existence
conditions. From [581].
Cr. Point Exists for ν1 ν2 ν3
A all ξ,λ 3
2
1
4
(−3−√9− 96ξ) 1
4
(−3 +√9− 96ξ)
B ξ = 0, all λ 3 3−
√
3
2
λ 0
C ξ = 0, all λ 3 3 +
√
3
2
λ 0
D ξ = 0, λ2 ≤ 6 λ2 − 3 1
2
(
λ2 − 6) 0
E ξ = 0, λ2 ≥ 3 α+(λ) α−(λ) 0
F λ2 ≤ ξ −3 β+(λ, ξ) β−(λ, ξ)
G λ2 ≤ ξ or ξ < 0 −3 γ+(λ, ξ) γ−(λ, ξ)
J ξ 6= 0 and λ = 0 −3 −3+
√
9−24ξ
2
−3−√9−24ξ
2
TABLE XI: The eigenvalues of the matrix Q of the perturbation equations of the autonomous system (763). Points B-E exist
only for ξ = 0, and for these points the variable z is zero and thus irrelevant. Although for these points the eigenvalue associated
to the z-direction is zero, the stability conditions are obtained by analyzing the eigenvalues of the non-trivial 2×2 submatrix of Q.
We introduce the notations α±(λ) = 3
4
(
−1±
√
24λ2−7λ4
λ2
)
, β±(λ, ξ) =
−3±
√
9−24
√
ξ2−λ2ξ
2
and γ±(λ, ξ) =
−3±
√
9+24
√
ξ2−λ2ξ
2
.
From [581].
Cr. P. Stability ΩDE wDE wtot q
A saddle point 0 arbitrary 0 1
2
B unstable for λ <
√
6
saddle point otherwise 1 1 1 2
C unstable for λ > −√6
saddle point otherwise 1 1 1 2
D stable node for λ2 < 3 1 −1 + λ2
3
−1 + λ2
3
−1 + λ2
2
saddle point for 3 < λ2 < 6
E stable node for 3 < λ2 < 24
7
3
λ2
0 0 1
2
stable spiral for λ2 > 24
7
F stable node for λ2 < ξ 1 −1 −1 −1
G saddle point 1 −1 −1 −1
J stable spiral for 3
8
< ξ 1 −1 −1 −1
stable node for 0 < ξ < 3
8
saddle point for ξ < 0
TABLE XII: The real and physically meaningful critical points of the autonomous system (763) along with their stability
conditions, and the corresponding values of the dark-energy density parameter ΩDE , of the dark-energy equation-of-state
parameter wDE , of the total equation-of-state parameter wtot and of the deceleration parameter q. From [581].
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equation-of-state parameter. Note that this trivial point
exists in the standard quintessence model too [310], since
it is independent of ξ.
The present scenario of teleparallel dark energy, pos-
sesses two additional, non-trivial critical points that do
not exist in standard quintessence. Thus, they account
for the new information of this richer scenario, and as
expected they depend on the non-minimal coupling ξ. In
particular, point F is stable if λ2 < ξ, and thus it can
attract the universe at late times. It corresponds to an
accelerating universe with complete dark energy domina-
tion, with wDE = −1, that is dark energy behaves like
a cosmological constant. We stress that this wDE value
is independent of λ and ξ, which is an important and
novel result. Thus, while point D (the important point
of standard quintessence) needs to have a very flat, that
is quite tuned, potential in order to possess a wDE near
the observed value −1, point F exhibits this behavior for
every λ-value, provided that λ2 < ξ. This feature is a sig-
nificant advantage of the scenario at hand, amplifying its
generality, and offers a mechanism for the stabilization of
wDE close to the cosmological-constant value. Similarly,
we have the point G, which has the same cosmological
properties with F , however it is a saddle point and thus
it cannot be a late-time solution of the universe, but the
universe can spend a large period of time near this solu-
tion.
Finally, when ξ 6= 0 and for the limiting case λ = 0,
that is for a constant potential, the present scenario ex-
hibits the critical point J , which is stable for ξ > 0. It
corresponds to a dark-energy dominated, de Sitter uni-
verse, in which dark energy behaves like a cosmological
constant.
Before closing this section, let us make a comment
on another crucial difference of teleparallel dark energy,
comparing with standard quintessence, that is of the
ξ 6= 0 case comparing to the ξ = 0 one. In particular,
when ξ = 0, in which teleparallel dark energy coincides
with standard quintessence, wDE is always larger that
−1, not only at the critical points, but also through-
out the cosmological evolution as well. However, for
ξ 6= 0, during the cosmological evolution wDE can be
either above or below −1, and only at the stable criti-
cal point it becomes equal to −1. Such a cosmological
behavior is much richer, and very interesting, both from
the theoretical as well as from the observational point of
view, since it can explain the dynamical behavior of wDE
either above or below the phantom divide, and moreover
its stabilization to the cosmological-constant value, with-
out the need for parameter-tuning.
In order to present the aforementioned behavior more
transparently, one evolves the autonomous system (763)
numerically, and in Fig. 23 we observe the correspond-
ing phase-space behavior. In this case the universe at
late times is attracted by the cosmological-constant-like
stable point F . However, during the evolution towards
this point the dark-energy equation-of-state parameter
wDE presents a very interesting behavior, and in par-
FIG. 23: The phase-space evolution for the teleparallel dark
energy scenario with λ = 0.7 and ξ = 1. The trajecto-
ries are attracted by the cosmological-constant-like stable point
F , however the evolution towards it possesses a wDE being
quintessence-like, phantom-like, or experiencing the phantom-
divide crossing, depending on the specific initial conditions.
The orbits with a thick gray curve on the top left are those
with wDE > −1 initially, while the thin black curve corre-
sponds to wDE < −1 initially.
ticular, depending on the specific initial conditions, it
can be quintessence-like, phantom-like, or experience the
phantom-divide crossing. Such a behavior is much richer
than standard quintessence, and reveals the capabilities
of teleparallel dark energy scenario. Finally, one should
also investigate in detail whether the scenario at hand is
stable at the perturbation level, especially in the region
wDE < −1. Such an analysis can be heavily based on
[196] and one can find that f(T ) cosmology and telepar-
allel dark energy are stable even in the region wDE < −1.
3. Observational constraints
Let us now use observations in order to constrain the
parameters of teleparallel dark energy, following [586].
In particular, one uses data from SNIa from the Su-
pernova Cosmology Project (SCP) Union2 compilation
[343], BAO data from the Two-Degree Field Galaxy Red-
shift Survey (2dFGRS) and the Sloan Digital Sky Survey
Data Release 7 (SDSS DR7) [344], and the Cosmic Mi-
crowave Background (CMB) radiation data from Seven-
Year Wilkinson Microwave Anisotropy Probe (WMAP)
observations [169], in order to plot likelihood-contours
for the present values of the dark-energy equation of state
wDE0 , for the matter density parameter Ωm0 and for the
non-minimal coupling parameter ξ. Since the model in-
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cludes the scalar-field potential, one performs the analy-
sis separately for power-law (quartic) V (φ) = V0φ
4 and
exponential V (φ) = V0e
−√8piGλφ potentials (see [586] for
the incorporation of the inverse hyperbolic cosine poten-
tial).
In Fig. 24 we present the likelihood contours for wDE0
and Ωm0 with the teleparallel dark energy scenario under
the quartic potential. As we observe, the scenario at hand
FIG. 24: Contour plots of the present dark-energy equation-
of-state parameter wDE0 versus the present matter density
parameter Ωm0 under SNIa, BAO and CMB observational
data in the teleparallel dark energy scenario with the quartic
potential V (φ) = V0φ
4. The curves correspond to 1σ and 2σ
confidence levels, respectively, and the cross marks the best-fit
point. From [586].
is in agreement with observations, and as expected, it
can describe both the quintessence and phantom regimes.
Since the scalar field is canonical, it is a great advantage
of the present model.
In Fig. 25 we present the likelihood contours for wDE0
and the non-minimal coupling parameter ξ, for the quar-
tic potential. Interestingly enough we observe that the
non-minimal coupling is favored by the data, and in
particular a small ξ is responsible for the quintessence
regime, while a larger one leads to the phantom regime.
Note that the best-fit value of wDE0 |b.f ≈ −0.98 is very
close to the cosmological constant.
In Fig. 26 we present the likelihood contours for wDE0
and Ωm0, for the teleparallel dark energy scenario under
the exponential potential. As we observe, this scenario
is consistent with observations, and it can describe both
the quintessence and phantom regimes, with the phantom
regime favored by the data. Furthermore, in Fig. 27
we present the likelihood contours for wDE0 and ξ, for
the exponential potential. From this graph we deduce
that a non-minimal coupling is favored by the data, and
we observe that wDE0-values close to the cosmological
constant bound, either above or below it, can be induced
by a relative large ξ-interval, which is an advantage of
FIG. 25: Contour plots of the present dark-energy equation-
of-state parameter wDE0 versus the non-minimal coupling pa-
rameter ξ under SNIa, BAO and CMB observational data,
in the teleparallel dark energy scenario with the quartic po-
tential V (φ) = V0φ
4. The curves correspond to 1σ and 2σ
confidence levels, respectively, and the cross marks the best-fit
point. From [586].
FIG. 26: Legend is the same as Fig. 24 but with the exponen-
tial potential V (φ) = V0e
−√8piGλφ. From [586].
this scenario.
We close this section with a comment on the positive
values of the non-minimal coupling ξ. In particular, ξ
must always be bounded according to a physical con-
straint, namely it must lead to positive ρDE in (749) and
to positive H2 in the Friedmann equation. In practice, ξ
is found to be mainly negative (in our convention), and
only a small window of positive values is theoretically al-
lowed. In the case of quartic and exponential potentials
one finds the interesting result that for the theoretically
allowed positive ξ (0 ≤ ξ . 0.2) wDE is always very close
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FIG. 27: Legend is the same as Fig. 25 but with the expo-
nential potential V (φ) = V0e
−√8piGλφ. From [586].
to a constant wDE0 with |wDE0−wDE | . 10−3 [586]. The
reason is that the scenario of teleparallel dark energy for
positive ξ (sufficiently small in order for the positivity
of ρDE and H
2 not to be spoiled) always results in the
stabilization of wDE0 close to the cosmological constant
value, as was proven by the detailed phase-space analy-
sis presented above and in more details in [581]. Such
a behavior is an advantage from both observational and
theoretical point of view.
In summary, the scenario of teleparallel dark energy is
compatible with observations, for all the examined scalar-
field potentials. Furthermore, although the scalar field is
canonical, the model can describe both the quintessence
and phantom regimes. These features are an advantage
from both observational and theoretical point of view,
and they make the scenario at hand a good candidate for
the description of nature. Finally, the data favor a non-
minimal coupling, and thus the model is distinguishable
from standard quintessence, since the two scenarios are
equivalent only for the minimal coupling.
B. f(T, TG) gravity
In this subsection we describe another extension of
teleparallel and f(T ) gravity, based on the Teleparallel
Equivalent of the Gauss-Bonnet combination, following
[587–589] (see also [590] for the extension to the telepar-
allel equivalent of Lovelock gravity). The inspiration
for this extension comes from the fact that in curva-
ture gravity, apart from the simple modifications such
as the f(R) models, one can construct more complicated
actions introducing higher-curvature corrections such as
the Gauss-Bonnet combination G [591, 592] or arbitrary
functions f(G) [593–595]. Hence, one can follow the
same direction starting from the teleparallel formulation
of gravity, and construct actions involving higher-torsion
corrections (see [34, 596, 597] for different constructions
of torsional actions).
As we mentioned in Section IV, the basic strategy for
the construction of Teleparallel Equivalent of GR is to
express the curvature scalar R corresponding to a gen-
eral connection, as the curvature scalar R¯ corresponding
to Levi-Civita connection plus terms arising from the tor-
sion tensor. Then, by imposing the teleparallelism con-
dition Rabcd = 0, we acquire that R¯ is equal to a torsion
scalar plus a total derivative, namely the relation:
eR¯ = −eT + 2(eT νµν ),µ . (764)
Thus, this torsion scalar provides the Teleparallel Equiv-
alent of GR, in a sense that if one uses it as a Lagrangian,
then exactly the same equations with GR are obtained.
Hence, inspired by this strategy, in [587] the authors
followed the same steps for the Gauss-Bonnet combina-
tion, which as it is well known reads as:
G = R2 − 4RµνRµν +RµνκλRµνκλ. (765)
In particular, the idea is to extract a relation of the form
eG¯=eTG+total diverg., (766)
where G¯ is the Gauss-Bonnet combination calculated us-
ing the Levi-Civita connection. Thus, from this expres-
sion one can read the TG, i.e. the Teleparallel Equivalent
of the Gauss-Bonnet combination.
Indeed, after formulating the problem in the form lan-
guage instead of the coordinate one, one can extract re-
lation (766), with TG written as
TG = (KA1EAKEA2BKA3FCKfA4D − 2KA1A2AKA3EBKEFCKFA4D
+2KA1A2AKA3EBKEA4FKFCD
+2KA1A2AKA3EBKEA4C,D)δABCDA1A2A3A4 , (767)
where comma denotes differentiation. In this expression
the generalized δ is the determinant of the Kronecker
deltas, whereas KABC is the contorsion tensor
KABC = 1
2
(TCAB − TBCA − TABC) = −KBAC , (768)
with TABC the torsion tensor (the conventions are the
standard ones of this Review, namely Greek indices span
the space-time while capital Latin indices span the tan-
gent space, assumed to be a Minkowski space with met-
ric ηAB = diag(+1,−1,−1,−1)). We refer the reader
to [587] for the lengthy calculations of this construction.
Thus, TG is the teleparallel equivalent of G¯, in the sense
that the action
STG =
1
2κ2D
∫
M
dDx e TG , (769)
varied in terms of the vielbein gives exactly the same
equations with the action
SGB =
1
2κ2D
∫
M
dDx e G¯ , (770)
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varied in terms of the metric, and this equivalence holds
for arbitrary dimensions (κ2D is the D-dimensional grav-
itational constant).
Having constructed the teleparallel equivalent of the
Gauss-Bonnet combination TG, and having also the usual
teleparallel equivalent of the Ricci scalar T , one can be
based on them in order to build modified gravitational
theories. In particular, one can combine both possible
extensions and construct the f(T, TG) modified gravity
[587]
S =
1
2κ2D
∫
dDx e f(T, TG) . (771)
Note that since TG is quartic in torsion tensor then f(TG)
cannot arise from any f(T ). Hence, clearly, f(T, TG)
gravity is different from both f(T ) theory as well as from
f(R,G) gravity [593–595], and therefore it is a novel grav-
itational modification.
Let us now extract the equations of motion, focusing in
the most interesting case of D = 4. Varying the action
(771) in terms of the vierbein, after various steps, one
finally obtains [587]
2(H [AC]B+H [BA]C−H [CB]A),C
+2(H [AC]B+H [BA]C−H [CB]A)JDDC
+(2H [AC]D+HDCA)JBCD+4H
[DB]CJ A(DC)
+TACDH
CDB − hAB + (f−TfT−TGfTG)ηAB = 0 ,(772)
where JCAB are the structure coefficients functions given
by
JCAB = e
µ
A e
ν
B (e
C
µ,ν − eCν,µ) , (773)
and where we have defined
HABC = fT (η
ACKBDD −KBCA) + fTG
[
CPRT
(
2ADKMKBKPKDQR + QDKMKAKPKBDR
+ABKMKKDPKDQR
)KQMT
+CPRT ABKDKMDP
(KKMR,T − 12KKMQJQTR)
+CPRT AKDMKDMP
(KBKR,T − 12KBKQJQTR)]
+CPRT AKDM
[(
fTGKBKPKDMR
)
,T
+fTGJ
Q
PTKBK[QKDMR]
]
(774)
and
hAB = fT 
A
KCD
BPQDKKMPKMCQ . (775)
We have used the notation fT = ∂f/∂T , fTG = ∂f/∂TG,
the (anti)symmetrization symbol contains the factor 1/2,
while the antisymmetric symbol ABCD has 1234 = 1,
1234 = −1.
Before proceeding to the cosmological application of
f(T, TG) gravity, let us make some comments. The
first has to do with the Lorentz violation. In partic-
ular, as it was discussed also in [587], under the use
of the Weitzenbo¨ck connection the torsion scalar T re-
mains diffeomorphism invariant, however the Lorentz in-
variance has been lost since we have chosen a specific class
of frames, namely the autoparallel orthonormal frames.
Nevertheless, the equations of motion of the Lagrangian
eT , being the Einstein equations, are still Lorentz co-
variant. On the contrary, when we replace T by a gen-
eral function f(T ) in the action, the new equations of
motion will not be covariant under Lorentz rotations of
the vielbein, although they will indeed be form-invariant,
and the same features appear in the f(T, TG) extension.
However, this is not a deficit (it is a sort of analogue of
gauge fixing in gauge theories), and the theory, although
not Lorentz covariant, is meaningful. Definitely, not all
vielbeins will be solutions of the equations of motion, but
those which solve the equations will determine the metric
uniquely. Obviously, the above problem will be solved if
one formulates f(T, TG) gravity in a covariant way, i.e us-
ing both the vierbein and the spin connection, as we did
in subsection V D for f(T ) gravity. Such a construction
is still missing.
The second comment is related to possible acausali-
ties and problems with the Cauchy development of a
constant-time hypersurface. Indeed, there are works
claiming that a departure from TEGR, as for instance
in f(T ) gravity, with the subsequent local Lorentz viola-
tion, will lead to the above problems [598, 599]. In order
to examine whether one also has these problems in the
present scenario of f(T, TG) gravity, he would need to
perform a very complicated analysis, extending the char-
acteristics method of [598, 599] for this case, although
at first sight one does expect to indeed find them. Nev-
ertheless, even if this proves to be the case, it does not
mean that the theory has to be ruled out, since one could
still handle f(T ) gravity (and similarly f(T, TG) one) as
an effective theory, in the regime of validity of which the
extra degrees of freedom can be removed or be excited
in a healthy way (alternatively one could re-formulate
the theory using Lagrange multipliers) [598, 599]. How-
ever, there is a possibility that these problems might be
related to the restricting use of the Weitzenbo¨ck connec-
tion, since the formulation of TEGR and its modifications
using other connections (still in the “teleparallel class”)
does not seem to be problematic, and thus, the general
formulation of f(T, TG) gravity that was presented in
[587] might be free of the above disadvantages. These
issues definitely need further investigation, and the dis-
cussion is still open in the literature.
Let us now apply f(T, TG) gravity in a cosmological
framework. Firstly, we add the matter sector along the
gravitational one, that is we start by the total action
Stot =
1
16piG
∫
d4x e f(T, TG) + Sm , (776)
with 8piG = κ4 the four-dimensional Newton’s constant,
and where Sm corresponds to a matter fluid of energy
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density ρm and pressure pm. Secondly, in order to inves-
tigate the cosmological implications of the above action,
we consider as usual the spatially flat FRW geometry
(264), namely
eAµ = diag(1, a, a, a) , (777)
where a(t) is the scale factor. Inserting this vierbein
choice into (767) one can easily find that
TG = 24
a˙2
a2
a¨
a
= 24H2
(
H˙ +H2
)
, (778)
while as usual T = −6H2 (note that in the present Re-
view we use the usual conventions, which are slightly dif-
ferent than those of [587]). Additionally, inserting (777)
into the general equations of motion (772), after some
algebra one obtains the Friedmann equations [587]
f + 12H2fT − TGfTG + 24H3 ˙fTG = 16piGρm (779)
f + 4(H˙ + 3H2)fT + 4H ˙fT
−TGfTG +
2
3H
TG ˙fTG + 8H
2 ¨fTG = −16piGpm ,(780)
where the right hand sides arise from the independent
variation of the matter action. In the above expressions
it is ˙fT = fTT T˙ + fTTG T˙G,
˙fTG = fTTG T˙ + fTGTG T˙G,
¨fTG = fTTTG T˙
2 +2fTTGTG T˙ T˙G+fTGTGTG T˙
2
G +fTTG T¨ +
fTGTG T¨G, with fTT , fTTG , ... denoting multiple partial
differentiations of f with respect to T , TG. Finally, T˙ ,
T¨ and T˙G, T¨G are obtained by differentiating T = −6H2
and (778) respectively with respect to time.
We would like to mention that for the derivation of
the above Friedmann equations we presented the robust
way following [587], that is one first performs the general
variation of the action resulting to the general equations
of motion (772), and then he inserts the cosmological
ansatz (777), obtaining (779) and (780). However, as the
same authors showed in [589], one can obtain exactly the
same result in a faster way, that is following the shortcut
procedure where one first inserts the cosmological ansatz
in the action and then performs variation. This short-
cut method is a sort of minisuperspace procedure since
the (potential) additional degrees of freedom other than
those contained in the scale factor are frozen. The equiva-
lence of the two methods is not always guaranteed, since
variation and ansatz-insertion do not commute in gen-
eral, especially in theories with higher-order derivatives
[252, 600]. However, the equivalence of the two methods
is indeed the case for the scenario at hand [589], and an
additional cross-check for the calculation correctness.
The Friedmann equations (779), (780) can be rewritten
in the usual form
H2 =
8piG
3
(ρm + ρDE) (781)
H˙ = −4piG(ρm + pm + ρDE + pDE), (782)
where the energy density and pressure of the effective
dark energy sector are defined as
ρDE=
1
16piG
(6H2−f−12H2fT +TGfTG−24H3 ˙fTG) (783)
pDE=
1
16piG
[
−2(2H˙+3H2)+f+4(H˙+3H2)fT
+4H ˙fT−TGfTG+
2
3H
TG ˙fTG+8H
2 ¨fTG
]
.(784)
Since the standard matter is conserved independently,
namely ρ˙m + 3H(ρm + pm) = 0, we obtain from
(783),(784) that the dark energy density and pressure
also satisfy the usual evolution equation
ρ˙DE + 3H(ρDE + pDE) = 0 . (785)
Additionally, we can define the dark energy equation-of-
state parameter as
wDE =
pDE
ρDE
. (786)
Finally, we mention that for f(T, TG) = T the Fried-
mann equations (779), (780) become the usual equations
of Teleparallel Equivalent of General Relativity (and thus
of GR), while for f(T, TG) = f(T ) one re-obtains the
equations of standard f(T ) gravity.
1. Cosmological behavior
Let us now investigate in detail the cosmological appli-
cations of f(T, TG) gravity, both at early and late times
following [587–589] (see also [601–603]). In particular,
we proceed to the investigation of some specific f(T, TG)
cases, focusing on the evolution of observables such as
the various density parameters Ωi = 8piGρi/(3H
2) and
the dark energy equation-of-state parameter wDE .
Since TG contains quartic torsion terms, it will in gen-
eral and approximately be of the same order with T 2.
Therefore, T and
√
T 2 + β2TG are of the same order,
and thus, if one of them contributes during the evolu-
tion the other will contribute too. Therefore, it would
be very interesting to consider modifications of the form
f(T, TG) = −T + β1
√
T 2 + β2TG, which are expected
to play an important role at late times. Note that the
couplings β1, β2 are dimensionless, and therefore no new
mass scale enters at late times. Nevertheless, in order
to describe the early-times cosmology, one should addi-
tionally include higher order corrections like T 2. Since
the scalar TG is of the same order with T
2, it should be
also included. However, since TG is topological in four
dimensions it cannot be included as it is, and therefore
we use the term T
√|TG| which is also of the same order
with T 2 and non-trivial. Thus, the total function f is
taken to be
f(T, TG) = −T + β1
√
T 2 + β2TG + α1T
2 + α2T
√
|TG| .
(787)
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In summary, when the above function is used as an ac-
tion, it gives rise to a gravitational theory that can de-
scribe both inflation and late-times acceleration in a uni-
fied way.
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t
FIG. 28: Four inflationary solutions for the ansatz
f(T, TG) = α1T
2 + α2T
√|TG| − T + β1√T 2 + β2TG, cor-
responding to a) α1 = −2.8, α2 = 8, β1 = 0.001, β2 = 1
(black-solid), b) α1 = −2, α2 = 8, β1 = 0.001, β2 = 1 (red-
dashed), c) α1 = 8, α2 = 8, β1 = 0.001, β2 = 1 (blue-dotted),
d) α1 = 20, α2 = 5, β1 = 0.001, β2 = 1 (green-dashed-dotted).
All parameters are in Planck units. From [589].
In order to examine the cosmological evolution of a uni-
verse governed by the above unified action, we perform a
numerical elaboration of the Friedmann equations (781),
(782), with ρDE , pDE given by relations (783), (784),
under the ansatz (787). In Fig. 28 we present the early-
times, inflationary solutions for four parameter choices.
As we observe, inflationary, de-Sitter exponential expan-
sions can be easily obtained (with the exponent of the ex-
pansion determined by the model parameters), although
there is not an explicit cosmological constant term in the
action, which is an advantage of the scenario. This was
expected, since one can easily extract analytical solutions
of the Friedmann equations (781), (782) with H ≈ const
(in which case T and TG as also constants).
Let us now focus on the late-times evolution. In Fig.
29 we depict the evolution of the matter and effective
dark energy density parameters, as well as the behav-
ior of the dark energy equation-of-state parameter, for
a specific choice of the model parameters. As we see,
we can obtain the observed behavior, where Ωm de-
creases, resulting to its current value of Ωm0 ≈ 0.3, while
ΩDE = 1 − Ωm increases. Concerning wDE , we can see
that in this example it lies in the quintessence regime.
Finally, note that, as it is usual in modified gravity [342],
the model at hand can describe the phantom regime too,
for a region of the parameter space, which is an additional
advantage [589, 604].
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FIG. 29: Upper graph: The evolution of the dark energy
density parameter ΩDE (black-solid) and the matter density
parameter Ωm (red-dashed), as a function of the redshift z, for
the ansatz f(T, TG) = α1T
2+α2T
√|TG|−T+β1√T 2 + β2TG
with α1 = 0.001, α2 = 0.001, β1 = 2.5, β2 = 1.5.
Lower graph: The evolution of the corresponding dark energy
equation-of-state parameter wDE. All parameters are in units
where the present Hubble parameter is H0 = 1, and we have
imposed Ωm0 ≈ 0.3, ΩDE0 ≈ 0.7 at present. From [589].
One could proceed to the investigation of other
f(T, TG) ansatzen, going beyond the simple model (787).
For instance since TG contains quartic torsion terms, it
will in general and approximately be of the same order
with T 2. Therefore, it would be interesting to consider
modifications of the form f(T, TG) = −T+F (T 2 +β2TG)
[589]. The involved building block is an extension of the
simple T , and thus, it can significantly improve the de-
tailed cosmological behavior of a suitable reconstructed
f(T ). Indeed, choices like f(T, TG) = −T + β1(T 2 +
β2TG) + β3(T
2 + β4TG)
2, can lead to a description of in-
flation and late-time acceleration in a unified way [589].
We close this paragraph with an important point. In
the above analysis we showed that f(T, TG) cosmology
can be very efficient in describing the evolution of the uni-
verse at the background level. However, before consider-
ing any cosmological model as a candidate for the descrip-
tion of nature it is necessary to perform a detailed inves-
tigation of its perturbations, namely to examine whether
the obtained solutions are stable. Furthermore, espe-
cially in theories with local Lorentz invariance violation,
new degrees of freedom are introduced, the behavior of
which is not guaranteed that is stable (for instance this
is the case in the initial version of Horˇava-Lifshitz grav-
ity [605], in the initial version of de Rham-Gabadadze-
Tolley massive gravity [606], etc), and this makes the
perturbation analysis of such theories even more impera-
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tive. Thus, such a detailed and complete analysis of the
cosmological perturbations of f(T, TG) gravity is neces-
sary. However, for the moment we would like to mention
that in the case of simple f(T ) gravity, the perturba-
tions of which have been examined in detail [196, 256],
one does obtain instabilities, but there are many classes
of f(T ) ansatzen and/or parameter-space regions, where
the perturbations are well-behaved. This is a good indi-
cation that we could expect to find a similar behavior in
f(T, TG) gravity too, although one needs to indeed verify
this under the detailed perturbation analysis.
2. Dynamical analysis
The interesting cosmological behavior of f(T, TG)
gravity makes it necessary to perform a detailed dynami-
cal and stability analysis, examining in a systematic way
the possible cosmological behaviors, focusing on the late-
time stable solutions. In particular, as an example, fol-
lowing [588] we will study the case where
f(T, TG) = −T + α1
√
T 2 + α2TG , (788)
where the couplings α1, α2 are dimensionless and the
model is expected to play an important role at late times.
Indeed, this model, although simple, can lead to interest-
ing cosmological behavior, revealing the advantages, the
capabilities, and the new features of f(T, TG) cosmology.
We mention here that when α2 = 0 this scenario reduces
to TEGR, that is to GR, with just a rescaled Newton’s
constant, whose dynamical analysis has been performed
in detail in the literature [310–312]. Thus, in the follow-
ing we restrict our analysis to the case α2 6= 0.
For the ansatz (788), the effective energy density (783)
and pressure (784), respectively become [588]
8piGρDE =
√
3α1H
2
{
α22H¨ + 9α2HH˙
}
D3/2
+
√
3α1H
5
[
(3− 2α2)α2 + 9
]
D3/2
, (789)
and
8piGpDE =
α1(2α2 + 3)
[
α2(10α2 − 51)− 18
]
H5H˙√
3D5/2
+
α1α2
[
4α2(5α2 − 21)− 90
]
H3H˙2 − 54α1α22HH˙3√
3D5/2
−
2α1α
2
2H¨
[
2(α2 − 3)H2H˙ + 2α2H˙2 + (6α2 + 9)H4
]
√
3D5/2
+
√
3α1(α2 − 3)(2α2 + 3)2H7
D5/2
−α1α
2
2H
...
H√
3D3/2
+
√
3α1α
3
2HH¨
2
D5/2
, (790)
where D = 3H2 + 2α2(H˙ +H
2).
In order to transform the two Friedmann equation
(781), (782) into an autonomous dynamical system, we
introduce the auxiliary variables [588]:
x =
√
D
3H2
=
√
1 +
2α2
3
(
1 +
H˙
H2
)
(791)
Ωm =
8piGρm
3H2
. (792)
Thus, the cosmological system is transformed to the au-
tonomous form
x′ = −x
[
3α1x
2 − 6(1− Ωm)x+ α1(3− 4α2)
]
2α1α2
(793)
Ω′m = −
Ωm
(
3x2 + α2 + 3α2wm − 3
)
α2
, (794)
where primes denote differentiation with respect to ln a,
thus f ′ = H−1f˙ . The above dynamical system is defined
in the phase space {(x,Ωm)|x ∈ [0,∞),Ωm ∈ [0,∞]}.
One can now express the various observables in terms
of the above auxiliary variables Ωm and x (note that
Ωm is an observable itself, that is the matter density
parameter). In particular, the deceleration parameter
q ≡ −1− H˙/H2 is given by
q =
3
(
1− x2)
2α2
. (795)
Similarly, the dark energy density parameter straight-
away reads
ΩDE ≡ 8piGρDE
3H2
= 1− Ωm. (796)
The dark energy equation-of-state parameter wDE is
given by the relation 2q = 1 + 3(wmΩm + wDEΩDE),
and therefore
wDE =
3x2 + α2 + 3α2wmΩm − 3
3α2(Ωm − 1) , (797)
where wm ≡ pmρm is the matter equation-of-state parame-
ter. In the following, without loss of generality we assume
dust matter (wm = 0), but the extension to general wm
is straightforward.
We now proceed to the detailed phase-space analysis
following [588]. The real and physically interesting (that
is corresponding to an expanding universe) critical points
of the autonomous system (793)-(794), obtained by set-
ting the left hand sides of these equations to zero, are pre-
sented in Table XIII. In the same table we provide their
existence conditions. For each critical point of Table XIII
we examine the sign of the real part of the eigenvalues of
the 2 × 2 matrix Q of the corresponding linearized per-
turbation equations, in order to determine the type and
stability of the point. The various eigenvalues are pre-
sented in Table XIV. Hence, in Table XV we summarize
the results, and additionally for each critical point we
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Cr. P. x Ωm Existence Stability
P1
√
1− α2
3
Ωm1
6
5
< α2 < 3, α1 ≥ −2
√
3(3−α2)
(−6+5α2)2 or Stable spiral for α2 < 3 and
α2 =
6
5
or −32√3
√
(3−α2)3
(71α22−336α2+288)
2 < α1 < 0 or
α2 <
6
5
, α1 ≤ 2
√
3(3−α2)
(−6+5α2)2 α1 < 0, α2 ≤
1
71
(
168− 36√6) ≈ 1.124.
Saddle otherwise (hyperbolic cases).
P2 x2 0 α2 <
3
4
, 0 < α1 ≤
√
3
3−4α2 or Stable node for α2 < 0, 0 < α1 < 2
√
3(3−α2)
(5α2−6)2
α1 6= 0, α2 = 34 or or 65 < α2 ≤ 3, α1 < −2
√
3(3−α2)
(5α2−6)2
α2 >
3
4
, α1 < 0 or α2 > 3, α1 < 0.
Unstable node for 0 < α2 <
3
4
, 0 < α1 <
√
3
3−4α2 .
Saddle otherwise (hyperbolic cases).
P3 x3 0 α2 <
3
4
, 0 < α1 ≤
√
3
3−4α2 or Stable node for α1 > 0, α2 ≥
6
5
.
α2 ≥ 34 , α1 > 0 Unstable node for α2 < 0, 0 < α1 <
√
3√
3−4α2 .
Saddle otherwise (hyperbolic cases).
P4 0 0 Always Unstable node for
3
4
< α2 < 3.
Saddle otherwise (hyperbolic cases).
TABLE XIII: The real and physically interesting critical points of the autonomous system (793)-(794), along with their
existence and stability conditions. We use the notations Ωm1 =
α1
√
9−3α2(6−5α2)+6(α2−3)
6(α2−3) , x2 =
3−
√
3α21(4α2−3)+9
3α1
and
x3 =
3+
√
3α21(4α2−3)+9
3α1
. From [588].
Cr. P. ν1 ν2
P1 −
√
α1[(336−71α2)α2−288]+32
√
3(3−α2)3/2
4
√
α1α2
− 3
4
√
α1[(336−71α2)α2−288]+32
√
3(3−α2)3/2
4
√
α1α2
− 3
4
P2
2
√
3α21(4α2−3)+9
α21α2
− 6
α21α2
+ 6
α2
− 5
√
3α21(4α2−3)+9
α21α2
− 3
α21α2
+ 3
α2
− 4
P3 − 2
√
3
√
4α21α2−3α21+3
α21α2
− 6
α21α2
+ 6
α2
− 5 −
√
3
√
4α21α2−3α21+3
α21α2
− 3
α21α2
+ 3
α2
− 4
P4 2− 32α2
3
α2
− 1
TABLE XIV: The real and physically interesting critical points at the finite region of the autonomous system (793)-(794), and
the corresponding eigenvalues ν1, ν2 of the matrix of the perturbation equations. We denote Ωm1 =
α1
√
9−3α2(6−5α2)+6(α2−3)
6(α2−3) .
From [588].
calculate the values of the deceleration parameter q, of
the dark energy density parameter ΩDE , and of the dark
energy equation-of-state parameter wDE , given by (795)-
(797), and we present the results in Table XV. Moreover,
in the same Table we summarize the physical description
of the solutions, which we analyze below.
Finally, apart from the above finite critical points, the
scenario at hand possesses critical points at infinity too,
due to the fact that the dynamical system (793)-(794) is
non-compact. In order to extract and analyze them, one
needs to apply the Poincare´ central projection method
[584, 585]. However, since the obtained three critical
points at infinity are usually non-stable, and since their
stability regimes are determined only through numerical
elaboration, we do not describe the whole procedure in
detail, and we refer the reader to the original work [588].
Let us now discuss the corresponding cosmological be-
havior. As usual, the features of the solutions can be
easily deduced by the values of the observables. In par-
ticular, q < 0 (q > 0) corresponds to acceleration (de-
celeration), q = −1 to de Sitter solution, wDE > −1
(wDE < −1) corresponds to quintessence-like (phantom-
like) behavior, and ΩDE = 1 implies a dark-energy dom-
inated universe.
Point P1 is conditionally stable, and thus it can at-
tract the universe at late times. Since the dark energy
and matter density parameters are of the same order,
this point represents a dark energy - dark matter scaling
solution, alleviating the coincidence problem (note that
in order to handle the coincidence problem one should
provide an explanation of why the present Ωm and ΩDE
are of the same order, although they follow different evo-
lution behaviors). However, it has the disadvantage that
wDE is 0 and the universe is not accelerating. Although
this picture is not favored by observations, it may simply
imply that the universe at present has not yet reached
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Cr. P. ΩDE q wDE Properties of solutions
P1 1− Ωm1 12 0 Dark Energy - Dark Matter scaling solution
P2 1 q2 wDE2 Decelerating solution for
α2 < 0,
3
3−2α2 < α1 ≤
√
3
3−4α2 or
0 < α2 <
3
4
, 0 < α1 ≤
√
3
3−4α2 or
α1 6= 0, α2 = 34 or
3
4
< α2 ≤ 32 , α1 < 0 or α2 > 32 , 33−2α2 < α1 < 0.
Quintessence solution for
α2 ≤ − 32 , 0 < α1 < 33−2α2 or
− 3
2
< α2 < 0, −
√
3(2α2+3)
(α2−3)2 < α1 <
3
3−2α2 or
3
2
< α2 ≤ 3, α1 < 33−2α2 or
α2 > 3, −
√
3(2α2+3)
(α2−3)2 < α1 <
3
3−2α2 .
De Sitter solution for
− 3
2
< α2 < 0, α1 =
√
3(2α2+3)
(α2−3)2 or α2 > 3, α1 = −
√
3(2α2+3)
(α2−3)2 .
Phantom solution for
− 3
2
< α2 < 0, 0 < α1 <
√
3(2α2+3)
(α2−3)2 or α2 > 3, α1 < −
√
3(2α2+3)
(α2−3)2 .
P3 1 q3 wDE3 Decelerating solution for
α2 < 0, 0 < α1 ≤
√
3
3−4α2 or
0 < α2 <
3
4
, 3
3−2α2 < α1 ≤
√
3
3−4α2 or
3
4
≤ α2 < 32 , α1 > 33−2α2 .
Quintessence solution for
0 < α2 <
3
2
,
√
3(2α2+3)
(α2−3)2 < α1 < −
3
2α2−3 or
3
2
≤ α2 < 3, α1 >
√
3(2α2+3)
(α2−3)2 .
De Sitter solution for 0 < α2 < 3, α1 =
√
3(2α2+3)
(α2−3)2 .
Phantom solution for
0 < α2 < 3, 0 < α1 <
√
3(2α2+3)
(α2−3)2 or α2 ≥ 3, α1 > 0.
P4 1
3
2α2
1
α2
− 1
3
Decelerating solution for α2 > 0.
Quintessence DE dominated solution for α2 < − 32 .
De Sitter solution for α2 = − 32 .
Phantom solution for − 3
2
< α2 < 0.
TABLE XV: The real and physically interesting critical points of the autonomous system (793)-(794), and the corresponding
values of the dark energy density parameter ΩDE , the deceleration parameter q, and the dark energy equation-of-state parameter
wDE . We use the notation Ωm1 =
α1
√
9−3α2(6−5α2)+6(α2−3)
6(α2−3) , q2 =
√
3α21(4α2−3)+9
α21α2
− 3
α21α2
+ 3
α2
− 2, q3 = −
√
3α21(4α2−3)+9
α21α2
−
3
α21α2
+ 3
α2
− 2, wDE2 = 2
√
3α21(4α2−3)+9
3α21α2
− 2
α21α2
+ 2
α2
− 5
3
and wDE3 = − 2
√
3α21(4α2−3)+9
3α21α2
− 2
α21α2
+ 2
α2
− 5
3
. In the last column
we summarize their physical description. From [588].
its asymptotic regime.
Point P2 is conditionally stable, and therefore, it can
be the late-times state of the universe. It corresponds
to a dark-energy dominated universe that can be accel-
erating. Interestingly enough, depending on the model
parameters, the dark energy equation-of-state parame-
ter can lie in the quintessence regime, it can be equal to
the cosmological constant value −1, or it can even lie in
the phantom regime. These features are a great advan-
tage of the scenario at hand, since they are compatible
with observations, and moreover they are obtained only
due to the novel features of f(T, TG) gravity, without the
explicit inclusion of a cosmological constant or a scalar
field, either canonical or phantom one.
Point P3 is conditionally stable, and therefore it can
attract the universe at late times. It has similar features
with P2, but for different parameter regions. Namely,
it corresponds to a dark-energy dominated universe that
can be accelerating, where the dark-energy equation-of-
state parameter can lie in the quintessence or phantom
regime, or it can be exactly −1. These features make this
point also a good candidate for the description of Nature.
Point P4 corresponds to a dark-energy dominated uni-
verse that can be accelerating, where the dark-energy
equation-of-state parameter can lie in the quintessence
or phantom regime, or it can be exactly −1. However,
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P4 is not stable and thus it cannot attract the universe
at late times.
In order to present the aforementioned behavior more
transparently, one evolves the autonomous system (793)-
(794) numerically for the parameter choices α1 = −
√
33
and α2 = 4, assuming the matter to be dust (wm = 0).
The corresponding phase-space behavior is depicted in
Fig. 30. In this case the universe at late times is at-
tracted by the dark-energy dominated de Sitter attrac-
tor P2, where the effective dark energy behaves like a
cosmological constant. Additionally, in Fig. 31 we can
see some phase-space orbits for the choice α1 = 3 and
α2 =
3
2 , with wm = 0. In this case, the universe is at-
tracted by the quintessence solution P3.
FIG. 30: Trajectories in the phase space for the cosmological
scenario (793)-(794), for the parameter choices α1 = −
√
33
and α2 = 4, and assuming the matter to be dust (wm = 0).
In this specific example the universe is led to the de Sitter
attractor P2, while P4 is saddle. From [588].
In summary, the scenario of f(T, TG) cosmology ex-
hibits interesting cosmological behaviors. In particular,
depending on the model parameters, the universe can
result in a dark energy dominated accelerating solution
and the dark-energy equation-of-state parameter can lie
in the quintessence regime, it can be equal to the cosmo-
logical constant value −1, or it can even lie in the phan-
tom regime. Additionally, it can result in a dark energy
- dark matter scaling solution, and thus it can alleviate
the coincidence problem. Definitely, before the scenario
at hand can be considered as a good candidate for the de-
scription of Nature, a detailed confrontation with obser-
vations should be performed. In particular, one should
use data from local gravity experiments (Solar System
observations), as well as SNIa, BAO, and CMB data, in
order to impose constraints on the model. These nec-
essary investigations would be nice be performed in the
near future.
FIG. 31: Trajectories in the phase space for the cosmological
scenario (793)-(794), for the parameter choices α1 = 3 and
α2 =
3
2
, and assuming the matter to be dust (wm = 0). In
this specific example the universe is led to the quintessence
solution P3. From [588].
C. Non-minimal torsion-matter coupling extension
of f(T ) gravity
In this subsection we describe another extension of
f(T ) gravity, in which one allows for a non-minimal cou-
pling between the torsion scalar T and the matter La-
grangian, first introduced in [607]. The inspiration for
this extension comes once again from the corresponding
models of curvature gravity.
In curvature gravity, indeed most of the modifications
of the Einstein-Hilbert Lagrangian involve a change in
the geometric part of the action only, and assume that the
matter Lagrangian plays a subordinate and passive role,
which is implemented by the minimal coupling of mat-
ter to geometry. However, a general theoretical principle
forbidding an arbitrary coupling between matter and ge-
ometry does not exist a priori, and indeed if theoretical
models in which matter is considered on an equal foot-
ing with geometry, are allowed, then gravitational the-
ories with many interesting and novel features can be
constructed.
A theory with an explicit coupling between an arbi-
trary function of the scalar curvature and the Lagrangian
density of matter was proposed in [609–611]. The grav-
itational action of the latter model is of the form S =∫ {f1(R) + [1 + λf2(R)]Lm}√−gd4x. In these models
an extra force acting on massive test particles arises,
and the motion is no longer geodesic. Moreover, in this
framework, one can also explain dark matter [612]. The
early “linear” geometry-matter coupling [611] was ex-
tended in [613] and a maximal extension of the Einstein-
Hilbert action with geometry-matter coupling, of the
form S =
∫
d4x
√−gf (R,Lm), was considered in [614].
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Hence, inspired by the above non-minimal curvature-
matter coupling scenarios, in [607] the authors con-
structed similar models in the framework of teleparal-
lel and f(T ) gravity, that is allowing for a non-minimal
torsion-matter coupling. In particular, one considers the
action
S =
1
16piG
∫
d4x e {T + f1(T ) + [1 + λ f2(T )] Lm} ,
(798)
where fi(T ) (with i = 1, 2) are arbitrary functions of the
torsion scalar T and λ is a coupling constant with units
of mass−2. Varying the action with respect to the tetrad
eAρ yields the field equations
(1 + f ′1 + λf
′
2Lm)
[
e−1∂µ(eeαASα
ρµ)− eαATµναSµνρ
]
+ (f ′′1 + λf
′′
2 Lm) ∂µTe
α
ASα
ρµ + eρA
(
f1 + T
4
)
−1
4
λf ′2 ∂µTe
α
AS
(m)
α
ρµ + λf ′2 e
α
ASα
ρµ ∂µLm
= 4piG (1 + λf2) e
α
AT
(m)
α
ρ, (799)
where we have defined
eαAS
(m)
α
ρµ = S
(m)
A
ρµ =
∂Lm
∂∂µeAρ
, (800)
and the prime denotes differentiation with respect to the
torsion scalar. As usual Sρ
µν ≡ 12
(
Kµνρ + δ
µ
ρ T
αν
α −
δνρ T
αµ
α
)
, with the contorsion tensor given by Kµνρ ≡
− 12
(
Tµνρ−T νµρ−Tρµν
)
. Note that, as expected, when
λ = 0 Eq. (799) reduces to Eq. (263) of simple f(T )
gravity. Since the Lagrangian density of a perfect fluid is
the energy scalar representing the energy in a local rest
frame for the fluid, a possible “natural choice” for the
matter Lagrangian density is Lm/(16piG) = −ρm [615,
616]. In this case, we have S
(m)
A
ρµ = 0, and also the usual
form of the energy momentum tensor for the perfect fluid
T
(m)
µν = (ρm + pm)uµuν − pmgµν .
In summary, inserting the flat FRW vierbein choice
(264), namely eAµ = diag(1, a(t), a(t), a(t)), and the above
matter Lagrangian density, into the field equations (799),
we obtain the modified Friedmann equations
H2 =
8piG
3
[
1 + λ
(
f2 + 12H
2f ′2
)]
ρm−1
6
(
f1 + 12H
2f ′1
)
,
(801)
H˙ = − 4piG (ρm + pm)
[
1 + λ
(
f2 + 12H
2f ′2
)]
1 + f ′1 − 12H2f ′′1 − 16piGλρm (f ′2 − 12H2f ′′2 )
.
(802)
In the limit λ = 0, f1(T ) ≡ f(T ), and f2(T ) ≡ 0, Eqs.
(801) and (802) respectively reduce to Eqs. (267) and
(268), of usual f(T ) gravity in FRW geometry. The gen-
eralized Friedmann equations can be rewritten as
3H2 = 8piG (ρDE + ρm) , (803)
2H˙ + 3H2 = −8piG (pDE + pm) , (804)
where the effective energy density and effective pressure
of the dark energy sector are defined as
ρDE := − 1
16piG
(
f1 + 12H
2f ′1
)
+ λρm
(
f2 + 12H
2f ′2
)
,
(805)
pDE := (ρm + pm)×[
1 + λ
(
f2 + 12H
2f ′2
)
1 + f ′1 − 12H2f ′′1 − 16piGλρm (f ′2 − 12H2f ′′2 )
− 1
]
+
1
16piG
(
f1 + 12H
2f ′1
)− λρm (f2 + 12H2f ′2) . (806)
Furthermore, we can define the dark-energy equation-of-
state parameter as usual
wDE ≡ pDE
ρDE
. (807)
One can easily verify that the above affective dark energy
density and pressure satisfy the usual evolution equation
ρ˙DE + ρ˙m + 3H (ρDE + ρm + pDE + pm) = 0. (808)
Finally, we can introduce as usual the deceleration pa-
rameter q = −1− H˙/H2.
As we observe, the above equations of non-minimal
coupled torsion-matter gravity are different than those
of non-minimal coupled curvature-matter gravity [611],
and obviously they are different from simple f(T ) gravity
too. Hence, the theory of non-minimal torsion-matter
coupling is a novel class of gravitational modification.
1. Cosmological behavior
Since we have extracted the basic background equa-
tions of motion for the f(T ) gravity model with a non-
minimal matter-torsion coupling, we are now able to
investigate its phenomenological implications, following
[607, 608]. Due to the usual relation (269), namely
T = −6H2, for convenience in the following we will
change the T -dependence to H-dependence in the in-
volved expressions, so that f1(T ) ≡ f1(H), and f2(T ) ≡
f2(H). For the derivatives of the functions f1(T ) and
f2(T ) we obtain f
′
i(H) ≡ f ′i(T )|T→−6H2 , and f ′′i (H) ≡
f ′′i (T )|T→−6H2 , i = 1, 2, respectively. In order to sim-
plify the notation, in this paragraph we set 8piG = 1.
The basic cosmological equations describing the time
evolution of the non-minimally matter-coupled f(T )
gravity are given by Eqs. (801) and (802). From Eq.
(801) we can express the matter density as
ρm(t) =
3H2 +
[
f1(H) + 12H
2 f ′1(T )|T→−6H2
]
/2
1 + λ
[
f2(H) + 12H2 f ′2(T )|T→−6H2
] .
(809)
By substituting the matter density ρm into Eq. (802)
we obtain the basic as
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2H˙ = −
{
1 + λ
[
f2(H) + 12H
2 f ′2(T )|T→−6H2
]}{ [f1(H)+12H2 f ′1(T )|T→−6H2]/2+3H2
1+λ
[
f2(H)+12H2 f ′2(T )|T→−6H2
] + pm
}
1 + f ′1(T )|T→−6H2 − 12H2 f ′′1 (T )|T→−6H2 −
2λ
{[
f1(H)+12H2 f ′1(T )|T→−6H2
]
/2+3H2
}[
f ′2(T )|T→−6H2−12H2 f ′′2 (T )|T→−6H2
]
1+λ
[
f2(H)+12H2 f ′2(T )|T→−6H2
]
.
(810)
Hence, once the functions f1(T ) and f2(T ) are fixed, Eqs.
(809) and (810) become a system of two ordinary differen-
tial equations for three unknowns, (H, ρm, pm). In order
to close the system of equations, the matter equation of
state pm = pm (ρm) must also be given. Finally, the dark
energy equation-of-state parameter can be expressed as
wDE = − 2H˙
ρDE
− ρm + pm
ρDE
− 1 = −2H˙ + 3H
2 + pm
3H2 − ρm .
(811)
In the following, we investigate the system of equations
(809) and (810), for different functional forms of f1(T )
and f2(T ).
• Model I
Let us first consider the case where [607]
f1(T ) = −Λ + α1T 2
f2(T ) = β1T
2, (812)
with α1 and β1 constants, since these are the first
non-trivial corrections to TEGR, that is to GR. As
we mentioned above, it proves convenient to ex-
press the involved functions in terms of H. In par-
ticular, in terms of H the functional dependencies
of f1 and f2 are given by f1(H) = −Λ + αH4 and
f2(H) = βH
4, respectively, with α = 36α1, β =
36β1. For the derivatives of the functions f1 and
f2 we obtain f
′
1(H) = −αH2/3, f ′2(H) = −βH2/3,
f ′′1 (H) = α/18, f
′′
2 (H) = β/18. Moreover, we re-
strict our analysis to the case of dust matter, that
is we take pm = 0. In this case the gravitational
field equations (809) and (810) become
ρm(t) =
3αH4 − 6H2 + Λ
6βλH4 − 2 , (813)
and
H˙(t) =
(
3αH4 − 6H2 + Λ) (3βλH4 − 1)
4H2 (α+ βλΛ− 3βλH2)− 4 , (814)
respectively.
In order to investigate the behavior of the scenario
at hand, we numerically elaborate the above equa-
tions for various parameter values, and in Fig. 32
we depict the evolution of the deceleration param-
eter as a function of time, while in Fig. 33 we
present the corresponding evolution of the dark-
energy equation-of-state parameter. As we ob-
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FIG. 32: Time variation of the deceleration parameter q(t)
for the non-minimally matter coupled f(T ) gravity model with
f1(T ) = −Λ + α1T 2 and f2(T ) = β1T 2, or equivalently
f1(H) = −Λ + αH4 and f2(H) = βH4 with α = 36α1,
β = 36β1, for five different choices of the parameters Λ, α, β,
and λ: Λ = 0.01, α = 0.16, β = 0.1, and λ = 1 (solid curve),
Λ = 0.02, α = 0.18, β = 0.3, and λ = 1.2 (dotted curve),
Λ = 0.03, α = 0.20, β = 0.35, and λ = 1.4 (short-dashed
curve), Λ = 0.04, α = 0.30, β = 0.45, and λ = 1.6 (dashed
curve), and Λ = 0.05, α = 0.40, β = 0.55, and λ = 1.8 (long-
dashed curve), respectively. The initial value for H used to
numerically integrate Eq. (814) is H(0) = 0.1. From [607].
serve, for the considered range of values of the free
parameters, in the f(T ) model with torsion-matter
coupling, the Universe ends its evolution in an ac-
celerating, de Sitter-type phase. The deceleration
parameter q indicates a large variety of dynamical
behaviors of the f(T ) model with matter-torsion
coupling. In particular, for some values of the free
parameters the Universe starts its evolution in the
matter-dominated phase from a decelerating phase,
while some other values of the parameters produce
Universe models starting from a marginally acceler-
ating phase (q = 0), and ending in a de Sitter state.
Finally, for other parameter choices at the begin-
ning of the matter-dominated phase the Universe
is already in an accelerating phase, that is with
q < 0. Concerning the behavior of the dark-energy
equation-of-state parameter presented in Fig. 33,
one can see that for these specific choices of the
parameters wDE is close to the value −1, to which
it rigorously tends in the large-time limits. This
is an advantage, since in this model the effective
torsion-matter coupling can successfully mimic the
103
0 5 10 15 20 25
-1.0000
-0.9995
-0.9990
-0.9985
-0.9980
t
w
H
tL
FIG. 33: Time variation of the dark-energy equation-of-state
parameter wDE for the non-minimally matter coupled f(T )
gravity model with f1(T ) = −Λ +α1T 2 and f2(T ) = β1T 2, or
equivalently f1(H) = −Λ + αH4 and f2(H) = βH4 with α =
36α1, β = 36β1, for five different choices of the parameters Λ,
α, β, and λ: Λ = 0.01, α = 0.16, β = 0.1, and λ = 1 (solid
curve), Λ = 0.02, α = 0.18, β = 0.3, and λ = 1.2 (dotted
curve), Λ = 0.03, α = 0.20, β = 0.35, and λ = 1.4 (short
dashed curve), Λ = 0.04, α = 0.30, β = 0.45, and λ = 1.6
(dashed curve), and Λ = 0.05, α = 0.40, β = 0.55, and λ =
1.8 (long dashed curve), respectively. The initial value for H
used to numerically integrate Eq. (814) is H(0) = 0.1. From
[607].
cosmological constant, in agreement with observa-
tions.
After the above numerical elaboration, we analyze
the properties of the equations in the limit of small
and large H(t), extracting analytical expressions.
In the limit of small H(t), that is at the late phases
of the cosmological evolution, Eq. (814) becomes
H˙ ≈ 1
4
(
αΛ + βλΛ2 − 6)H2 + Λ
4
(815)
yielding the following solution
H(t) ≈ √H1 tan
[
tan−1
(
H0√
H1
)
+
Λ
4
√
H1
(t− t0)
]
, (816)
with H1 = Λ/ [Λ(α+ βλΛ)− 6], and where we
have used the initial condition H (t0) = H0. Note
that in the large-time limit the Hubble function
becomes almost constant, implying that a de Sitter-
type evolution is possible in the framework of the
present model. Additionally, the matter energy-
density (813) can be approximated as
ρm(t) ≈ 3H1 tan2
[
tan−1
(
H0√
H1
)
+
Λ (t− t0)
4
√
H1
]
− Λ
2
,
(817)
while the dark-energy equation-of-state parameter
from (811), becomes
wDE(t) ≈ −1− (α+ βλΛ)H1
× tan2
[
tan−1
(
H0√
H1
)
+
Λ (t− t0)
4
√
H1
]
. (818)
Interestingly enough, we observe that according to
the parameter values, wDE can be either above or
below −1, that is the effective dark-energy sector
can be quintessence-like or phantom-like. This fea-
ture, which is expected to happen in modified grav-
ity [342], is an additional advantage of the scenario
at hand.
In the limit of large H, corresponding to the early
phases of the cosmological evolution, in the first-
order approximation the differential equation (814),
describing the cosmological dynamics of the Hubble
function, becomes H˙ = −3αH4/4, with the general
solution given by
H(t) ≈ 2
2/3H0
[4 + 9H30α (t− t0)]1/3
. (819)
The behavior of the matter energy density (813)
becomes
ρm(t) ≈ α
2βλ
, (820)
showing that during the time interval for which
this approximation is valid the energy density of
the matter is approximately constant. Finally,
the dark-energy equation-of-state parameter from
(811), becomes
wDE(t) ≈ −α
2
H(t)2 = −α
2
24/3H20
[4 + 9H30α (t− t0)]2/3
.
(821)
Again, we mention that according to the param-
eter choice, wDE can be either above or below
−1, that is the effective dark-energy sector can be
quintessence-like or phantom-like.
• Model II
Let us now consider the case where [607]
f1(T ) = −Λ
f2(T ) = α1T + β1T
2, (822)
where Λ > 0, α1 and β1 are constants, since
this scenario is also the first non-trivial correc-
tion to TEGR, that is to GR. Equivalently, we
impose f1(H) = −Λ and f2(H) = αH2 + βH4,
with α = −6α1 and β = 36β1. For the deriva-
tives of the functions f1(T ) and f2(T ) we obtain
f ′1(T ) = f
′′
1 (T ) = 0, f
′
2(H) = −α/6 − βH2/3,
and f ′′2 (H) = β/18. The basic evolution equations
(809) and (810) in this case respectively become
ρm(t) =
Λ− 6H2
2αλH2 + 6βλH4 − 2 , (823)
and
H˙(t) =
3
(
Λ− 6H2) (αλH2 + 3βλH4 − 1)
2 (αλΛ + 6βλH2 (Λ− 3H2)− 6) . (824)
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One numerically evolves these equations [607], and
in Fig. 34 we depict the corresponding dark-energy
equation-of-state parameter calculated from (811),
As we observe, for all parameter choices the Uni-
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FIG. 34: Time variation of the dark-energy equation-of-state
parameter wDE for the non-minimally matter coupled f(T )
gravity model with f1(T ) = −Λ and f2(T ) = α1T + β1T 2, or
equivalently f1(H) = −Λ and f2(H) = αH2 + βH4 with α =
−6α1, β = 36β1, for five different choices of the parameters
Λ, α, β, and λ: Λ = 0.01, α = 0.16, β = 0.1, and λ = 1
(solid curve), Λ = 0.02, α = 0.18, β = 0.3, and λ = 1.2
(dotted curve), Λ = 0.03, α = 0.20, β = 0.35, and λ = 1.4
(short dashed curve), Λ = 0.04, α = 0.30, β = 0.45, and λ =
1.6 (dashed curve), and Λ = 0.05, α = 0.40, β = 0.55, and
λ = 1.8 (long dashed curve), respectively. The initial value
for H used to numerically integrate Eq. (824) is H(0) = 0.2.
From [607].
verse ends in a de Sitter phase. The deceleration
parameter indicates a dependence of the dynamical
behavior of the Universe on the model parameters.
For the considered values, in all cases at the begin-
ning of the matter-dominated phase, the Universe
is in a decelerating phase, with q > 0, and after
a finite time it enters in the accelerated regime.
Moreover, at large times the dark energy equation-
of-state parameter wDE tends to the value −1, thus
showing that this choice of the functions f1(T ) and
f2(T ) can also successfully mimic an effective cos-
mological constant. Note however, that for these
specific parameter choices wDE lies in the phan-
tom regime, which is an advantage of the scenario
at hand, revealing its capabilities.
After the above numerical elaboration, we analyze
the properties of the equations in the limit of small
and large H(t), extracting analytical expressions.
In the limit of small H(t), that is at the late phases
of the cosmological evolution, Eq. (824) can be
approximated as
H˙ ≈ 3Λ
2 (6− αλΛ) +
3
(
α2λ2Λ2 + 6βλΛ2 − 36)
2 (6− αλΛ)2 H
2,
(825)
with the general solution given by
H(t) =
√
H2 tan
[
tan−1
(
H0√
H2
)
+
3Λ (t− t0)
2 (6− αλΛ)√H2
]
,
(826)
with H2 = Λ(6 − αλΛ)/
(
α2λ2Λ2 + 6βλΛ2 − 36),
and where we have used the initial condition
H (t0) = H0. Furthermore, the matter density
(823) becomes
ρm(t) ≈ −Λ
2
+
(
3− αλΛ
2
)
H2
× tan2
[
tan−1
(
H0√
H2
)
+
3Λ (t− t0)
2 (6− αλΛ)√H2
]
.(827)
Finally, the dark-energy equation-of-state parame-
ter (811), becomes
wDE(t) ≈ −1 + αλΛ
αλΛ− 6 −
18
(
α2λ2Λ + 2βλΛ− 6αλ)
(6− αλΛ)2 H2
× tan2
[
tan−1
(
H0√
H2
)
+
3Λ (t− t0)
2 (6− αλΛ)√H2
]
,(828)
which can lie both in the quintessence as well as
in the phantom regime, depending on the specific
choices of the free parameters of the model, namely
on α, β, λ and Λ, respectively.
In the limit of large H, that is at early times, at
first-order approximation Eq. (824) becomes H˙ −
3H2/2 = 0, with H (t0) = H0, and thus the general
solution is given by
H(t) =
2H0
2− 3H0 (t− t0) . (829)
Note that in this case the deceleration parameter
is obtained as q = −5/2, that is the universe at
early times always starts with acceleration, which
corresponds to an inflationary stage. Finally, for
the time variation of the matter energy density in
the large-H regime we find ρm(t) ≈ 0, which is con-
sistent with the interpretation of this stage as in-
flationary. We mention that the above expressions
for H, a, q and ρm at first-order approximation, are
independent on the free parameters of the model α,
β, λ and Λ, respectively, and are determined only
by the initial value of H at t = t0.
In summary, as we saw, the theory of non-minimal
torsion-matter coupling is a novel class of gravitational
modification, different from both non-minimal coupled
curvature-matter gravity, as well as from simple f(T )
gravity. From the physical point of view, in this theory
matter is not just a passive component in the space-time
continuum, but it plays an active role in the overall grav-
itational dynamics, which is strongly modified due to the
supplementary interaction between matter and geometry.
Moreover, the major advantage of the f(T )-type models,
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namely that the field equations are second order, is not
modified by the torsion-matter coupling.
We restricted our analysis in expanding evolutions, al-
though contracting or bouncing solutions can be easily
obtained as well. In this case, one finds a universe evo-
lution in agreement with observations, that is a matter-
dominated era followed by an accelerating phase. Ad-
ditionally, the effective dark-energy equation-of-state pa-
rameter can lie in the quintessence or phantom regime,
which reveals the capabilities of the scenario. Finally,
these models also accept solutions with almost con-
stant Hubble function, which can describe the inflation-
ary regime. Thus, the scenario of non-minimal torsion-
matter coupling can offer a unified description of the uni-
verse evolution, from its inflationary to the late-time ac-
celerated phases. Lastly, we mention that it is necessary
to investigate the theory at hand in more details, focus-
ing on a thorough comparison with cosmological obser-
vations, and performing the complete perturbation anal-
ysis.
D. f(T, T ) gravity
In this subsection we describe another extension of
f(T ) gravity, in which one allows for a general coupling of
the torsion scalar T with the trace of the matter energy-
momentum tensor T , following [617]. The inspiration for
this extension comes once again from the corresponding
models of curvature gravity.
As we mentioned in the previous subsection, in cur-
vature gravity one can proceed to modifications in
which the geometric part of the action is coupled to
the non-geometric sector. The simplest models are
those with non-minimally coupled and non-minimal-
derivatively coupled scalar fields, or more generally the
Horndeski [331] and generalized Galileon theories [618].
However, since there is no theoretical reason against cou-
plings between the gravitational sector and the standard
matter one, one can consider modified theories where the
matter Lagrangian is coupled to functions of the Ricci
scalar [611], and extend the theory to arbitrary func-
tions (R,Lm) [613, 614]. Alternatively, one can consider
models where the Ricci scalar is coupled with the trace
of the energy momentum tensor T and extend to arbi-
trary functions, such as in f(R, T ) theory [619–623]. We
stress that the above modifications, in which one handles
the gravitational and matter sectors on equal footing, do
not present any problem at the theoretical level, and one
would only obtain observational constraints due to non-
geodesic motion.
Hence, inspired by the f(R, T ) theory, in [617, 624]
the authors constructed similar models in the framework
of teleparallel and f(T ) gravity, that is allowing for a
general coupling of the torsion scalar T with the trace of
the matter energy-momentum tensor T . In particular,
one considers the action
S =
1
16piG
∫
d4x e [T + f(T, T )] +
∫
d4x eLm, (830)
where f(T, T ) is an arbitrary function of the torsion
scalar T and of the trace T of the matter energy-
momentum tensor T
(m)
ρ
ν , and Lm is as usual the matter
Lagrangian density. Hereinafter, and following the stan-
dard approach, we assume that Lm depends only on the
vierbein and not on its derivatives.
Varying the action, given by Eq. (830), with respect
to the vierbeins yields the field equations
(1 + fT )
[
e−1∂µ(eeαAS
ρµ
α )− eαATµναS νρµ
]
+ (fTT∂µT + fTT ∂µT ) eαAS ρµα + eρA
(
f + T
4
)
−fT
(
eαA T
(m) ρ
α + pe
ρ
A
2
)
= 4piGeαA T
(m)
α
ρ, (831)
where fT = ∂f/∂T and fTT = ∂2f/∂T∂T .
In order to apply the above theory in a cosmologi-
cal framework, we insert as usual the flat FRW vierbein
ansatz (264) into the field equations (831), obtaining the
modified Friedmann equations:
H2 =
8piG
3
ρm − 1
6
(
f + 12H2fT
)
+ fT
(
ρm + pm
3
)
,
(832)
H˙ = −4piG (ρm + pm)− H˙
(
fT − 12H2fTT
)
−H (ρ˙m − 3 p˙m) fTT − fT
(
ρm + pm
2
)
.(833)
We mention that in the above expressions we have used
that T = ρm − 3 pm, which holds in the case of a perfect
matter fluid.
Proceeding, we assume that the matter component of
the Universe satisfies a barotropic equation of state of
the form pm = pm (ρm), with wm = pm/ρm its equation-
of-state parameter, and c2s = dpm/dρm the sound speed.
Note that due to homogeneity and isotropy, both ρm and
pm are function of t only, and thus of the Hubble param-
eter H. Thus, Eq. (833) can be re-written as
H˙ = − 4piG (1 + fT /8piG) (ρm + pm)
1 + fT − 12H2fTT +H (dρm/dH) (1− 3c2s) fTT
.
(834)
By defining the energy density and pressure of the ef-
fective dark energy sector as
ρDE = − 1
16piG
[
f + 12fTH
2 − 2fT (ρm + pm)
]
, (835)
pDE=(ρm + pm)
[ 1 + fT /8piG
1 +fT−12H2fTT +H dρmdH (1− 3c2s) fTT
−1
]
+
1
16piG
[
f + 12H2fT − 2fT (ρm + pm)
]
, (836)
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respectively, the cosmological field equations of the
f(T, T ) theory are rewritten in the usual form
H2 =
8piG
3
(ρDE + ρm) , (837)
H˙ = −4piG (ρDE + pDE + ρm + pm) . (838)
Furthermore, we define the dark energy equation-of-state
parameter as
wDE =
pDE
ρDE
, (839)
and it proves convenient to introduce also the total
equation-of-state parameter w, given by
w =
pDE + pm
ρDE + ρm
. (840)
Note that in the case of the dust universe, with pm = 0,
we have w = wDE/ (1 + ρm/ρDE). Finally, as an indica-
tor of the accelerating dynamics of the Universe we use
the deceleration parameter q = −1− H˙/H2.
As we can see from Eqs. (837), the matter energy den-
sity and pressure, and the effective dark energy density
and pressure, satisfy the conservation equation
ρ˙DE + ρ˙m + 3H (ρm + ρDE + pm + pDE) = 0. (841)
Thus, one obtains an effective interaction between the
dark energy and matter sectors, which is usual in mod-
ified matter coupling theories [613, 614, 619, 625–627].
Therefore, in the present model the effective dark energy
is not conserved alone, and there is an effective coupling
between dark energy and normal matter, with the possi-
bility of energy transfer from one component to the other.
The dark energy alone satisfies the “conservation” equa-
tion
ρ˙DE + 3H (ρDE + pDE) = −Q (ρm, pm) , (842)
where the effective dark energy “source” function
Q (ρm, pm) is
Q (ρm, pm) = ρ˙m + 3H (ρm + pm) . (843)
Hence, in the present model it is allowed to have an
energy transfer from ordinary matter to dark energy
(which, even geometric in its origin, contains a matter
contribution), and this process may be interpreted in
triggering the accelerating expansion of the universe.
As we observe, the above equations of f(T, T ) gravity
are different than those of f(R, T ) gravity [619], and ob-
viously they are different from simple f(T ) gravity too.
Hence, the theory of f(T, T ) gravity is a novel class of
gravitational modification.
1. Cosmological behavior
Let us now study the cosmological applications of
f(T, T ) gravity, both at early and late times, following
[617] (see also [624, 628–631]). In particular, we proceed
to the investigation of some specific f(T, T ) ansatzen, fo-
cusing on the evolution of observables such as the various
density parameters Ωi = 8piGρi/(3H
2) and the dark en-
ergy equation-of-state parameter wDE . For convenience,
in this paragraph we use the natural system of units with
8piG = c = 1.
From the analysis above we saw that the basic equa-
tions describing the cosmological dynamics are the two
Friedmann equations (832) and (833). These can be re-
written respectively as
ρm =
3H2 +
(
f + 12H2fT |T→−6H2
)
/2− fT pm
1 + fT
, (844)
and
H˙ = − (1 + fT ) (ρm + pm) /2 +H (ρ˙m − 3 p˙m) fTT |T→−6H2
1 + fT |T→−6H2 − 12H2fTT |T→−6H2
.
(845)
Equations (844) and (845) compose a system of two dif-
ferential equations for three unknown functions, namely
(H, ρm, pm). In order to close the system of equations
one needs to impose the matter equation of state pm =
pm (ρm). In the following, we restrict to the case of dust
matter, that is pm = 0, and thus T = ρm.
We will investigate two specific f(T, T ) models, corre-
sponding to simple non-trivial extensions of TEGR, that
is of GR. However, although simple, these models reveal
the new features and the capabilities of the theory.
In order to relate the model with cosmological obser-
vations we will present the results of the numerical com-
putations for the Hubble function, matter energy den-
sity, deceleration parameter and the parameter of the
dark energy equation of state as functions of the cos-
mological redshift z, defined as z = a0/a − 1, where
a0 is the present day value of the scale factor, which
we take as one, namely a0 = 1. In terms of the red-
shift the derivatives with respect to time are expressed
as d/dt = −(1 + z)H(z)d/dz. Finally, in order to nu-
merically integrate the gravitational field equations one
needs to fix the value of the Hubble function at z = 0,
H(0) = H0.
In the following, we investigate the scenario at hand,
for two different functional forms of f (T, T ).
• Model I
Let us first consider the case where [617]
f (T, T ) = αTn T + Λ, (846)
which describes a simple departure from GR, where
α, n 6= 0 and Λ are arbitrary constants. In
the case of a dust perfect fluid, this ansatz be-
comes f (T, T ) = αTnρm + Λ. One thus obtains
straightforwardly f = α
(−6H2)n ρm + Λ, fT =
nαρm
(−6H2)n−1, fTT = αn(n − 1) (−6H2)n−2,
fTT = αn
(−6H2)n−1, and fT = α (−6H2)n.
Hence, inserting these into (844) one can acquire
107
the matter energy density as a function of the Hub-
ble function as
ρm =
3H2 + Λ/2
1 + α(n+ 1/2) (−6H2)n . (847)
Therefore, substituting the above expression into
(845) and (839), we extract the time-variation
of the Hubble function, and of the dark-energy
equation-of-state parameter, as functions of H,
namely
H˙ = − 3H
2(6H2+Λ)[α6n(−H2)n+1][α6n(2n+1)(−H2)n+2]
α236n(2n+1)(−H2)2n[6(n+1)H2+Λn]−α2n+13n(−H2)n[6(n−2)(2n+1)H2+Λn(2n−1)]+24H2 , (848)
and
wDE = −
3H2[α6n(2n+1)(−H2)n+2]
{
α1α3(−H2)nH2+α4−α2(−H2)2n[6(n−1)H2+Λ(n−2)]+4Λ
}
[α1(2n+1)(−H2)n+1+Λ]{α2(−H2)2n[6(n+1)H2+Λn]−α1(−H2)n[α5H2+α6]+24H2} , (849)
where for convenience we have defined the pa-
rameters α1 = α2
n+13n, α2 = α
236n (2n+ 1),
α3 = 6[n(2n − 1) + 1], α4 = Λ
(
2n2 + n+ 3
)
,
α5 = 6(n− 2)(2n+ 1), and α6 = Λn(2n− 1). Note
that relations (847) and (848) hold for every α, in-
cluding α = 0 (in which case we obtain the GR
expressions), while (849) holds for α 6= 0, since for
α = 0 the effective dark energy sector does not exist
at all (both ρDE and pDE are zero).
In the simplest case n = 1, that is for f (T, T ) =
αTT = αTρm + Λ, from (849) we can immedi-
ately see the interesting feature that wDE can be
quintessence-like or phantom-like, or even experi-
ence the phantom-divide crossing during the evo-
lution, depending on the choice of the parameter
range. This feature is an additional advantage of
the scenario, since such behaviors are difficult to
be obtained in simple dark-energy constructions.
In order to present the above features in a more
transparent way, one proceeds to a detailed numer-
ical elaboration for various parameter choices. In
Fig. 35 one depicts the corresponding evolution of
the dark-energy equation-of-state parameter. As
we can see, depending on the values of the param-
eters α and Λ, the Universe can exhibit a very in-
teresting dynamics. In particular, the dust-filled
Universe starts its evolution from a decelerating
state, entering in an accelerating phase at around
z ≈ 0.5, a behavior which is in agreement with
the observed behavior of the recent Universe. Note
that at asymptotically large times wDE tends to-
wards negative values, and the Universe ends in a
de Sitter, dark-energy-dominated, expansion, with
its dynamics dominated by the effective dark en-
ergy component, mimicking a cosmological con-
stant. Indeed, one can verify that at large times,
and for Λ < 0, relation (848) leads to q = −1,
H = H0 =
√
Λ/6 and a ∝ exp (H0t) (however, for
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FIG. 35: Variation of the dark-energy equation-of-state pa-
rameter wDE(z) as a function of the redshift z for the model
f(T, T ) = αT T + Λ, for five different choices of the pa-
rameters values: αH20 = −0.01, Λ/H20 = −3 (solid curve),
αH20 = −0.02, Λ/H20 = −3.5 (dotted curve), αH20 = −0.03,
Λ/H20 = −4 (short-dashed curve), αH20 = −0.04, Λ/H20 =
−4.5 (dashed curve), and αH20 = −0.05, Λ/H20 = −5 (long-
dashed curve), respectively, with H0 ≈ 2.3 × 10−18 s−1 the
present value of the Hubble parameter [632]. From [617].
α > 0 the positivity of the matter energy density
constrains the α-values in the region that leads to
9αH2 < 1 [617]).
In the general case n 6= 1, and in order to inves-
tigate the effects of different n, one evolves numer-
ically the cosmological equations (847)-(849), for
fixed Λ/H20 and αH
2
0 , and varying n. In Figs. 36
and 37 one can see the evolution of the deceleration
parameter and of the dark-energy equation-of-state
parameter, respectively, for n = 1, 2, 3, 4, 5. In-
terestingly enough, we observe that the dynamics
of the Universe is very different for different val-
ues of n, as can be revealed by the behavior of
the deceleration parameter. In particular, while
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FIG. 36: Variation of the deceleration parameter q(z) as a
function of the redshift z in the f(T, T ) gravity theory with
f(T, T ) = αρmTn + Λ, for αH20 = −0.0011, Λ/H20 = −5.5,
and for five different values of n: n = 1 (solid curve), n = 2
(dotted curve), n = 3 (short-dashed curve), n = 4 (dashed
curve), and n = 5, respectively. From [617].
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FIG. 37: Variation of the dark-energy equation-of-state pa-
rameter wDE(z) as a function of the redshift z in the f(T, T )
gravity theory with f(T, T ) = αρmTn + Λ, for αH20 =
−0.0011, Λ/H20 = −5.5, and for five different values of n:
n = 1 (solid curve), n = 2 (dotted curve), n = 3 (short-
dashed curve), n = 4 (dashed curve), and n = 5, respectively.
From [617].
for n = 1 the Universe starts its evolution from
a decelerating phase, followed by an accelerating
one, and ends in an eternally accelerating de Sit-
ter phase, for n > 1 all cosmological models begin
their evolution in an accelerating phase, with q < 0
at z = 2, before entering in a de Sitter exponential
expansion (q = −1) at z = 0. However, the models
with n > 1 exhibit a radical difference in the be-
havior of the dark energy sector, which is visible in
the evolution of wDE . Specifically, wDE can lie in
the quintessence or phantom regime, depending on
the value of n. Thus, models that present a simi-
lar behavior in the global dynamics, can be distin-
guished by the behavior of the dark energy sector.
Nevertheless, note that at late times wDE → −1
independently of the value of n, and thus in order
to distinguish the various models one should use
wDE at large redshifts.
We mention that, as can be deduced from Eqs.
(847) and (848), independently of n, once the con-
dition α(n + 1/2)
(−6H2)n  1 is satisfied, for
Λ 6= 0 the Universe results in the de Sitter accel-
erating stage, while for Λ = 0 its evolution ends
in the Einstein–de Sitter, matter-dominated decel-
erating phase. Furthermore, from Fig. (37) notice
the interesting behavior that wDE can be either
quintessence-like or phantom-like. This is easily ex-
plained by recalling that w = wDE/ (1 + ρm/ρDE),
and thus according to the signs of ρDE and pDE all
combinations are possible. Finally, note the inter-
esting evolution for n = 3, where an initial acceler-
ating phase is followed by a decelerating one, with a
subsequent transition to a final acceleration at late
times, a behavior in agreement with the observed
thermal history of the Universe, namely a first in-
flationary stage, a transition to non-accelerating,
matter-dominated expansion, and then the tran-
sition to late-time accelerating phase. Thus, the
scenario at hand offers a unified description of the
universe evolution.
• Model II
Let us now consider the case where [617]
f(T, T ) = αT + γT 2, (850)
which describes another simple departure from GR,
where α and γ are constants. In the case of dust
perfect fluid, this ansatz becomes f(T, T ) = αρm+
γT 2 = αρm + βH
4, with β = 36γ. In this case
we obtain fT = βT/18 = −βH2/3, fTT = β/18,
fT = α, and fTT = 0, respectively. Thus, inserting
these into (844) one can acquire the matter energy
density in terms of the Hubble function as
ρm =
3
(
1− βH2/2)H2
1 + α/2
, (851)
while the time variation of the Hubble function
(845) yields
H˙ = −3 (1 + α)
α+ 2
(
1− βH2/2)H2
1− βH2 . (852)
Additionally, the effective dark energy density
(835) and pressure (836), become
ρDE =
3H2
(
α+ βH2
)
α+ 2
, (853)
pDE = −
3H2
(
α+ βH2
)
(α+ 2) (βH2 − 1) , (854)
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and therefore the dark-energy equation-of-state pa-
rameter (839) writes as
wDE =
1
1− βH2 . (855)
Finally, let us make a comment on the limit-
ing behavior of the model at hand. First of all,
the positivity of the matter energy-density implies
that for positive values of α and β we must have
βH2/2 < 1. Moreover, for α < −2 no nega-
tive values of β are allowed, and the Hubble func-
tion must satisfy the constraint βH2/2 ≥ 1. For
small H, that is at late times, and in particular for
the time interval of the cosmological evolution for
which βH2/2  1, the Hubble function satisfies
the equation H˙ ≈ −3 (1 + α)H2/ (α+ 2), giving
H = [(α+ 2) /3 (1 + α)] (1/t), a ∝ t(α+2)/3(1+α),
and q ≈ (1 + 2α) / (α+ 2). Thus, the deceleration
parameter is negative for α ∈ (−2,−1/2), however
the accelerating phase is not of a de Sitter type, but
it is described by a simple power-law expansion.
2. Scalar perturbations and stability analysis
One of the most important tests in every gravitational
theory is the investigation of the perturbations [144].
Firstly, such a study reveals the stability behavior of the
theory. Secondly, it allows the correlation of the gravita-
tional perturbations with the growth of matter overden-
sities, and thus one can use growth-index data in order
to constrain the parameters of the scenario. In this para-
graph we examine the scalar perturbations of f(T, T )
gravity at the linear level following [617]. Specifically, one
extracts the set of gravitational and energy-momentum-
tensor perturbations and using them he examines the sta-
bility. Additionally, one constructs the equation for the
growth of matter overdensities.
As usual in theories where the fundamental field is the
vierbein, one imposes a vierbein perturbation, which will
then lead to the perturbed metric. Without loss of gener-
ality we present the calculations in the Newtonian gauge.
Denoting the perturbed vierbein with eAµ and the unper-
turbed one with e¯Aµ , the scalar perturbations, keeping up
to first-order terms, write as
eAµ = e¯
A
µ + t
A
µ , (856)
with
e¯0µ = δ
0
µ, e¯
a
µ = δ
a
µa, e¯
µ
0 = δ
µ
0 , e¯
µ
a =
δµa
a
, (857)
t0µ = δ
0
µψ, t
a
µ = −δaµaφ, tµ0 = −δµ0ψ, tµa =
δµa
a
φ. (858)
Note the simplifying assumption that the scalar pertur-
bations tAµ are diagonal, which is sufficient in order to
study the stability. Furthermore, subscripts zero and one
denote zeroth and linear order values respectively. In the
above expressions the scalar modes ψ and φ were intro-
duced, which depend on x and t. The various coefficients
have been considered in a way that the induced metric
perturbation to have the usual form in the Newtonian
gauge, that is
ds2 = (1 + 2ψ)dt2 − a2(1− 2φ)δijdxidxj . (859)
Let us now calculate the various perturbed quantities
under the perturbations (857) and (858). Firstly, the
vierbein determinant reads
e = det(eAµ ) = a
3(1 + ψ − 3φ). (860)
Similarly, the torsion tensor Tλµν from (259) and the
auxiliary tensor Sλ
µν from (260) read (indices are not
summed over):
T 0µν = ∂µψδ
0
ν − ∂νψδ0µ, T i0i = H − φ˙
S0
0i =
∂iφ
a2
, Si
0i = −H + φ˙+ 2Hψ
T iij = ∂jφ, Si
ij =
1
2a2
∂j(φ− ψ). (861)
Thus, the torsion scalar can be straightforwardly calcu-
lated using the (261), leading to
T = T0 + δT, (862)
where
T0 = −6H2 (863)
δT = 12H(φ˙+Hψ) (864)
are respectively the zeroth and first order results.
Having performed the perturbations of the gravita-
tional sector we proceed to the perturbations of the
energy-momentum tensor. As usual they are expressed
as
δT
(m)
0
0 = δρm (865)
δT
(m)
0
i = (ρm + pm)∂
iδv (866)
δT
(m)
i
0 = −a2(ρm + pm)∂iδv (867)
δT
(m)
i
j = −δji δpm − ∂i∂jpiS , (868)
where δρm, δpm, δv are respectively the fluctuations of
energy density, pressure and fluid velocity, while piS is the
scalar component of the anisotropic stress. Additionally,
since T ≡ T (m)µµ = T (m)0 0 + T (m)i i, one concludes that
T = T0 + δT , (869)
with
T0 = ρm − 3pm (870)
δT = δρm − 3δpm −∇2piS , (871)
where we have defined ∇2 = ∑i ∂i∂i.
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Finally, one can express the variations of the various
f -derivatives that appear in the background equations of
motion as:
δf = fT δT + fT δT
δfT = fTT δT + fTT δT
δfTT = fTTT δT + fTTT δT
δfT = fTT δT + fT T δT
δfTT = fTTT δT + fTT T δT , (872)
where the various f -derivatives are calculated at the
background values T0 and T0, for instance fT ≡
df
dT
∣∣∣
T=T0,T=T0
.
Inserting everything in the equations of motion (831),
we acquire the scalar perturbation equations [617]:
(1 + fT )
[∇2φ
a2
− 6H
(
φ˙+Hψ
)]
+
[
3H2fTT +
1 + fT
4
− (ρm + pm) fTT
2
] [
12H(φ˙+Hψ)
]
+
[
3H2fTT +
fT
4
− (ρm + pm) fT T
2
] (
δρm − 3δpm −∇2piS
)
−fT
2
(δρm + δpm) = 4piGδρm, (873)
− (1 + fT ) ∂i
(
φ˙+Hψ
)
+
[
12HH˙fTT − (ρ˙m − 3p˙m) fTT
]
∂iφ
−a
2fT
2
(ρm + pm) ∂
iδv = 4piGa2 (ρm + pm) ∂
iδv, (874)
− (1 + fT ) ∂i
(
φ˙+Hψ
)
+H∂i
[
12HfTT
(
φ˙+Hψ
)
+ fTT
(
δρm − 3δpm −∇2piS
)]
−a
2fT
2
(ρm + pm) ∂iδv = 4piGa
2 (ρm + pm) ∂iδv, (875)
(1 + fT )
[
−H
(
ψ˙ + 6φ˙
)
− 2ψ
(
3H2 + H˙
)
− φ¨+ ∇
2(φ− ψ)
3a2
]
+12HfTT
[
H˙
(
φ˙+Hψ
)
+H
(
φ¨+ H˙ψ +Hψ˙
)]
+HfTT
(
δ˙ρm − 3δ˙pm −∇2p˙iS
)
+
[
12H
(
φ˙+Hψ
)]{
fTT
(
3H2 + H˙
)
−H
[
12HH˙fTTT − fTT T (ρ˙m − 3p˙m)
]
+
1 + fT
4
}
+
(
δρm − 3δpm −∇2piS
){
fTT
(
3H2 + H˙
)
−H
[
12HH˙fTTT − fTT T (ρ˙m − 3p˙m)
]
+
fT
4
}
+
(
φ˙+ 2Hψ
) [
12HH˙fTT − fTT (ρ˙m − 3p˙m)
]
+
fT
6
∇2piS = −4piG
(
δpm +
∇2piS
3
)
, (876)
and
(1 + fT ) (ψ − φ) = −8piGa2
(
1 +
fT
8piG
)
piS , (877)
respectively.
Since we have presented the linear perturbation equa-
tions, one can examine the basic stability requirement
by extracting the dispersion relation for the gravitational
perturbations. As usual, for simplicity one considers zero
anisotropic stress (piS = 0), and in this case equation
(877) allows us to replace ψ by φ, and thus remaining
with only one gravitational perturbative degree of free-
dom. One transforms it in the Fourier space as
φ(t,x) =
∫
d3k
(2pi)
3
2
φ˜k(t)e
ik·x, (878)
and therefore ∇2φ = −k2φ˜k.
Inserting this decomposition into (876), and using the
other perturbative equations in order to eliminate vari-
ables, after some algebra one obtains the following equa-
tion of motion for the modes of the gravitational potential
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φ [617]:
¨˜
φk + Γ
˙˜
φk + µ
2φ˜k + c
2
s
k2
a2
φ˜k = D. (879)
The functions Γ, µ2 and c2s are respectively the frictional
term, the effective mass, and the sound speed parameter
for the gravitational potential φ, and along with the term
D are given in Appendix B. Clearly, in order for f(T, T )
gravity to be stable at the linear scalar perturbation level,
one requires µ2 ≥ 0 and c2s ≥ 0.
Due to the complexity of the coefficients µ2 and c2s,
one cannot extract analytical relations for the stability
conditions. This is usual in complicated modified gravity
models, for instance in generalized Galileon theory [633],
in Horˇava-Lifshitz gravity [605, 634], in cosmology with
non-minimal derivative coupling [635], etc. Furthermore,
although in almost all modified gravity models one can,
at first stage, perform the perturbations neglecting the
matter sector, in the scenario at hand this cannot be
done, and this is an additional complexity, since in that
case one would kill the extra information of the model
(which comes from the matter sector itself) remaining
with the usual f(T ) gravity. A significant simplification
arises if we consider as usual the matter to be dust, that
is pm = δpm = 0, but still one needs to resort to numer-
ical elaboration of equation (879) in order to ensure if a
given f(T, T ) cosmological model is free of instabilities.
However, we mention that since the simple f(T ) gravity
is free of instabilities for a large class of f(T ) ansatzen
[196, 636], as we described in detail in subsection V E, we
deduce that at least for f(T, T ) models that are small de-
viations from the corresponding f(T ) ones, the stability
requirements µ2 ≥ 0 and c2s ≥ 0 are expected to be sat-
isfied.
In summary, as we discussed, f(T, T ) theory is a novel
class of gravitational modification, different from both
f(R, T ) gravity, as well as from simple f(T ) gravity. Due
to the extra freedom in the imposed Lagrangian, f(T, T )
cosmology allows for a very wide class of scenarios and be-
haviors. In particular, one finds evolutions experiencing
a transition from a decelerating to an accelerating state,
capable of describing the late-time cosmic acceleration
and the dark energy epoch. Additionally, one finds evo-
lutions where an initial accelerating phase is followed by
a decelerating one, with a subsequent transition to a final
acceleration at late times, a behavior in agreement with
the observed thermal history of the Universe, namely a
first inflationary stage, a transition to non-accelerating,
matter-dominated expansion, and then the transition to
late-time accelerating phase. Thus, f(T, T ) cosmology
offers a unified description of the universe evolution. An
additional advantage of the scenario at hand, revealing
its capabilities, is that the dark energy equation-of-state
parameter can lie in the quintessence or phantom regime,
or experience the phantom-divide crossing. Finally, a de-
tailed study of the scalar perturbations at the linear level
reveals that f(T, T ) cosmology can be free of ghosts and
instabilities for a wide class of ansatzen and model pa-
rameters.
Lastly, note that apart from the above basic investi-
gation of f(T, T ) gravity and cosmology, many relevant
studies are necessary in order to consider this theory a
candidate for the description of Nature. In particular
one should perform a detailed comparison with cosmo-
logical and Solar System observations, which could con-
strain the allowed ansatzen and parameter ranges. Addi-
tionally, one could use the scalar perturbation equations
extracted above in order to perform a detailed confronta-
tion with the growth-index data. Moreover, one could ex-
tend the perturbation analysis to the vector and tensor
modes, and use them in order to predict the inflationary
induced tensor-to-scalar ratio, especially under the recent
BICEP2 [637] and Planck 2015 measurements [638] that
can exclude a large class of models.
E. f(R, T ) teleparallel gravity
Recently much interest has also been given to the
f(R, T ) modified theories of gravity, where the gravita-
tional Lagrangian is constituted by an arbitrary function
of the Ricci scalar R and the torsion scalar T [639–641]
(see also [642] for a similar modification based on an ar-
bitrary function of the torsion scalar as well as of the
divergence of the torsion vector). This issue is not re-
dundant since the information contained in f(R) gravity
is not the same with the one contained in f(T ) gravity.
In particular, differences emerge, amongst others, when
one studies the symmetries of the theories. In this subsec-
tion, using Noether symmetry analysis, we desire to show
that we can obtain interesting cosmological solutions in
f(R, T ) gravity, that cannot be obtain in simple f(R) or
f(T ) modifications. Additionally, we will point out how
R and T degrees of freedom can be discussed under the
same standard, comparing holonomic and anholonomic
coordinate systems [643].
1. f(R, T ) field equations
The action of f(R, T ) gravity reads [644]
S = 1
16piG
∫
d4x
√−g [f(R, T ) + Lm] , (880)
where we define |e| ≡ det(eiµ) = √−g in order to connect
the two formalisms. Varying the action and expressing
everything in terms of the vierbeins gives the field equa-
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tions [644]:
1
4
eµAf(R, T ) + e
−1 (eeσAS
µν
σ )
∂f(R, T )
∂T
∂ν
+eAν
[(∇µ∇ν − gµν∇λ∇λ) ∂f(R, T )
∂R
− ∂f(R, T )
∂R
Rµν
]
+eσAS
µν
σ
(
∂2f(R, T )
∂T 2
∂νT +
∂2f(R, T )
∂T∂R
∂νR
)
−∂f(R, T )
∂T
eγAS
ρβµTρβγ = 4piGe
ν
A T
(m)
ν
µ . (881)
It is easy to see that from f(R, T ) gravity both f(T ) and
f(R) gravities can be immediately recovered.
2. f(R, T ) cosmology
Let us now investigate the cosmological applications
of f(R, T ) gravity. As usual, the cosmological equations
can be derived from the field Eqs. (881), or equiva-
lently they can be deduced from a point-like canonical
Lagrangian L(a, a˙, R, R˙, T, T˙ ) related to the action (880).
Here Q ≡ {a,R, T} is the configuration space from which
it is possible to derive TQ ≡ {a, a˙, R, R˙, T, T˙}, the cor-
responding tangent space on which L is defined. The
variables a(t), R(t) and T (t) are, respectively, the scale
factor, the Ricci scalar and the torsion scalar defined in
the FRW metric. The Euler-Lagrange equations are
d
dt
∂L
∂a˙
=
∂L
∂a
,
d
dt
∂L
∂R˙
=
∂L
∂R
,
d
dt
∂L
∂T˙
=
∂L
∂T
,
(882)
with the energy condition
EL =
∂L
∂a˙
a˙+
∂L
∂R˙
R˙+
∂L
∂T˙
T˙ − L = 0 . (883)
Here the dot indicates the derivatives with respect to
the cosmic time t. One can use the method of Lagrange
multipliers to set R and T as constraints for the dynamics
[645]. In fact, choosing suitable Lagrange multipliers and
integrating by parts to eliminate higher order derivatives,
the Lagrangian L becomes canonical. In physical units,
the action is
S = 2pi2
∫
dt a3
{
f(R, T )− λ1
[
R+ 6
(
a¨
a
+
a˙2
a2
)]
−λ2
[
T + 6
(
a˙2
a2
)]}
. (884)
Here the usual relations of the Ricci scalar and the tor-
sion scalar in flat FRW metric can be used, namely
R = −6(H˙ + 2H2) and T = −6H2. It is worthy to
stress that the two Lagrange multipliers are comparable
but the order of derivative is higher for R. By varying
the action with respect to R and T , one obtains
λ1 =
∂f(R, T )
∂R
, λ2 =
∂f(R, T )
∂T
. (885)
Hence, finally the point-like Lagrangian acquires the fol-
lowing form
L = a3
[
f(R, T )−R∂f(R, T )
∂R
− T ∂f(R, T )
∂T
]
+6 aa˙2
[
∂f(R, T )
∂R
− ∂f(R, T )
∂T
]
+
6 a2 a˙
[
R˙
∂2f(R, T )
∂R2
+ T˙
∂2f(R, T )
∂R∂T
]
, (886)
which is a canonical function of 3 coupled fields, namely
a, R and T , depending on time t. Note that the first term
in square brackets has the role of an effective potential.
It is worth stressing again that the Lagrange multipli-
ers have been chosen by considering the definition of the
Ricci curvature scalar R and the torsion scalar T . This
fact allows us to consider the constrained dynamics as
canonical.
It is interesting to consider some important subcases
of the Lagrangian (886). For f(R, T ) = R, the GR
Lagrangian is recovered. In this case, we have L =
6aa˙2 + a3R, which after developing R easily reduces to
L = −3aa˙2, namely the standard point-like Lagrangian
of FRW cosmology. In the case f(R, T ) = f(R), we re-
cover the usual relation [5]
L = 6aa˙2f ′(R) + 6a2a˙R˙f ′′(R) + a3 [f(R)−Rf ′(R)] .
(887)
Finally, f(T ) cosmology is recovered for f(R, T ) = f(T ),
and then [457]
L = a3[f(T )− Tf ′(T )]− 6aa˙2f ′(T ) . (888)
Clearly, these cases deserve a specific investigation.
Let us now derive the Euler-Lagrange equations from
Eqs. (882)- (883). They write as(
12a˙2 − 6a2 + 12aa¨) [∂f(R, T )
∂R
− ∂f(R, T )
∂T
]
−3a2
[
f(R, T )− T ∂f(R, T )
∂T
−R∂f(R, T )
∂R
]
−12aa˙
[
T˙
∂2f(R, T )
∂T 2
− R˙∂
2f(R, T )
∂R2
]
−12aa˙
[
R˙
∂2f(R, T )
∂R∂T
− T˙ ∂
2f(R, T )
∂R∂T
]
+6a2
[
T¨
∂2f(R, T )
∂R∂T
+ R¨
∂2f(R, T )
∂R2
+ T˙ 2
∂3f(R, T )
∂R∂T 2
+2R˙T˙
∂3f(R, T )
∂R2∂T
+ R˙2
∂3f(R, T )
∂R3
]
= 0 , (889)
a3
[
R
∂2f(R, T )
∂R2
+ T
∂2f(R, T )
∂R∂T
]
+6aa˙2
[
∂2f(R, T )
∂R2
+
∂2f(R, T )
∂R∂T
]
+6a2a¨
∂2f(R, T )
∂R2
= 0 , (890)
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a3
[
T
∂2f(R, T )
∂T 2
+R
∂2f(R, T )
∂R∂T
]
+6aa˙2
[
∂2f(R, T )
∂T 2
+
∂2f(R, T )
∂R∂T
]
+6a2a¨
∂2f(R, T )
∂R∂T
= 0 . (891)
Additionally, the energy condition (883), corresponding
to the 00-Einstein equation, gives
EL = 6aa˙2
[
∂f(R, T )
∂R
− ∂f(R, T )
∂T
]
+a3
[
f(R, T )− T ∂f(R, T )
∂T
−R∂f(R, T )
∂R
]
−6a2a˙
[
T˙
∂2f(R, T )
∂R∂T
+ R˙
∂2f(R, T )
∂R2
]
= 0 . (892)
As we have already mentioned, the above system of cos-
mological equations, namely Eqs. (889)-(892), can be al-
ternatively derived, as usual, from the general field equa-
tions (881) inserting the cosmological vierbein (264).
3. The Noether symmetry approach
The existence of Noether symmetries leads to the ex-
traction of constants of motion, which allow for a sim-
plification of the dynamics. Often such a dynamics is
exactly solvable by a straightforward transformation to
cyclic variables [646]. A Noether symmetry for the La-
grangian (886) exists if the condition
LXL = 0 ⇒ XL = 0 (893)
is valid. Here LX is the Lie derivative with respect to
the Noether vector X. Eq. (893) is nothing else but
the contraction of the Noether vector X, defined on the
tangent space TQ ≡ {a, a˙, R, R˙, T, T˙} of the Lagrangian
L = L(a, a˙, R, R˙, T, T˙ ), with the Cartan one-form, gener-
ically defined as θL ≡ ∂L∂q˙i dqi. Condition (893) gives
iXθL = Σ0, where iX is the inner derivative and Σ0 is
the conserved quantity [647–651]. In other words, the
existence of the symmetry is connected to the existence
of a vector field
X = αi(q)
∂
∂qi
+
dαi(q)
dt
∂
∂q˙i
, (894)
where at least one of the components αi(q) have to be
different from zero to generate a symmetry.
In our case, the generator of symmetry is
X = α
∂
∂a
+ β
∂
∂R
+ γ
∂
∂T
+ α˙
∂
∂a˙
+ β˙
∂
∂R˙
+ γ˙
∂
∂T˙
.
(895)
The functions α, β, γ depend on the variables a,R, T and
then
α˙ =
∂α
∂a
a˙+
∂α
∂R
R˙+
∂α
∂T
T˙ ,
β˙ =
∂β
∂a
a˙+
∂β
∂R
R˙+
∂β
∂T
T˙ ,
γ˙ =
∂γ
∂a
a˙+
∂γ
∂R
R˙+
∂γ
∂T
T˙ . (896)
As stated above, a Noether symmetry exists if at least
one of them is different from zero. Their analytic forms
can be found by making Eq. (893) explicit, which cor-
responds to a set of partial differential equations given
by equating to zero the terms in a˙2,a˙T˙ , a˙R˙, T˙ 2, R˙2,R˙T˙
and so on. In our specific case, we acquire a system of 7
partial differential equations, due to the fact that being
the minisuperpace 3-dim (i.e n = 3), the equations are
1 + n(n + 1)/2 as shown in [8–12]. In particular, these
equations read:
α
[
∂f(R, T )
∂R
− ∂f(R, T )
∂T
]
+βa
[
∂2f(R, T )
∂R2
− ∂
2f(R, T )
∂R∂T
]
+γa
[
∂2f(R, T )
∂R∂T
− ∂
2f(R, T )
∂T 2
]
+2a
∂α
∂a
∂f(R, T )
∂R
− 2a∂α
∂a
∂f(R, T )
∂T
+a2
∂β
∂a
∂2f(R, T )
∂R2
+ a2
∂γ
∂a
∂2f(R, T )
∂R∂T
= 0 , (897)
2αa
∂2f(R, T )
∂R∂T
+ βa2
∂3f(R, T )
∂R2∂T
+γa2
∂3f(R, T )
∂R∂T 2
+ a2
∂α
∂a
∂2f(R, T )
∂R∂T
+2a
∂α
∂T
∂f(R, T )
∂R
− 2a ∂α
∂T
∂f(R, T )
∂T
+a2
∂β
∂T
∂2f(R, T )
∂R2
+ a2
∂γ
∂T
∂2f(R, T )
∂R∂T
= 0 , (898)
2αa
∂2f(R, T )
∂R2
+ βa2
∂3f(R, T )
∂R3
+γa2
∂3f(R, T )
∂R2∂T
+ a2
∂α
∂a
∂2f(R, T )
∂R2
+2a
∂α
∂R
∂f(R, T )
∂R
− 2a ∂α
∂R
∂f(R, T )
∂T
+a2
∂β
∂R
∂2f(R, T )
∂R2
+ a2
∂γ
∂R
∂2f(R, T )
∂R∂T
= 0 , (899)
a
∂α
∂T
∂2f(R, T )
∂R∂T
= 0 , (900)
a2
∂α
∂R
∂2f(R, T )
∂R2
= 0, (901)
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a2
∂α
∂R
∂2f(R, T )
∂R∂T
+ a2
∂α
∂R
∂2f(R, T )
∂R2
= 0 , (902)
3αa2
[
f(R, T )− T ∂f(R, T )
∂T
−R∂f(R, T )
∂R
]
−βa3
[
T
∂2f(R, T )
∂R∂T
+R
∂2f(R, T )
∂R2
]
−γa3
[
T
∂2f(R, T )
∂T 2
+R
∂2f(R, T )
∂R∂T
]
= 0 . (903)
The above system is overdetermined and, if solvable, en-
ables one to assign α, β, γ and f(R, T ). The analytic form
of f(R, T ) can be fixed by imposing, in the last equation
of system (903), the conditions
f(R, T )− T ∂f(R,T )∂T −R∂f(R,T )∂R = 0
T ∂
2f(R,T )
∂R∂T +R
∂2f(R,T )
∂R2 = 0
T ∂
2f(R,T )
∂T 2 +R
∂2f(R,T )
∂R∂T = 0
, (904)
where the second and third equations are symmetric.
However, it is clear that this is an arbitrary choice, since
more general conditions are possible. In particular, we
can choose the functional forms:
f(R, T ) = f(R) + f(T ) , f(R, T ) = f(R)f(T ) ,
(905)
from which it is easy to prove that the functional forms
compatible with the system (904) are:
f(R, T ) = F0R+ F1T , f(R, T ) = F0R
nT 1−n .
(906)
The first case is nothing else but GR, while the second
gives interesting cases of possible extended theories as
soon as n 6= 1.
For n = 2, the canonical Lagrangian (886) obtains the
form
L = 6a2a˙
(
2R˙
T
− 2RT˙
T 2
)
+ 6aa˙2
(
R2
T 2
+
2R
T
)
. (907)
We can introduce the variable
R
T
= ζ in order to reduce
the dynamics of the system, and hence the above La-
grangian is transformed into
L = 2a2a˙ζ˙ + 2aa˙2ζ + aa˙2ζ2. (908)
The Euler-Lagrange equations are
ζ¨ +
(
a˙
a
)2
ζ
(
1 +
ζ
2
)
+
(
a¨
a
)
ζ (ζ + 2)
+2
(
a˙
a
)
ζ˙ (ζ + 1) = 0 , (909)
a¨
a
+
(
a˙
a
)2
(1− ζ) = 0 , (910)
and the energy condition reads(
a˙
a
)2
ζ (ζ + 2) + 2
(
a˙
a
)
ζ˙ = 0 . (911)
Clearly, we have lost one equation since the relation be-
tween the two variables R and T is fixed by ζ. Immedi-
ately, an exact solution is found to be
a(t) = a0t
1/2 , ζ = 0 , (912)
which corresponds to a radiation solution. Another so-
lution is achieved for ζ = 1, but it is a trivial one since
a(t) = a0. These imply that these two solutions, in the
case n = 2, are quite natural due to the fact that the
asymptotic behavior of R is ∼ 1/t2, similar to that of T
which is always ∼ 1/t2. Thus, ζ can be either equal to
zero or equal to a constant.
X. COMPARING TORSION AND CURVATURE
GRAVITY
As discussed in detailed in the above sections, in the
construction of any theory of gravity, one has to i) make
some assumptions; ii) insert observational and/or exper-
imental information; iii) follow the flow in order to ob-
tain mathematical self-consistency. For instance, in con-
structing GR, Einstein imposed the following considera-
tions that arise from observational information: metricity
(during a parallel transportation nature seems to main-
tain a vecor’s length, i.e the hydrogen redshift is the
same in different directions of the universe); Lorentz in-
variance (including the fact that he used quadratic met-
ric); Equivalence Principle; causality. We stress that all
these considerations do not arise from some fundamental
principle, but rather they are indicated by observations
and/or experiments. Additionally, Einstein made an ex-
tra, pure, assumption, without any theoretical or ob-
servational/experimental justification: he used the sym-
metric, Levi-Civita connection, that is he assumed that
torsion is set to zero and that geometry, and therefore
gravity, is described only by curvature. Finally, Einstein
desired to have an action up to second-order in the met-
ric and its derivatives, that is why he resulted in the
Einstein-Hilbert action, that is linear in the Ricci scalar
R.
Even if one agrees with Einstein’s conjecture that grav-
ity is described through geometry, since this is an ac-
cepted principle by the community (note however that
this is not what happens with the other three interac-
tions), still he faces the crucial question what kind of
geometry to consider, since there still exists a huge free-
dom in the corresponding choice. Riemannian geome-
try was considered the simplest option at the beginning
of the twentieth century. It is just one possible choice
but definitely not the only one. For instance, one could
abandon the assumptions of metricity, Lorentz invari-
ance and Equivalence Principle, but obviously remaining
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inside the observational/experimental bounds (although
they are constrained in narrow bounds, they are still as-
sumptions in the sense that no fundamental principle
lies behind them). However, even without these radical
changes, one can safely and without any problem aban-
don the arbitrary assumption of a symmetric connection,
and describe gravity through both curvature and torsion,
or only through torsion as Einstein himself did in his ap-
proach to Teleparallel Equivalent of GR (TEGR). In this
case, one obtains a gravitational theory based on tor-
sion, which is completely equivalent to GR at the level
of equations.
Since GR and TEGR are equivalent, one can choose
one of them and use it safely. Actually this was indeed
the case, and, since GR was already used for 13 years be-
fore the formulation of TEGR, physicists chose this the-
ory as the paradigm for gravitational interactions. Hence,
in the following decades the investigation on TEGR had
only academic interest, faced as a different mathemati-
cal “tool” that could lead to the extraction of solutions.
In particular, one of its advantages, in comparison with
the standard GR, was the successful calculation of the en-
ergy of a solution, which in GR is known to face problems
like the use of pseudo-tensors [652–654, 657]. Neverthe-
less, all other solutions and obtained information were
the same in both theories. A similar situation occurred
for the Palatini formulation of GR: metric and metric
affine approaches revealed exactly the same information
for the Hilbert-Einstein formulation of gravity.
However, the last fifteen years physicists started to se-
riously consider the approach of modifying gravity, as
a way to successfully describe the accelerating phases of
the universe, both at early (inflation) and late times, and
moreover to improve the renormalizability of the gravi-
tational theories. If one agrees with this severe decision,
then immediately the question what formulation of grav-
ity to modify arises. In fact, it can be proved that even if
one has two equivalent at the level of equations gravita-
tional theories, their modifications in general will not be
equivalent any more. Clearly, a priori, and at the theo-
retical level, one cannot exclude some modifications and
accept the others and vice versa, since only observations
and experiments could do this. Hence, it is at least in-
teresting and worthy to try to investigate every possible
gravitational modification.
Up to now, almost all the works in modified gravity
were starting from the usual curvature formulation of
gravity and were extending the Einstein-Hilbert action,
namely the Ricci scalar, with functions and combinations
of various curvature invariants. Such procedure is obvi-
ously not wrong, but as we described in detailed above, it
is not the only one. In particular, one has “equal justifica-
tion” to start from a torsion-based formulation of grav-
ity, with TEGR being the simplest choice, and replace
the torsional Lagrangian, namely the torsion scalar, with
functions and combinations of various torsion quantities.
The simplest curvature-based modified gravity is the
f(R) paradigm, while the simplest torsion-based modi-
fied gravity is the f(T ) paradigm. With the above con-
siderations in mind, the issue to compare f(R) and f(T )
gravity immediately emerges. A first and crucial com-
ment is that these two gravitational modifications are
different, despite the fact that GR is completely equiva-
lent with TEGR at the level of equations. Definitely, one
cannot argue that one of them is wrong and the other
ones is correct, however since they correspond to different
gravitational modifications it is interesting and worthy to
analyze their properties and cosmological modifications
in detail.
An advantage of f(T ) gravity, comparing to f(R), is
that the background field equations are always second
order differential equations. This profound advantage
makes the cosmologies in f(T ) theory much simpler than
those in f(R) gravity at background level. However, note
that the Palatini formulation of f(R) gravity points out
that g and Γ can be dealt as two fundamental objects
so that most of the cosmological dynamics could be ad-
dressed by this approach. In general, in this Review we
showed in detail the cosmological implications of f(T )
gravity, which can then be compared one by one with
those of f(R) gravity. Obviously, the discussion is com-
pletely open at the moment, and no final probe exists
in pointing out what is the direction towards which it is
better to extend gravity.
XI. SUMMARY AND CONCLUSIONS
A. Summary
In this Review, we started from the historical point of
view that GR gives a geometrical interpretation of grav-
ity and that the presence of torsion can provide a gaug-
ing description of gravity in restoring its force picture.
The role of torsion becomes significant in the transla-
tional gauge theories of gravity, namely the TEGR and
the Eistein-Cartan-Sciama-Kibble theory. Additionally,
other gauge theories of gravity can be investigated intro-
ducing torsion, which proves a key element as in Poincare´
Gauge Theory.
The simplest modification of gravitational theories
based on torsion is the f(T ) paradigm, where the central
quantity is the torsion scalar. Several basic issues con-
cerning the field equations, Lorentz invariance, degrees
of freedom, perturbation analysis, thermodynamics, etc.,
were discussed extensively.
With the basic picture of f(T ) gravity in mind, we
then provided a comprehensive review of its cosmolog-
ical implications. As other modified gravity theories,
f(T ) gravity, when applied to late times, can provide
an interpretation of the present observed acceleration of
the universe, driven by the torsion effects. Various “ef-
fective dark energy” scenarios, based on specific choices
of f(T ) forms, have been discussed in order to demon-
strate that the observed universe can undergo a period
of late-time acceleration without affecting the observed
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thermal expanding history. Moreover, we performed a
detailed dynamical analysis of these scenarios in order to
extract the stable late-time solutions. As we showed, in
the framework of this theory the effective dark energy
component, related to f(T ), can realize the quintessence
and phantom regimes, and also the phantom-divide cross-
ing, which is an advantage and reveals the capabilities
of the scenario. As a separate study, we addressed the
possibility to find Noether’s symmetries and conserved
quantities in the context of f(T ) gravity, which lead to
the extraction of exact solutions that cannot be obtained
using the usual methods.
Another important advantage of f(T ) cosmology is
that a sufficiently long accelerating phase of the universe
at early times can be naturally achieved, without the
need of introducing an inflaton field. We reviewed this
inflationary realization and we commented on its pertur-
bation analysis. Furthermore, we investigated bouncing
solutions, showing that they can easily arise for suitably
designed f(T ) forms, and we performed the associated
perturbation analysis.
Using the obtain solutions, at the background and per-
turbations levels, we used detailed data from SNIa, BAO,
and CMB observations and we constrained several rep-
resentative models. Moreover, we applied f(T ) cosmog-
raphy, which is a very useful tool to discriminate among
competing models with respect to observations.
A crucial topic in every gravitational theory, especially
concerning the forthcoming observations, is the investi-
gation of gravitational waves. We performed a detailed
analysis of gravitational waves in f(T ) gravity in the
post-Minkowskian limit, and we pointed out that their
dynamics has significant differences with respect to f(R)
gravity.
Going beyond the cosmological applications, we inves-
tigated in detail spherically symmetric and black hole
solutions, charged black hole solutions, cylindrical solu-
tions, wormhole solutions, and other topics of astrophysi-
cal interest. This is an important subject, since it reveals
the deeper features of the theory and allows for a com-
parison with other gravitational modifications.
Inspired by the study of f(T ) gravity, one may further
modify the theory into various extended versions, ad-
dressing other dynamical issues. In particular, we studied
non-minimal couplings of the torsion scalar with scalar
fields, as well as the incorporation of higher-order tor-
sional invariants such as the teleparallel equivalent of the
Gauss-Bonnet combination. Additionally, we reviewed
scenarios in which the torsion scalar couples to the mat-
ter Lagrangian or with the trace of the matter energy-
momentum tensor. The additional degrees of freedom al-
low to improve the dynamics towards more self-consistent
cosmologies.
Finally, we compared the curvature and the torsion
gravitational modifications, pointing out that the discus-
sion on what could be the geometrical description of grav-
ity is still completely open.
B. Concluding remarks
The goal of the present manuscript was to provide a
comprehensive review of torsional, teleparallel and f(T )
gravity, and its various cosmological and astronomical
implications, in order to act as a starting point for readers
with less experience in the field, as well as a reference
guide for experts on the subject.
Modified torsional gravity, the simplest representative
of which is f(T ) gravity, has made a fast progress in the
last five years and the whole discussion has helped signifi-
cantly towards the understanding of (classical) gravity, as
well as its gauging description, which may be connected
to more fundamental aspects and indeed enlighten the
discussion towards its quantization. Definitely, there are
still many unexplored aspects in the framework of f(T )
teleparallel gravity, the investigation of which may turn
out to be fruitful. In the following, we list some of them:
• Can a universe driven by this type of gravity ac-
commodate with all cosmological and astronomical
observations, and furthermore solve or avoid the
theoretical problems existing in standard inflation-
ary ΛCDM paradigm?
• Although simple curvature modified gravities, such
as f(R) gravity, are different from simple torsional
modified gravities, such as f(T ) gravity, will the
most general curvature modified gravity, including
every possible curvature term up to infinite order,
coincide with the most general torsional modified
gravity, including every possible torsion term up to
infinite order?
• How can the effective approach of f(T ) or in gen-
eral of torsional modified gravity, be combined to
or arisen from fundamental theories, such as string
theory or loop quantum gravity?
• If the gravitational interaction is gauged through
torsion, is it possible to develop a grand unified
theory that combines the standard model of parti-
cle physics and the gravitational sector in one single
framework?
• Since gauging a theory is the first step towards its
quantization, will this framework be enlightening
towards gravitational quantization?
• Since in torsional gravity one uses the vierbein in-
stead of the metric as a fundamental variable, is
the above discussion enlightening on which classical
variable (i.e. the metric, the vierbein or the con-
nection) would be the one to be quantized, namely
which one would correspond to the graviton? Or
are all of them equivalent to capture the degrees of
freedom and dynamics of quantum gravity?
The above open questions and issues require thorough
and systematic theoretical investigation in the field. Ad-
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ditionally, the confrontation with high-accuracy obser-
vational data, that are expected to appear in the rela-
tively near future, would assist in constraining the pos-
sible classes of theories, having in mind however that a
consistent cosmology is not a proof for the consistency of
the underlying theory of gravity, namely it is a necessary
but not sufficient condition. We believe that this Review
will trigger the readers to work towards these issues, and
consider torsional modified gravity as a candidate for the
description of Nature.
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Appendix A: Conventions
It is worth stressing that the conventions of physical
parameters and quantities, such as the metric, coordi-
nates indices, etc., appearing in the literature, vary sig-
nificantly. In order to avoid possible confusions for the
readers, we provide a unified convention throughout the
Review, which is summarized is the following:
• Throughout the review we take the natural units by
requiring c = ~ = 1.
• We adopt the signature of the metric gµν to be
(+,−,−,−).
• Concerning the gravitational constant we use the
symbol G, related to the reduced Planck mass Mp and
the Planck mass MPL through
Mp = 1/
√
8piG = 2.4357× 1018GeV ,
MPL = 1/
√
G = 1.2211× 1019GeV . (A1)
In the literature one can also find the symbol κ2 = 8piG.
• The 4-dimensional space-time coordinates are de-
picted by Greek letters, namely we use µ, ν, ... to run
over the values 0, 1, 2, 3.
• The 3-dimensional spatial coordinates are depicted
by lower case Latin letters, namely we use i, j, ... to run
over the values 1, 2, 3.
• The 4-dimensional tangent space-time coordinates
are depicted by capital Latin letters, namely we use
A, B, ... to run over the values 0, 1, 2, 3.
• The 3-dimensional tangent spatial coordinates are
depicted by the lower case Latin letters, namely we use
a, b, ... to run over the values 1, 2, 3.
• If not specified differently, the indices that are re-
peated in the same formula ought to be summed.
• In General Relativity we take the Christopher sym-
bol to be:
Γαλµ =
1
2
gαν(gµν,λ + gνλ,µ − gλµ,ν) .
The Riemann tensor is given by
Rλµνκ = Γ
λ
µν,κ − Γλµκ,ν + ΓσµνΓλσκ − ΓσµκΓλσν .
The Ricci tensor takes the form
Rµκ = R
λ
µλκ .
The Ricci scalar is expressed as,
R = gµνRνµ .
Einstein equations are,
Gµν ≡ Rµν − 1
2
gµνR = 8piGTµν .
The Einstein-Hilbert action is expressed as
SEH =
∫
d4x
√−g R
16piG
.
The energy momentum tensor can be derived via
δSm = 1
2
∫
d4x
√−gTµνδgµν .
• For the cases of torsional, teleparallel, f(T ) gravity,
the fundamental variables that describe the manifold ge-
ometry are the vierbein fields eA(x
µ). They form an or-
thonormal basis for the tangent space-time at each point
xµ, i.e., eA ·eB = ηAB where ηAB = diag(+1,−1,−1,−1)
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is the Minkowski metric for the tangent space-time. The
component form of the vierbein vector is given by
eA = e
µ
A∂µ .
The metric of physical space-time can be expressed as
gµν(x) = ηABe
A
µ (x)e
B
ν (x) .
Moreover, the vierbein components follow the relations
eµAe
A
ν = δ
µ
ν , e
µ
Ae
B
µ = δ
B
A .
The Weitzenbo¨ck connection is defined as
Γˆλµν ≡ eλA∂νeAµ = −eAµ ∂νeλA .
The torsion tensor is given by
Tλµν ≡ Γˆλµν − Γˆλνµ = eλA (∂µeAν − ∂νeAµ ) .
The difference between the Levi-Civita and Weitzenbo¨ck
connections is known as the contortion tensor, which
takes the form of
Kµνρ = −
1
2
(
Tµνρ − T νµρ − T µνρ
)
.
We define the “superpotential”
S µνρ =
1
2
(
Kµνρ + δ
µ
ρT
αν
α − δνρT αµα
)
.
The torsion scalar is defined as
T ≡ S µνρ T ρµν .
Appendix B: Coefficients of the stability equation of
f(T, T ) gravity
In this appendix, we give the coefficients Γ, µ2, c2s and
D of the perturbation equation (879) of f(T, T ) gravity
of subsection IX D:
¨˜
φk + Γ
˙˜
φk + µ
2φ˜k + c
2
s
k2
a2
φ˜k = D. (B1)
Concerning the effective mass we have
µ2 = µ2(1) + µ
2
(2) + µ
2
(3) + µ
2
(4) + µ
2
(5) + µ
2
(6), (B2)
with
µ2(1) = 2H˙ (fT + 1)
B
E
+ 2H (ρ˙m − 3p˙m) fTT B
2
F
+H2
[
4H˙ (3AfTT − 5BfTT ) 3B
F
+AfT +BfT +B
]
, (B3)
µ2(2) =
12H3
F
{
8p˙mfTT (BfTT −AfT T )
+ (ρ˙m − 3p˙m) [2pmfTT (BfTT T −AfT T T )
+ABfTT T − 2AρmfT T T fTT − 3AfT T fTT
−B2fTTT + 2BρmfTT fTT T + 3Bf2TT
] }
, (B4)
µ2(3) =
12H4
F
{
4f2TT
[
9AH˙ +B(pm + ρm)
]
+fTT
{
2B(fT + 1) +AB
+24H˙
[
(pm + ρm)(AfTT T −BfTTT )− 3BfTT
]}
−3B
[
4H˙(AfTTT −BfTTT ) + fTT (fT +B)
]}
,(B5)
µ2(4) =
144H5
F
{
8p˙mfTT fTT T fTT
+ (ρ˙m − 3p˙m)
{
fTT {AfTT T −BfTTT
+fTT [2(pm + ρm)fT T T + 3fT T ]}
−BfTT T fTT
}}
, (B6)
µ2(5) = −
432H6
F
{
fTT
{
4H˙(AfTTT −BfTTT )
+fTT
[
8H˙(pm + ρm)fTT T +B
]}
−4BH˙fTT fTTT + 12H˙fTT f2TT
}
, (B7)
and
µ2(6) =
1728
F
H7fTT fTT
[
12HH˙fTTT
+ (3p˙m − ρ˙m) fTT T ] , (B8)
respectively.
Concerning the sound speed, we have
c2s = c
2
s(1) + c
2
s(2) + c
2
s(3) + c
2
s(4), (B9)
with the following relations
c2s(1) =
(fT + 1)
E
(
4H˙fTT + fT
)
, (B10)
c2s(2) =
4H
F
{
B (ρ˙m − 3p˙m) (fT + 1)fTT T
+fTT {B (ρ˙m − 3p˙m) fTT
+ (fT + 1) [(p˙m − 3ρ˙m) fT T
+2(pm + ρm)(3p˙m − ρ˙m)fT T T ]}
}
, (B11)
c2s(3) =
4H2
F
{
− 12BH˙ [fTT fTT + (fT + 1)fTTT ]
+fTT (fT + 1)
{
12H˙ [2(pm + ρm)fTT T
+3fTT ] +B
}}
, (B12)
c2s(4) = −
48H3
F
(3p˙m − ρ˙m) (fT + 1)fTT fTT T , (B13)
respectively.
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Concerning the frictional coefficient we have
Γ = Γ(1) + Γ(2) + Γ(3) + Γ(4) + Γ(5) + Γ(6), (B14)
with
Γ(1) =
fTT
F
[
20736H7H˙fTT fTTT
− (3p˙m − ρ˙m)
(
B2 − 1728H6fTT T fTT
) ]
, (B15)
Γ(2) =
H
E
{
4
[
H˙ (6AfTT − 9BfTT ) +BfT +B
]
+3AfT +
4k2
a2
(fT + 1) fTT
}
, (B16)
Γ(3) =
µ2(2)
H
, (B17)
Γ(4) =
12H3
F
{
36AH˙f2TT + 4ABfTT
−B[12H˙ (AfTTT −BfTTT )
+fTT (3fT + 4B)
]− 12H˙fTT [5BfTT
+2(pm + ρm) (BfTTT −AfTT T )]
}
, (B18)
Γ(5) =
µ2(4)
H
, (B19)
and
Γ(6) =
576H5
F
{
3BH˙fTT fTTT − 9H˙fTT f2TT
−fTT
[
3H˙(AfTTT −BfTTT )
+6H˙(pm + ρm)fTT fTT T +BfTT
]}
, (B20)
respectively.
The coefficient D of the right-hand side of (B1) is given
by
D = −D1δ ˙˜pkm −D2δp˜km, (B21)
where
D1 =
HfTT
E
(I + 36H2fTT ), (B22)
and
D2 = D
(1)
2 +D
(2)
2 +D
(3)
2 +D
(4)
2 +D
(5)
2 +D
(6)
2 , (B23)
with
D
(1)
2 =
1
4E
[
(4H˙fTT + fT )I − 16piGB
]
, (B24)
D
(2)
2 = −
H
F
{
ρ˙m {fTT [fT T (3I − 8B)
+2I(pm + ρm)fT T T ]−BIfTT T }
−p˙m {fTT [fT T (I − 24B)
+6I(pm + ρm)fT T T ]− 3BIfTT T }
}
, (B25)
D
(3)
2 =
3H2
F
{
4H˙
[
f2TT (3I − 5B)− IBfTTT
]
+fTT
{
8fT
[
5H˙(pm + ρm)fTT T +B
]
+3 [B − 2(pm + ρm)fT T ][
8H˙(pm + ρm)fTT T +B
]}}
, (B26)
D
(4)
2 =
12H3fTT
F
{
(ρ˙m − 3p˙m)fTT T (I + 3B)
+3fTT
[
(p˙m − 3ρ˙m)fT T
+2(pm + ρm)(3p˙m − ρ˙m)fT T T
]}
, (B27)
D
(5)
2 =
36H4fTT
F
{
3fTT B − 4H˙fTTT (I + 3B)
+3fTT
{
4H˙ [2(pm + ρm)fTT T + 3fTT ]
}}
,(B28)
and
D
(6)
2 = −
432H5f2TT
F
[
12HH˙fTTT
+ (3p˙m − ρ˙m) fTT T
]
, (B29)
respectively.
Finally, in all the above expressions we have introduced
the coefficients
A ≡ 2 (pm + ρm) fTT + fT + 1,
B ≡ 2 [8piG+ (pm + ρm) fT T − 6H2fTT ]+ fT ,
E ≡ 12H2 [AfTT − fTT (12H2fTT +B)]+B (fT + 1) ,
I ≡ −6(pm + ρm)fT T + 5fT + 3B,
F ≡ BE. (B30)
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